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 �� �
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 ��

04-

– . . 36��� � �� � � �� �� �
04�� . 

�� � � 2007-2008�� . 

 
. 

!� � � � �"# � � � � � �$% & % � '( ) � � � � � � � & � –

�
.

'
.

�
.
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04-

�

�

�

� M/M/1

� /G/1

� Erlang
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04-

�

�

•

�

•

•
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 ��

04-

�

�

•

•

•

•

•
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�
. 

�	 �
 �� �
 	  �� �
 ��

04-

�

�

•

•

•

• Mean Time Between Failures (MTBF) 

• Mean Time to Repair (MTTR)

•

� � � � � � �� �� (R)
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04-

�

�

•

•

• / 

•

•

•
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 ��

04-

�

�

�

�

�

�

�

�
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 ��

04-

�

�

�

�

�

�
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 ��

04-

�

�

�

�

�
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�
. 

�	 �
 �� �
 	  �� �
 ��

04-

�

�

�

•

�� � � � � �� , �� � �( � � �� � � � � % � � �� � # � � � , 
# � � � � ), � � �� ) � �� / � � � � � � �% ��

�

•

� � � � # � � � � � � � �� � � �� � �
�

•

 � � � �� ) � � � � � � � � � � � � � ) �
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�
. 

�	 �
 �� �
 	  �� �
 ��

04-

�

�

•

• -

�

•

•

• (utilization)



12

� ��
–

� ��
36 – 2007/2008

��
. 

�
. 
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 	  �� �
 ��

04-

�

�

• D0 ( )

�

• C1 u=100%

�
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�
. 

�	 �
 �� �
 	  �� �
 ��

04-

�

�

�

�

•

�� ( � � � � ) � � % & � � � � � � � % �� � � & � �� � � � � ) � ) �
•

�( �� � �� ) & % # � � �� )
� simplex

�
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. 

�	 �
 �� �
 	  �� �
 ��

04-

� –

� z

�

� Xi 
( )

� Ai 
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04-

�

� : 

� :  max/min
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� ��
–

� ��
36 – 2007/2008

��
. 

�
. 

�	 �
 �� �
 	  �� �
 ��

04-

�

�

� � � � � �� ) � ) �� � � � � � 2 � � � ) � �� � � ) % �� � � �
/

�
: � � ( ) � � � � � � � � � � � �

DVD-ROM. 

�

$� � �� � � & % � � � � � � � # � � � � � # � � ) 40 € � � � 50 € � � � � �� � � � �
�

� � � � � � � �� & � � � � � �� � � & % � � �� � � � �� �� � � � � 3 �� � � �� : � � � � � � �� � ��)( � � � � �� � � � � �� �� � � � � � � (

� �� � # � � % �� � �� 12h), � � � � � � �� � ��% ) � � � � � � � �� � � � � � � � (

� �� � # � � % �� � �� 30h), � � � �� � � �� � � �� ( � �� 15h). 

�

� �� � � � � % �� � �� � �� � � & % � � �� � �� � � � � � � � � � � �� � � :� � �� ) % � : � � � � % � �% �� � � � � � � � � � � �� � � � � ) % � �� ) � � � � � � � �� &� � � � � � � � � �� � � # � � � � �� � �� � � & � � � ) � � � � � �� ) � )� �� � � � % � � � �� � � � � & � � �� � � � �( � � � ) � .
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� ��
–

� ��
36 – 2007/2008

��
. 

�
. 

�	 �
 �� �
 	  �� �
 ��

04-

� Convex

�

� � � � � ( � � � � � � � � � � � � � � � % �� � � & �� � � � � ) � ) � �� � � �� �� � � � � � � � � � � �� ) � �
�

� �� � �� � � � � ) � ) % � % �� � �( ) � # � x1 � � � x2 � � � � # ( �� % � � � �� � � � � � �� % �� � �( �� � �� � � ) � �� � � � � ) � ) � . 

�

� �� � � � � ) % � �� �� � � � � �( � � � � � � � � �� �( � � � � � � � � # � ( � � � � �
�

� � � � �� ( � � � � � � � ( � �� � � � � � � �� (convex) 
�� � � � �� � � � �� � & � �� � � � �� ) % � �� � � � � b, % # �� �� ) � � � � � � � % �� ) � � � � �� & �( � � � � ) % � �� � ) ��� � � �� � � �� �� � � # � � � � � % � � � b 

� � � � � �� � � � � � � � ) � % # �� �� ) � � � � � �� &
.
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� ��
–

� ��
36 – 2007/2008

��
. 

�
. 

�	 �
 �� �
 	  �� �
 ��

04-

� Convex

�

� � � � � ( � � � � � � � � � � � � � � � % �� � � & �� � � � � ) � ) � �� � � �� �� � � � � � � � � � � �� ) � �
�

� �� � �� � � � � ) � ) % � % �� � �( ) � # � x1 � � � x2 � � � � # ( �� % � � � �� � � � � � �� % �� � �( �� � �� � � ) � �� � � � � ) � ) � . 

�

� �� � � � � ) % � �� �� � � � � �( � � � � � � � � �� �( � � � � � � � � # � ( � � � � �
�

� � � � �� ( � � � � � � � ( � �� � � � � � � �� (convex) 
�� � � � �� � � � �� � & � �� � � � �� ) % � �� � � � � b, % # �� �� ) � � � � � � � % �� ) � � � � �� & �( � � � � ) % � �� � ) ��� � � �� � � �� �� � � # � � � � � % � � � b 

� � � � � �� � � � � � � � ) � % # �� �� ) � � � � � �� &
.
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� ��
–

� ��
36 – 2007/2008

��
. 

�
. 

�	 �
 �� �
 	  �� �
 ��

04-

� Convex
� f(c) � � � � & �� � � � � ) � ) (convex): � �� � � � � � ) % � � � c % �� � � � � � � � � � � b, )� � % &

f(c) 

� � � � � �� � � � �� � � � � � ) � �� � � �� � �� �� � � # � � � � f(� ) � � � f(b)

�

� � � ) f(c) 

� � � � � �� � � � �� � � � � � ) � � � % % & � �� �� � � # � � � � f(a) % � � � f(b) � �� �( �� � � � � � % # � c % �� � � �
a � � � b, 

( # � �� � � �� � ) f � �� � � � � �( ) (concave).� � � � � � � � # � �� � � � � & � � � � � ��( �� � �� � % � � � � � � � �� � � � � �� � �% � � � � � � & � � � � & � ) � ). 
•

�� �� � � �� �� �	 
� � � � � � �� � � �� � � � � � � � � � � � �  � � � � � � � � � � ��  � � 	 � � � � � � � � � � � �  � � � 	 � � 

. 
•

�� � � � � � � � � �� � � �
(descent

methods).
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�
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�	 �
 �� �
 	  �� �
 ��

04-

�

� � � ) � ) � � � �� � � �( � � ) � ) � 1.1

�

� � � � � � � � � �

DW 501 

�� � � � �� � � � �
2

�

EURO,

� � � 

DW 502 4

�
EURO 

�

� � �� � � � � � � � � � � � � 
 	 � � � � � � � �
DW501 

� � �

DW502 

� � �� � � � �� � 	 � � � �� � � � � �
.

0
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� ��
–

� ��
36 – 2007/2008

��
. 

�
. 

�	 �
 �� �
 	  �� �
 ��

04-

�

� (service) 

� (waiting queuing delays)

� : Tw = aTs

�

(server).
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�
. 
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 �� �
 	  �� �
 ��

04-

�

�

(event space). 

� . 

�

• «

� � �� ( &
» (

�
) 

&
• «

� � � % % � � � » (

�
)

� { , }.
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�	 �
 �� �
 	  �� �
 ��

04-

�

� 1 2 
1 2 

( P(E1+E2)) P(E1)+P(E2).

� 1, 2, … k
, 

1.

� 1 2 , 
( P( 1 2)) 

.

� 1 2 , 
P(E1+E2) = P(E1) + P(E2) − P(E1E2)
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. 

�	 �
 �� �
 	  �� �
 ��

04-

�

� ( ) 

�

�

�

•

� �� � � � � # � (discrete) 
•

� � � �� � �� (continuous)
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 �� �
 	  �� �
 ��

04-

�

� cumulative distribution function (cdf)

�

� X 
x 
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�
. 

�	 �
 �� �
 	  �� �
 ��

04-

�

� probability density function (pdf)

�

�

cdf

� x , f(x) x

X [x, x+ x].
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–
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��
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�
. 

�	 �
 �� �
 	  �� �
 ��

04-

�

� (first moment), 
• % # � ) & � � � % �� �% �� ) � � % & � ) � � � � � �� � % �� � �( ) � & �
• �� % � �( �� �� � � % � E[X]. 

� X pdf f(x), 

� x1, x2, …
p1, p2, …. :

�� � �� � � �� �
� � � �� � � �� �
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� ��
–

� ��
36 – 2007/2008

��
. 

�
. 

�	 �
 �� �
 	  �� �
 ��

04-

�

� (central moments) 

� X 
E[X]

� X 

�

� 2

•

�� ( � �� � � � �� � � % � � � ) (variance)

�

.
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. 
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 �� �
 	  �� �
 ��

04-

� / /1
� " " 
� (

). 
� " " 

� "1" 
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36 – 2007/2008

��
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�
. 

�	 �
 �� �
 	  �� �
 ��

04-

� / /1 –

�

�

�

�

" " p. 

�

. 
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� ��
–

� ��
36 – 2007/2008

��
. 

�
. 

�	 �
 �� �
 	  �� �
 ��

04-

� / /1 –

�

• � � � � � � � � � % ) � � % �� � � � �� � � � � � � � � � ) � �� % �� � � � � � � �
• ) � � �� � �� ) � � � � � �� � �( � � � � � � � � � � � % & � � % � � �� � � � � � � � � � ) � )� � � � � % & � � � � � � % ) � � % � � � � � � � # � � � % � ( � � � � % # � � � �� � �% & �

�

" " p. 

�

sec 

� " " ,
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� ��
–

� ��
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��
. 

�
. 

�	 �
 �� �
 	  �� �
 ��

04-

� / /1 –
�

� 1-p " “ �
. 

• � � % & � � % � # � � � % & � �� 0 % � � � �� � �� ) � � 1-p. 

� 1 " " 
" " . 

•

�� � � % � � � � � � � �� % � � � % � � � �� � �� ) � � p(1-p).

�

k Pk=pk(1-p). 
• ) � � � � � � % & � ) � � � �� � �� ) � � � � � # � � � � � � � � � % & � � % � % & � � � k � �� � �

Pk, k=0,1,2, …
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��
. 

�
. 

�	 �
 �� �
 	  �� �
 ��

04-

� / /1 –
�

� 1-p " “ �
. 

• � � % & � � % � # � � � % & � �� 0 % � � � �� � �� ) � � 1-p. 

� 1 " " 
" " . 

•

�� � � % � � � � � � � �� % � � � % � � � �� � �� ) � � p(1-p).

�

k Pk=pk(1-p). 
• ) � � � � � � % & � ) � � � �� � �� ) � � � � � # � � � � � � � � � % & � � % � % & � � � k � �� � �

Pk, k=0,1,2, …

�� �� �� ��� � � 	� 	
 � � �
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�
. 

�	 �
 �� �
 	  �� �
 ��

04-

� / /1 –
� Pk =1

�

� p
•

�� � � � ) �� � � % �� � �� p � � �� � � �� � 1, � � % # � � % & � �� � � � � � �� � � � � & � � � �� � �� � � � � � � � �.
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�
. 

�	 �
 �� �
 	  �� �
 ��

04-

� / /1 –

�

� k 
j 

�

. 
�

0, pdf:

•

� � � � ) � memoryless

�� � �� �� � � 	� 	
 � � �
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� ��
–

� ��
36 – 2007/2008

��
. 

�
. 

�	 �
 �� �
 	  �� �
 ��

04-

� / /1 –

�

• B bits/sec
• L bits

• � � � � � � � ) � � % �� � � � � �� � � � � � � � �� � � � � � � � � �% ) % # � �
• L L/B sec
• (server) 

• O -
G sec
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��
. 

�
. 

�	 �
 �� �
 	  �� �
 ��

04-

� / /1 –
�

•
. 

• ( ) 
, 

(queue) (
) 

• � � � � � � � � � � & � � � ) % �� � � � � & � ��
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� ��
–

� ��
36 – 2007/2008

��
. 

�
. 

�	 �
 �� �
 	  �� �
 ��

04-

� / /1 –

�

•

• / / 
Arrival rate: A=1/G

Departure rate:
D=1/S

�� �� �� � �� � �	 
� � �� � � �:
S=L/B Utilization:

U=A/D
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� ��
–

� ��
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��
. 

�
. 

�	 �
 �� �
 	  �� �
 ��

04-

� / /1 –
�

•

. 
• , 

k 
k+1 

, k+1 k. 
• .
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� ��
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��
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�
. 

�	 �
 �� �
 	  �� �
 ��

04-

� / /1 –

�

• k k+1 balance equation
APk = DPk+1

• Pk
k

•
APk = DPk+1 => Pk+1 = (

�
/D) Pk = UPk

•
P1=UP0

P2=UP1=U2P0

…
Pk=UPk-1=UkP0
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–

� ��
36 – 2007/2008

��
. 

�
. 

�	 �
 �� �
 	  �� �
 ��

04-

� / /1 –

�

• To Pk P0 k. 
• O Pk 1. :

• 1/(1-U) :
P0=1-U

• � � � % �� �% �� �, � � � � ) � � �� � �� ) � � � � � � �� ) % � � � % � �� � � � �� � � � � � �� � �� � � 1 % � � �� � � � � � � � � � � � & � ) � � �� � �� � ) � �� ) � &
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� ��
–

� ��
36 – 2007/2008

��
. 

�
. 

�	 �
 �� �
 	  �� �
 ��

04-

� / /1 –

�

� P0=1-U

� Pk= UkP0 = (1-U)Uk

• Pk

� � � % �� � � � � � � � � � �% ) % # � ).
� (1-U)

, 

� U(1-U)
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–

� ��
36 – 2007/2008

��
. 

�
. 

�	 �
 �� �
 	  �� �
 ��

04-

� / /1 –
� M/M/1 

� , Ts, 

•

� , Pk
k

kTs.
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� ��
–

� ��
36 – 2007/2008

��
. 

�
. 

�	 �
 �� �
 	  �� �
 ��

04-

� / /1 –
� Tw

W=N*Ts

� H N
Pk:

�

•

� �� � � % # � � � � U � �� � � �� � 0, � �( � � � � � � � � �% # � �� � � �� � �� � � % �� & � . 
•

�� � � � � � U �( ) � � � � � � � � 1, �� � �� � � � � � % �� & � � � � � � �� �� � � .
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� ��
–

� ��
36 – 2007/2008

��
. 

�
. 

�	 �
 �� �
 	  �� �
 ��

04-

� / /1 –
� Little 

•

N = AT

� , Q:
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� ��
–

� ��
36 – 2007/2008

��
. 

�
. 

�	 �
 �� �
 	  �� �
 ��

04-

� /G/1
� segmentation and reassembly 

(
)

�

�

• E[S2] % # � ) � �� � � � � � � � & � � % &� �� � � �� � � � �� � ) � # � ) � ) � . 

-

� 
 � � � � � �
Pollaczek-Khinchine (P-K Formula).  
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� ��
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��
. 

�
. 

�	 �
 �� �
 	  �� �
 ��

04-

� (Loss System)
� ( . ., ) 

�

•

�

" ". 
• (grade of services, GOS)
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� ��
–

� ��
36 – 2007/2008

��
. 

�
. 

�	 �
 �� �
 	  �� �
 ��

04-

� (Loss System)
� ( )

� : H

� : D, H. 

� =A/D
(call intensity), Erlangs.

•
•

# � � � � �� � ) � �� ) � & �
• � � � �( �� � � � � ) � �� � � � � � � � � � �
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� ��
–

� ��
36 – 2007/2008

��
. 

�
. 

�	 �
 �� �
 	  �� �
 ��

04-

� (Loss System)
� (balance equation) : 

AP0=DP1

� P1=EP0.
� :

� P0+P1=1
� :
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� ��
36 – 2007/2008

��
. 

�
. 

�	 �
 �� �
 	  �� �
 ��

04-

� (Loss System)
�

, 
) P1.

� ( ,1)=P1=E/(E+1)
� B(E,m)

E Erlangs
m . 

� EB(E,m) Erglangs " " 
E(1-B(E,m)) .
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��
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�
. 

�	 �
 �� �
 	  �� �
 ��

04-

� (Loss System)
�

m 

� m

� :
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� ��
–

� ��
36 – 2007/2008

��
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�
. 

�	 �
 �� �
 	  �� �
 ��

04-

� (Loss System)
� Pk 1, 

P0 :

�

( Pm):
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04-

�

�

�


