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Xornotpo Xtorysiot oo XuveuaoTiny

[ToAAaTTAQCI100TIKOC Kavovacg
AlakekpipeEva — Mn AlgkekpIpEVa 2TOIXEID
ANBoc¢ MeTtabéoewv

ANBoc¢ AlaTacewyv

AnBoc¢ 2uvouaopuwy

AgiypatoAnwiec NAnBuopwyv

o ETravabeon — Xwpi¢ ETTavabeon — AlATeTayEVO —
Mn AlaTeTayUEVO
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Baoweg Apyeg Zuvovaotiung

Oswpnua 1. fMToAAamAaociaoriko¢ Kavovag (m*n)

a

‘EoTtw eva ouvoAo A={a,,a,,...,a,.} pe m gToIXEia Kal eva GAAo oUVOAo
B={b,,b,,...,.b,} pe n 010|x£|0( TdTe 0 apIBuoS OAWV Twv duvaTtdv (euywv

TUTTOU (a,,bj) I=1,...,m, j=1,...n, givai m*n

'H, av wia 6|0(6|K0(0|0( HTopei va avaAuBei TuNpaTIKG o€ duo diadoxikda Brpata

£TO1 WOTE KATA TN OIAPKEIQ TOU 1°V BrilaTtog ival SuvaTdv va TTAPOURE M
mOavVA aTTOTEAECUATA EVW KATA TN JIAPKEIA TOU 2% BAMATOG KABE £va aTTo
Ta M ATTOTEAEOUATA €ival OUVATOV va dWOEl N ETTITTAEOV TTIBava
ATTOTEAEOUATA TOTE TO TTAB0C OAWV TWV dUVATWY ATTOTEAECUATWY Kal yIa TA

dUo BAuarta TnG dladikaoiag gival m*n

OQswpnua 2. 'evikeuon TTOAAATTAACIAOTIKOU KavOva m*n yia

TTEPICCOTEPA ATTO OUO OUVOAQ

a

a

‘BEotw A, A,, ... A,, OUVOAQ [E TO KABE €va PE Ny, N,,... Ny OTOIXEI. TOTE O
ApPIOUOC TWV K- -5WV TTou UTTOPOUV va énploupyneouv gival n,*ny*...* n,

H evaAAGKTIKA, yIQ TTEPICCOTEPA TWV OUO BNUATWYV
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Baoweg Apyeg Zuvovaotiung ...

MNapadeiyua 1

2 [lolo gival To TTARB0¢ OAWV Twv duvaTtwy (euywv
TTOU UTTOPOUUE VA ONIoUpyNOOoUlE aTtro 8 avOpeg
KOl 6 YUVAIKEG;

o 8*6=48

D
@
©
@
®
®
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Baoweg Apyeg Zuvovaotiung ...

Napadeiyua 2

0 YTT00€0TE OTI BEAETE va PTIALETE TTIVOKIOEC AUTOKIVITWY Ol OTTOIEC
atToTEAOUVTAI ATTO 7 AAPAPIOUNTIKOUG XAPAKTAPEG EK TWV OTTOIWV
Ol TTPWTOI 3 €ival YPAUMATA Kal Ol UTTOAOITTOI 4 €ival ynoia.
YTroAoyioTe, TO GUVOAO TWV TTIVAKIOWYV TTOU UTTOPEITE va
OI00£0€ETE OTIC TTAPAKATW TTEPITITWOEIC

0 O kaBe apIBUOG Tou AUTOKIVATOU dEV UTTOPET Va TTEPIAOUBAVEI DUO
idla ypappata i apiBupoug
24*23*22*10*9*8*7
o O kdBe apIBOG TOU AUTOKIVATOU gival SUVATOV va TTEPIAAUBAVEL
ETTAVOANWEIC XOPAKTIPWV
24*24*24*10*10*10*10 = 243*104
o Edv emtpEtTeTal N eTavaAnyn XapoKTrpwy TTO0EG TTIVAKIOEC
ATTOTEAOUVTAI ATTO HOVO PWVNEVTA Kal atTo (uya ynoia;
T¥T¥T*5*5%5%5
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Baoweg Apyeg Zuvovaotiung ...

MNapadsiyua 3

0 YTT0B€0TE OTI Eva KUAIKEIO TTPOCPEPEI 6 DIAPOPETIKA €idN
Kpouaoayv, 8 OIa@POPETIKA €idN CAVTOUITG, KAl 5 OIAPOPETIKA
gidn popnuatwy (CeoTo e0TTPECOCO, (EO0TO TOAI, KPUO TOAI,
KPUO E0TTPECOO KAl Kpua PPECKIA TTOPTOKAAGDA). KaTroiog
avaAappavel va eKTEAETEI TNV TTAPAKATW TTAPAYYEAIQ, EiTE
EVA KpOUuaoAv Kal Eva oTTolodNTToTe (€0TO pOPNUa, €iTE Eva
OQVTOUITG KaI Eva KpUo pognua. loior eival 6Aol o1 duvaroi
ouvOUAO oI EKTEAEONG TNG TTApPAYYEAIQC;

6 €idn KkpouaoaAv * 2 €idn (eOTWV POPNUATWYV

8 €idn odavTouItg * 3 €idn KpUWV poPpnuUaATWY

2UVOAIKA 6*2+8*3=36 DIQ@OPETIKOI TPOTTOI EKTEAECNC TNG
TTapayyeAiag
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Baoweg Apyeg Zuvovaotiung ...

Opi1ouo6g 1: MerdB@son n (OIAKEKPILEVWV) OTOIXEIWV AEyeTal KAOE
TOTTOOETNON TOUC O€ g&Ipd TTAVW O€ €UBEia ypapun.

Opioudg 2: Aiaraén n (OIAKEKPIUEVWY) OTOIXEIWV ava r, 1<r<n,
AEyETAI KABE TOTTOBETNON I OTOIXEIWV ATTO TA N O€ g&PA TTAVW O€
guleia ypapun.

H perdBeon n oToixeiwyv givail €10IKA TTEQITITWON TNS dIATAENG
OTOIXEIWV

Mag evOia@Epel N oEIpd apy#ypRa

2.€ TTOAG TTpoBAAUaTa HaG evOIaPEPEI O APIBUOG TWV dIATALEWYV TTOU
LUTTOPOUV VA Yivouv a1ro N OTOIXEia.

E@apuoyn Twv TTOAAATTAQCIOOTIKWY KAVOVWY 00NVEI OTA TTAPAKATW
Oewpnuata TTou uttoAoyidouv Tov apIBUO LETOOETEWY KAl OIQTACEWYV
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Baoweg Apyeg Zuvovaotiung ...

Napadsiyua 4

0 2€ Jia 1acn 10 gpoirntwy BEAoue va eTTIAECOUUE 5
KOl VO TOUC TOTTOOETACOUE O€ WIa diaTtacn Twyv 5.
[Tol0¢ €ival 0 OUVOAIKOG apIBUOC Twv
OIAPOPETIKWY OIATALEWV;

Epapuoyn TToOAAATTAQCIOO0TIKOU Kavova

10*9%8*7*6= 10%9*g* 7+ — x> 2*L ) o
5% 4+3%2x%] o
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Baoweg Apyeg Zuvovaotiung ...

OQswpnua 3. (INMANBoc MeTaBeoewv)

o ‘Eotw P." (A (n),) TO TTARB0OG (apIBUOG) TwV
LETABEOEWV N OIAKEKPIUEVWY OTOIXEIWV Eival:
P."=n(n-1)...2*1=n!

OQswpnua 4. (NMARBoc Alatacewv)

o ‘Eotw P," (1 (n),) To TARB0G (apIiBuog) Twv
OIATACEWV N JIAKEKPIUEVWY OTOIXEIWY ava r. ToTe
P."=n(n-1)...(n-r+1)=n!/(n-r)!
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Baoweg Apyeg Zuvovaotiung ...

@swpnua 5. AIATagn e YN OIAKEKPILEVA OTOIXEID

0 ‘Eotw n pn diakekpipéva oToIXEIO ATTO TO OTTOIA Iy €ival GOl
LETAZU TOUG, I, Eival ETTIONG OOIA K.O.K, OTTOU I+I,+...+r,=N.
O apIBuOg TwV dIATAGEWY N N 5IGK£KpI|JEVU)V OTOIXEiWV
OIVETAI ATTO TOUG TUTTOUG TWV TTOAUWVUHIKWY GUVTEAEOTWYV. O
LETABEOEIC QUTEC AEyovTal KAl ETTAVAANTITIKES

[ToOAUWVUIKOI 2UVTEAEDTEC

o ‘Eotw o1 akepaiol kal BeTIKOI apIBUOI 1,1y, ... 1 KE Fy+r+...+1 =N,
O apIBUOG TwV TPOTTWYV UE TOUG OTTOIOUG EVOG ﬂAneuouog atro
N OIOKEKPIUEVA OTOIXEIO UTTOPEI va XWPIOTEI a€ K UEPN, TO
TTPWTO UE r; OTOIXEIA, TO OEUTEPO LE I', OTOIXEIA, K.O.K Eival

o ~nl _(nj{n—rlj (n—rl—...—rkzj
I CYNN P T
S 7 1 7% JO % BN /RN I,

0 Mapadsiypa 5: Bpeite OAeC TIC duvaTteg PeTaBETEIC TNC AEENG
MAGOHMATIKA 10! 11000

21311 1n!

©2006, Srdpog Aevilng



Baoweg Apyeg 2uvouaotiung ...

= MNaopadsiyua 6

a

Aidetal 611 6 avBpwrTrol A,B,C,D,E,F k&BovTtal yupw atrod pia otpoyyuAn Tpartreda. NMoiog civai
0 APIBUOG TWV JIAPOPETIKWY dIATALEWY av BEwPrCOUUE OTI 01 OIATALEIG TTOU TTPOKUTITOUV OTTO
TTEPIOTPOPH TWV BETEWV gival idIES;

A C A D
D B F D B D E A
C E E A E C F C
F B F B

= Aoon (Log Tpdé1rog)

a

To TTARB0¢ 6AwV Twyv duvaTwy peTaBéoewy gival 6!, T.x ABEFCD, CDABEF, ADCFEB,
DACBFE

Kdbe pia atrd auTég TIC LETOBEOEIC £xEl 6 LETABETEIC 01 OTTOIEG AVAKOUV O€ TTEPIOTPOPN TNG
HMETABEONG OTOV KUKAO

Apa 1o TTAAB0G TwV dlaTtagewy gival 6!/6=5!
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Baoweg Apyeg 2uvouaotiung ...

« [MNopadeiypa 6

o Aidetal 61 6 avBpwrtrol A,B,C,D,E,F k&dBovTal yupw atré pia oTpoyyuAr Tpatreda. MNMolog ivai
0 ApPIBUOC TwV dIAPOPETIKWY dIATALEWY av BewpPriOoUUE OTI 01 dIATALEIC TTOU TTPOKUTITOUV OTTO
TTEPIOTPOPH TWV BETEWV gival idIEG;

A C A D
D B F D B D E A
C E E A E C F C
F B F B
=  Auon (20¢ Tpé1rog)

o Edv emA£goupe évav avTITTpOoWwTTo atTd TOug £¢n avBpuwTroug T1.X Tov A Kal Tov BaAoupe o€
Hia atro TIg B€o€1g TOTE atTropévouv 5 B€oelg va kataAngBouv atmd Toug uttdAoitToug 5. Auto
gival duvaTtov va yivel he 5! 1poTTOUg
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Baoweg Apyeg Zuvovaotiung ...

Noapadsiyua 7

o Av ol 6 autoi AvBpwTrol atroteAouv Ceuydpia pe Ta A,B,C va gival yuvaikeiou gUAoU Kal Ta
D,E,F avdpikoU @UAoU pE TTOOOUG DIAPOPETIKOUG TPOTTOUG UTTOPOUV va TOTTo0eTNBOUY YUpw
aTTo WA oTPOYYUAR TpdTtreda £€T01 WOTE Ta dUO QUAA va K&dBovTtal eVOAANGE. MNaAI Bewpoupe OTI
o1 dIATALEIG TTOU TTPOKUTITOUV OTTO TTEPIOTPOPN TWV BECEWV €ival idIEG;

A
Avdpac 3 Avdpac 1

[(uvaika 3 [Nuvaika 2

Avdpac 2
Auon (Baocel Tou 20u TPOTTOU TOU TTAPADEIYLATOG 6)

o Edv emA&goupe évav avTITTpOOWTTO ATTO TOUG £€N avOpwITTOUG TT1.X TOV A TTOU €ival yuvaika
TOTE HEVOUV TTEVTE BECEIC OTTWG OTO OXNUA VA TOTTOOETNOOUV OI UTTOAOITTOI IE TN OUYKEKPIMEVN
diatagn. MNa tn B€on Tou Avdpa 1 £xoupe 3 €MAOYEG yia TN B€on TG MNuvaikag 2 £€xoupe 2
ETTIAOYEG, YIa TN B€on Tou Avdpa 2 €Xoupe 2 TTIAOYEC a®oU TnV Hia B€on ndn TNV KataAdpape
Kal-TEAOG yIa-TIG Béaelg [uvaika 3 Kal Avopa 3 £X0UUE OTTO o TTIAOVL.

o Me Bdon Tov TTOAAATTAQCIAOTIKO KAVOVA £XOUUE 3*2*2*1*1=12 dIAQOPETIKEG DIATALEIG
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Baoweg Apyeg Zuvovaotiung ...

Opi1o6¢ 3. KaBe ouvoAo r gtoixeiwyv, 1<sr<n, amo n

(OIOKEKPIUEVA) OTOIXEIO AEYETAI OCUVOUAOLOC TWV N

OTOIXEIWV ava T.

o Agv gival dlateTaypeEva dnA. OEv O EVOIQ@PEPEI N OEIPAQ,
aBy=yBa=pay=Pya

OQswpnua 6.

a0 ‘Eotw C" (A (")) To TTARNBOG (apIBUSG) Twv
OUVOUAOWYV N OIOKEKPIUEVWY OTOIXEIWV ava T.
Tote pe dedoUEVO OTI ATTO KABE oUVOUAOUO
LITTOPOUME va dNUIOUPYNOOULE I! dIATACEIC,

M _co__t _P
r) " n=rp
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Baoweg Apyeg Zuvovaotiung ...

O1 ouvOuaooi UTToPOoUV va
XpnoIpoTtroinBouy yia va BPouUlE ToUug
TPOTTOUC LE TOUC OTTOIOUC UTTOPOULIE va
XWPIOOULE Eva gUVOAO N OTOIXEIWV O€ OUO
OMAOEC, N UIA LIE r OTOIXEIO KAl N AAAN LE N-T.
O ap1Buo6g autdg eivar (M)

(a+b) = i(”jafb“

r=0 r
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Baoweg Apyeg Zuvovaotiung ...

OQswpnua 7.
o ['a 6Aoug Toug pUOIKOUG aplBoUcg n,r, N2r

) e

o Ymrevoouion @{n}l Kal [:}0, r<0, 4 r>n
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Baoweg Apyeg Zuvovaotiung ...

Napadeiyua 8

Q

[a va kepdioel KATTolo¢ oTo AOTTO TTPETTEI Va BPEl 5 apiBpoug
ATTO TO OUVOAO TO TTIOAVWY TTEVTADWY TTOU UTTOPEI va
dnuioupynBouv atrd Toug aplBuoug 1 €wg 49. EmrAéov Oa
TTPETTEI VA BPEl Kal Eva aplBpo (Tov €kTo) atrd 1o 1 €wg 42. Nolo
gival TO oUVOAO OAWV TwV duvVATWYV CUVOUACHWV;

To guvoAo OAwV Twv duvaTwy CUVOUACHWY YIA TIG TTEVTADEG
ap1Buwyv atro 1o 1-49 gival

49

5
[la KABe Eva atrd auToUG TOUG CUVOUAOOUC UTTAPXOUV ETTITTAEOV
42 €MAOYEC yIa TNV €KTn B€on

Epappolovrag Tov TTOANATTAQCIAOTIKO KAVOVA €XOULE OTI TO

oUVOAO TV CUVBUACHWY gival  [49), 4,
5
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Baoweg Apyeg Zuvovaotiung ...

MNapadeiyua 9

o ‘Eotw éva auvoAo pe N diakekpipéEva oTolxeia ato 1a oTroia
Np €ivai Tuttou A Kai Ng €ival Tuttou B, otTou 0<p<1, 0<qg=<1,
kKal p+d=1. Na Bpebei a) O apiBuodS Twv cuvOUACUWY TWV
N oToixeiwv ava n kai ) ATrdé autoug Tou¢ ouvOUAOOoUC
TTOOOI TTEPIEXOUV AKPIBWCS X aToIXEIa TUTTOU A;

Auon
o Q) (ﬁ]

o B) E@apuolovrag Tov TTOANATTAQCIACTIKO KAvOova

(Chos)
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Baoweg Apyeg Zuvovaotiung ...

OQswpnua 8. KuywéAec — MtTaAakia

(AlaKEKPIMEVQ)

0 'EOTW N KUWEAEC Kal ' DIOKEKPIEVA
LUTTOAQKIO TA OTTOIQ PiXVOVTAl OTIC KUWEAEC.
TOTE 0 APIOUOC TWV TPOTTWV HE TOUG
OTTOIOUC TA UTTOAQKIO LITTOPOUV VO
TOTTO0ETNOOUV OTIC KUWEAEC €ival n'.

0 2nueiwon: Kabe KuWpEAN UTTopei va
PINOCEVNOEI TTEPICOOTEPA ATTO £VA UTTAAAKI
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Baoweg Apyeg Zuvovaotiung ...

Tpia dlaKeKPIPEVA UTTAOAGKIO O€ TPEIG KUWEAEG, 33=27

lece]] | | | |e_e|| e || |
lee ||| | ||| _ee]] |
lee || IL_e | _JlLe || _e]
|_eejle || | |L_e]||ee || |
Le ||le o] | | | |lece]] |
Le Jle || | ||lee ||__e]
|_ee]] lle__ | |_elle ||l ]
Le JL_e||le | | ||_ee]le |
e || ||le_eo] | e ||e e

le_eo]] | e |
e JL_e|| e |
e || ||_ee]
L_ejle || e |
I ||le_e]| o |
I |le__ || _oe]
L_e]] | |lee |
I |L_e]|lee |
I || | |leee]

[MPOMNO, 13 opddeg, 3 onueia, 313=1.500.000
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Baoweg Apyeg Zuvovaotiung ...

OQswpnua 8. KuywéAec — MtraAakia (Mn

AIOKEKPIUEVQ)

0 'EOTW N KUYPEAEC Kal ' Un OlaKEKPIMEVA
(ONA. id1a) UTTaAGKIO TO OTTOIA PiXVOVTal
OTIC KUWEAEC. TOTE 0 APIBUOC TWV TPOTTWYV
LIE TOUC OTTOIOUC TA ' UTTAAGKIO UTTOPOUV VA
TOTTO0TNOOUV OTIC KUYWEAEC €ivarl:

U
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... 21otyeta [Titbavotntwy (Zuvovaotinn)...

Tpia pn OlOKEKPIPEVA UTTOAAKIO O€ TPEIG KUYEAEG, 10 TpOoTTOI
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... 21otyeta [Titbavotntwy (Zuvovaotinn)...

AsiypatoAsiypieg atrd mTeTEPACUEVOUG TTANBUCLOUG
o N 10 HéyeBo¢ TOU TTANBUCOLIOU Kal N TO pPEyeBOC Tou OEIYUATOG

o Kard 1n dsiypaTtoAciyia Ta HEAN Tou deiypaTog ekKAEyovTal B1IadOXIKA TO £va
KATOTTIV TOU GAAOU

0 2€ KABE €TTIAEYOUEVO HEAOC UETPOULE TIC TIMEC HiAG 1) TTEPICCOTEPWY
HETARANTWV
TpoTTOI ETTIAOYWV
o Agiypa xwpic erravaBeon — un diareraypévo
APIOUOC BEIYUATWV: ':
o Acgiypa xwpic eravabeon — 6/|\ﬂremyuévo

apIOUOC dEIYyHATWY: P = (N—n)!

o Acgiypa pe emavaBean —OIaTeTayPEVO
apIOUOC delypdaTwv: N,

Ta péAN N Tou TTANBUGCIOU €ival oI KUWEAES Kal N TO PEYEBOC Tou OEiyuaTog

o Aciypa pe eravaBeon — un diareraypévo
apIBUOC SEIYHATWV: [N *n-t :[Ngnl_l

n
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... 2toryeto [Tibavotntwv (Zuvovaotinn)

AockKnon

o Ta ypappara 1o kwdika Morse oxnuariovral pe
TEAEIEC KAl TTAUAEC (ETTAVAANWEIC ETTITPETTOVTAI).
[T0oca JIAPOPETIKA YPAUUATA UTTOPOUUE VO
OXNUOATIOOUUE av KABE YPAUUQ YiVETAI UE TEOOEPQ
TO TTOAU OUOAQ.

0 Acgiyya pe etravaBeon olareraypEvo, N°

0 n=1,2,3,4, N=2, 21+22+23+24=30
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. Ztovyeta [Tthavotntwv (Zuvovaotinn)

AoKnon
o a) 'EoTtw €va auvoAo 1o otroio atroTeAEiTal atto N dIaKEKPIYEVA

oToixeia. Na Bpebei 1o TTANBOC TwV JIATETAYUEVWY N-AdWV Ol OTTOIEG
dnuIoupyouvTal YE ETTAVABOEON

2 B) Av utroBéooupie T atro autd Ta N JIOKEKPIUEVA OTOIXEID Ta N,
gival T0tTou 1 kai Ta N, ivar TUtTou 2, pe Nj+N,=N, va Bpebei 1o
TTARB0C TWV 5IGT£TGV|J.£VUL)V N-adwv ol orrousg él‘]l.llOUpVOUVTGI LLE
ETTAVABEON KAl Ol OTTOIEG TTEPIEXOUV AKPIBWG K aToIXEid TUTTOU Nj;.

o Armavrnon

a) Nn

B) (n ) N k % N n-k

Epooov k eival TUtTou 1 uttdpxouv N X TpdTTol didTagng pe eTTavdabeon Kai
apa 1a n-k diatdooovtal pe N,k Tporroug Me Bdon Tov
TTOAAATTAQCIOOTIKO Kavova KA 265 Mia a1mo Tig N, * dlaTagelg UTTopei
Onuioupynael éva ouvouaopd pe kabe pia on'ro TIG N, dlatageig n oTroia
Ba atroTeAciTal ATTO N OTOIXEIA €K TWV OTTOIWV Ta K 60( gival TUTTOU 1 KOl TO
n-k Ba cival TUTTOU 2 €K KATAOKEUNG. KABE €vag TETOI0C OUVOUAOUOS aTTO
n gToixeia Yropei va dnuioupynael () 01aQopeTIKOUG ouvduaopoUug. Apa

TO OUVOAIKO TTAN00G TWV DIATETAYHEVWY N-AOWV Ol OTTOIEG TIEPIEXOUV
akpIBwg k atoixeia TotTou 1 givar (") N < * N,k

(N n-k n
MapartnpeioTe oI kz(;[k]N N =(N N ) =N
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‘ Xonotpa Xtovysto aro ITibavornteg

= Baoikeg ‘Evvoleg [MBavotATwy
o Tuxaiec MeTtaBAnTEC
= AIOKPITEG, 2UVEXEIC
o [liBavoTtnTeg Tuxaiwv MeTaBAnTwyv

= 2uvaptnon Méavotnrag, ABpoloTiKES, 2uvapTtnon MNMukvoeTnTag
[MBavdoTnTag

Eidn MBavotitwy MNoAudidotatwy Tuxaiwv MetaBAnTwy

= 2UVOUOQOMEVEC TTIBAVOTNTEC

= [lepiBwplakéc

= Aegopeupévec N YTTO ouvOnkn
1010TNTEC

Kavovag Tou Bayes

= EK TWV TTPOTEPWYV

= EKTWV uoTtEpwy
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. 2tovyeta [ TitBavotntwy ...

Evdexouevo

o To atmoTéAeOa EVOG TTEIPAUATOS
2TOIXEIWOEC EvOexOUEVO N AEIyUATIKO 2NUEio
0 TO ATOMIKO adIQipETO ATTOTEAEOUA
AgIYHATIKOC XWPOG, S

0 To gUVvOAO OAWYV TWV OTOIXEIWOWYV EVOEXOUEVWY EVOC TTEIPAATOC
AEYETAI OEIYUATIKOG XWPOG

Ta evdexopeva xwpilovral o€,

o AmAd: To delyuaTtiko onpeio

o 2UvBeto: Kabe uttoouvolo Tou S

O delyHaTIKOG XWPOG UTTOPET Va Eival TIETTEPACEVOG,
apIBUNCIHOG N Un apIBUAGCIHOG (GUVEXNG)

O1 €vvoieg TOU DEIYUATIKOU XWPOU TAUTICOVTAI E QUTEC TWV
OUVOAWYV Kal UTTOOUVOAWYV
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. 2tovyeta [ TitBavotntwy ...

Tuxaia peraBAnTA X, €ival pia LOVOOHAVTN OUVAPTNON HE TTEDIO
OpICHOU TO BalyuaToxwpo S ka1 edio TIHWYV €va UTTOOUVOAO
TTPAYUATIKWY apIOuwV

o S=(S1,S5, -+, Sp) 2 (X1, Xo, -.uXp)

X AEe OTI gival dlakpITh av 1O TTEdIO TIMWYV TNG Eival TTETTEPATHEVO I
ATTEIPWC APIBUNOIUO (S TTETTEPATUEVO KAl ApPIOUNOIUO0)

X Aéue OTI gival ouveXNC av To TTEdIO TIMWV TNG €ival OUVEXEC (S

OUVEXNC)

Kd&Be evoexOpevo S, utTopEi va oupBei pe mBavoTnTa
P(S=s,)=P(X=x,)= pI

H P(X=x,)=p; AéyeTal cuvaptnon moavoTnTag PACag Kal To GUVOAO Twv
Trleavomw)v auTtwv gival P={p,,p,,...,Pn}

H ouvaptnon mlavoTtnTtag padac rAnpoi Ta akdAouBa aglwpaTta
o p(x)20, yia Kab¢ i

2. P()=1 P(S)=1
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.. 2totyeto [Tibavotntow ...

2UvapTnon Karavoung, F, aBpoioTIKAG TTIBavoTnTag dIaKPITAG
TUXaiag HETABANTAC
o F(X SX):Zp(Xi), VX € (—o0,0)

X; <X

2UvapTNON KATAVOLNG ulagxouvaxoog TUXaiag HETABANTAC

9 F(X <x)=P[X e(=0,%)]= [ f(y)dy

H pi apvnTikA ouvaptnon f(x) KaAgital ouvapTnon TTUKVOTNTAC
mOavoTNTAG KAl I0XUOUV Ta EGNG

0 j f (x)dx = P(X e B), j f (x)dx =1

|6I(')?IT]T£§ NG ouvder]gr]g KATAVOUNG

0 0 < F(X=x) <1, yia Kabe x

0 F(X=x) = F(X=x) av x; < X, €ival dnA. pn @Bivouoa

o limF(x) =1 Iirp F(x)=0

X—>00
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. 2tovyeta [ TitBavotntwy ...

[ToAudidoTarteg Tuxaiec MeTaBANTEG

o H évvoia TnG TToAudIacTaTNG T.|. ATTOTEAEI YEVIKEUON TNG
LovOoOIAOTATNG T.[L.

o Eival pia atreikévion Tou OEIYUATIKOU XwWpPou S aTov EUKAEgidio xwpo
R" kal gupBoAideTal (Xq, X,,..., X))

o AlokpivovTal €TTiong o€ JIAKPITEG KAI OUVEXEIC

0 Orrp. Xy, Xy, ..oy X, €ival 01 GUVIOTWOEG TNG TTOAUDIAOTATNG T. 1. KOl
AEyovTal Kal nsplewp/aKeg N aKPaieg T.\U.

[ToAudiaoTaTec KaTavouEg

o H katavopn g TTOAUdIAOTATNG T.H. EKPPAGEI TOV TPOTIO LIE TOV OTTOIO
N povadiaia pala mmoavotTnTac KATAVELETAI OTO XWPEOo R",
o H amd koivou r} cuvduaopévn ouvapTtnon mmeavoTnTag ival
AIakPITA: Pyg xo  xn(X1:Xas -+ X0) =P (X=X, X5=Xg, -, X =X)
2UVEXNG: Ty %o . xn(X1:Xs,...,X,) (OUVAPTNON TTUKVOTNTAG TTIBAVOTNTAG)
0 2UvOUAOoHEVN aBPOIOTIK OuvAPTNON KATAVOUNAG

Fxixo. xn(X1:Xa, .0, X)) =P (X=X, X5 S Xo, .., X[ S X))
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.. 2toyeta [ IilbBavotntwy ...

‘EoTw 000 1., X,Y, HE OEIYHATOXWPOUG X=(X,,X,,
X)) KALY=(Y,, Y0,V )

H ouvduaopévn 1.4. (X,Y) 4 XY TTaipvel TIMEC ATTO TA

dlareraypeva euyn (X,y)

H ouvduacopevn auvaptnon moavoTnTtag 1ng (X,Y)

0 P(X=x;,Y=Y;)=p;

[NepiBwpiakn 1 akpaia ouvapTnon MBAVOTNTAG

0 p(x) = Zp(x y;)= Zpu p(y;) = Zp(x y;)= Zpu

Aaopauusvr} N YTro ouvenKr] meavomm

9 p(x1y,)= % Yi)  qy p(y))#0, av p(y,)=0 dev opideTal
p(y;)
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.. 2totyeto [Tilbavotntwv (Iototteg)...

Kavovag Nvopuévou

0 p(x,y)=p(X/y)p(y)=p(y/x)p(X)

o p(xly)=p(x,y) / p(y), & py/x)=p(x,y) / p(x)
ABpoioTIKOG Kavovag i Oewpnua OAIKAG
MoavoTnTag

0 p(x)= 2p(x,y)=2p(x/y)p(y), VyeY
AvegapTtnoia Tuxaiwv MetaBAnTwy

o p(x,y)=p(x)p(y)
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. 2tovyela [Titbavotntwy (Bayes)...

O@cwpnua Bayes

(% Y) _ PP __p(y/X)p(x)
0 [ V) = _ _
PN T Ry S e 000

p(x,y) _ p(x/y)p(y) _  p(x/y)p(y)
p(x) p(x) 2. PO y)p(y)

a | ply/x)=
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. 2tovyeta [Ttbavotntwv (Bayes)...

Aoknon

o ‘EoTtw dUo doxeia Ay kal A,. To A; TrepIEXEl 2 A0TTPEG UTTAAEG Kal 8 KOKKIVEG
UTTAOAEG. To A, TreplEXel 6 AOTTPES |J.'ITG)\£§ Kal 4 KOKKIVEG UTTAAEG. ETTIAEYOUpIE
Tuxaia éva aTro Ta SUO Ooxeia Kal KATOTTIV €TMAEYOUUE Hid UTTGAQ OTTO TO
eTTIAEYHEVO DoXEio. 'EoTw OTI N PTTAAQ TTOU €TTIAEXONKE ival doTrpn. Na
BpEBel n mBavoTnTa va €xel eTTIAEYEi TO doxeio A,. Opoiwg yia 10 A,

Auon

o To yeyovog 1O OTT0i0 Bewpoupe OTI OV €ipaoTe o€ BE0N va TTapATNPEHOOUUE
gival n etmAoyn Tou doxeiou.

o Ivwpiloupe GUwWC Kal Tov TPOTTO AAAG Kal TIG TTIBavATNTEC va ETTIAECOUE Eva
doxeio, OnA. P(A,)=P(A,)=1/2

o Znrteital o uttoAoyiopog Tng moavoTnTag P(AL/MTraAa gival dotrpn)

0 Té)\og le.\nl'7n| IS K TIC Xcrﬂlguuévgg moloaxdInIsc DIA/A Y=2/10

P(K/A))1 EK TwV uoTéEPpWY P(K/A,)=4/10.| EK TWV TTPOTEPWV

o Egopud  m@avétnra (U BayesyiaT mlavoTnTa
(AL A) PAAIAPAY—  _ 210%12 _y
P(A)  P(A/A)P(A)+P{AIA,)P(A,) 2/10%1/2+6/10x1/2 /4
P(A, I A) = P(A/A,)P(A,) :%

P(A/A)P(A)+P(A/A,)P(A,)
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. 2tovyeta [Ttbavotntwv (Bayes)...

Aoknon

o 'Eva teoT kapkivou €xel ammodeixBei 611 £xel MOTOTNTA 95%. 'Evag dvopag
uTTOBAAAETAI O€ AQUTO TO TEDT avixveuong Kapkivou. Me Baon Tnv nAikia
TOU KalI TO IOTOPIKO £Xel BpeBei 0TI LOAIC TO 1% epgavidel Kapkivo. Av To
QATTOTEAECA TOU TEOT €ival BETIKO va BpeBdei TToid gival n mlavotnta o
avOpag va £XEl TTIPAYUATIKA KAPKIiVO;

Auon

0 Eotw Ta yeyovora, a=1 £xel kapkivo kal a=0 dev £XEl

H ek Twv mTpoTépwyv mMOavoTnTeg gival P(a=0)=0.99 ka1 P(a=1)=0.01

‘EoTw B=1 1O TEOT €ival BeTIKO Kal B=0 TO TEOT €ival apvnTIKO

H ek Twv uoTépwyv mBavoTnTa gival P(a=1/=1).

Pla=1/p=1)= P(i(:ﬁl’fl)zl)

B P(f=1/a=1)P(a=1)

- P(B=1la=1)P(a=1)+P(B=1a=0)P(a=0)
B 0.95x0.01
 0.95x0.01+0.05%0.99

O 0O 0 O

=0.16!
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.. 21otyeto [Tilbavotntwv (Bayes)...

Acoknon

0 ‘Eva doxeio trepiexel K UTTAAeC atro TIC oTroiec B
gival pauvpecg kal K-B eival aotrpeg. EmAgyoupe pia
LUTTGAQ TuXaia atro 10 doxeio. EKTEAOULE TO
mreipapa diadoxika N @opec. Na Bpebei n
moavoTnTa padag Tou apIiOuou Twv paupwyv
UTTaAWY, Ng.

ATtTavtnon

o H Aiwvupikn katavopn pe f;=K/B

a P(nB){:'jfB”B 1-f)""™, ng=01..,N
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. 2tovyeta [Ttbavotntwv (Bayes)...

Acoknon

0 'EoTw o1 uTrapxouv 11 doxeia Ta otroia apiBpouvTal atro
10 oUvoAo ue{0,1,2,...,10} kai To kaBeva Trepiexel 10
UTTOAEG. TO 60x£|o u 1T€p|€)(£| U HAUPEG UTTAAEG Kal 10-u
AOTIPEG UTTAAEG. ETTIACYOUE TUX QIO eva OOXEIO U, KAl ATTO
TO €TMIAEYHEVO OOXEiIo eTTIAEyoupe N QOpEC [ia |.l'ITG)\G
ETTAVATOTTOBETWVTAG TNV UTTAAA TTIOW OTO ETTIAEYUEVO
ooxeio. Eav pera ammo N=10 emiAoyeg, Ng=3 HAUPEG UTTAAEG
EXOUV ETTIAEYEI TTOIG €ival N TNIBAVOTNTA Ol UTTAAEG AUTEG VO
TTPOEPXOVTAI OTTO TO DOXEIO U;

AtravTnon
o OI ek TwV TTpoTEPWV TBavVOTNTEG €ival: P(u), P(ng/u)
a O1 ek TwVv uoTEpwy mMBavoTnTa gival: P(u/ng)

o H mBavotnta va eMAECOULE Hia paupn UTTAAQ aTro TO
ooxeio u ivai f,=u/10
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. 2tovyela [Titbavotntwy (Bayes)...

2.UVEXEIQ AuoNC

2Py =)
_ P(ng /u)P(u) EESRREEREE:
I:)(nB) u Plulng=3,N)
N -
e e i
(Ng) 11\ N Lo
10 5 D.13'_
P(ng) = Z P(ng /u;)P(u;) 7 00080
i=0 B D.00086
O 0.0000096
=0.083 (n; =3AN =10) 100
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. 2tovyeta [Ttbavotntwv (Bayes).

[Mapartnpnoeig
0 H ek Twv uoTtépwy TBavoTNTa Va gixape €AECEl To doxeio u=0 €ivail O

Agv UTTAPXOUV HAUPEG UTTAAEG
o H ek Twv uoTépwy mMBavoTnTa Va cixape €mAEEEl TO doyxeio u=10 eivai O

Agv UTTAPXOUV AOTTPEG UTTAAEG
H €K TwVv TTpoTEPWV TTIBAVOTNTEG AVTIOTOIXOUV OTA CUUTTEPACUATA TTOU
Byadel Evag TapatnpnTAg TToU TTapakoAouBei Hia O1adikaagia eKTOG eV
Ol EK TWV UOTspwv 1T|60(VOTr]T£g AVTIOTOIXOUV O€ £va TTapaTnENTA TTOU
gival eviO¢ ouoTAUATOG, OTTWCS ouvABWC CUPBaivel Kal TIC TTEPICOOTEPES
POPEG.
[Mola gival n mlavoTnTta £vag ﬂapaTnpnTr]g TTOU €ival HEoa oTo oUoTNUA
TNG Aoknong va AAaBel pia pavpn utraia otnv N+1 emAoyn;
o P(N+1 emAoyn va gival TaAl paupn praAa / ng=3 ka1 N=10)
o P(Ey.,=Maupn/n,,N)=2 P(Ey.;=Maupn/u,n,,N).P(u/n,,N), yia 6Aa Ta doxeia u
o P(Ey.,;=Maupn/u,n,,N)=f =u/10
o P(Ey.,=Maupn/n,,N)= X f,.P(u/n,,N)=0.333,
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Xonotpo Xtoryesio oo o Metpo
Ilogomntag ITAnoowooix

[TAnpogopia
Evrpotria — Méon lNoodtnta TTAnpogopia
|1016TNTEC EVTpOTTiOg
0 2ZUVEXNGS
0 ZUMMETPIKA
o MéyioTto Evrportriag
o ABpoIoTIKOTNTO
METpO TTANPOPOPIaC TUXAiWV HETARANTWY
0 2uUvOuaopEvn
o Agopeupévn ) Y6 ouvenikn
o [lepiBwpiakn
ApoiBaia MNMAnpogopia
2 XETIKN EvTpoTria
AviocoTtnTa Jensen Kal ol XPrOEIG TNG
Evtpotria

Mnywv ZupBoAwv

1 An

Hia
n
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. Evtponia ...

Av X gival pia OIaKpITA TUXAia LETABANTH HE OEIYHATOXWPO X={X;,X,,
Xnt Kal guvapTtnon moavotnTag padag p(x;),T0TE N JEoN TTOCOTNTA
nAnpocpoplag NG X, H(X), divetal amro 1n oxeon

H(X) = Zp( log p(x;)

H Méon I'I)\r]pocpopla OVOUAZETAl KOl EVTPOTTIO KAl EVOANAKTIKA
oupuBoAileTan e H(p)

H evtpoTria 0ev_ecapTaTal aTmo TIG TIMES TNG T.) X AAAG aTTO TNV
katavopn Tng, OnA. TIG TIHEG TToU TTEPVEL N TBavoTnTa PAdag, Kai
LETPIETAI O€ Dits.

Me dedopEvo OTI N LEON TIUN TG OUVAPTNONG IO TUXAIaGg
uetaBAnTAc eival E[g(X)]=2g(X)p(x), TOTE

o H(X)= E[log(1/p(x)]

AQuua 1: H(X)=0

Aqupua 2: H (X)=(log,a)H,(X)

o YTevOupiletal o1 log, x=log,a*log_x
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... Bvtpomia ...

MNapadeiyua 1

0 Eotw X pia Tuxaia petaBAnt pe duo evdexoueva p kai (1-p).

o H(p)=-p*log(p)-(1-p)*log(1-p)

o H péyiotn Tipn NG evrpoTriag gival 0Tav Ta dUO evOEXOUEVA
gival icoTTiBava

4.9 - E

Noapadsiypa 2 08 - |

(a e mBavétyra 1/ 2 o e

0.6 —

X — | b Ue mbovornra 1/ 4 S osf ]
C Ue mbavornro 1/8 s

d ue mbovornta 1/8 0.3 H(X}= ~p log p —(1 - p}log(L - p} ¥ Hi p) |

"

8.2

1,11, 11 11 1 7 . g1
H(X):_EIOQE_ZIOQZ_glc’gg_gIOgg:Zb'ts

0
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... Bvtpomia ...

2UVOUOOLIEVN 1 ATTO KOIVOU EVTPOTTIA

o H 2uvduaopevn ) atro Koivou evrpoTria H(X,Y)
EVOG (eUyoUG OUO JIOKPITWY TUXAIWV HETABANTWY
le mlavotnTa padag p(x,y) opietal wg

GH(X,Y) ==, > p(x,y)log p(x,y)

o H[X,Y]=-E[log p(x,y)]
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. Evtponia ...

Agogupévn N UTTd OUVONKN EvTpoOTTIia

Q

Q

H(X/y))=-p(xy;))Iog p(x/y;)

H(X/Y =y)=-) p(x/y)log p(x/y)

H(X/Y) = —Z IO(Y)Z p(x/y)log p(x/y)

=—Z p(YH(X /Y =y)=

H(X/Y)=-2_> p(x y)log p(x/y)

H(Y /X)==>"> p(x,y)log p(y/x)

—ZZ p(x, y)log p(x/y)
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... Bvtpomia ...

Oswpnua 1. ABpoioTIKOG Kavovag

o HOXY)=H(X)+H(Y/X)

To Bewpnua autd pag AEel OTI N eVTPOTTIA TNG ouvOUAOEVNG
Tuxaiag peraBAnT¢ (X,Y) icoutal e TRV EVTPOTTIA TNG Hiag aTro
QUTEC, X, OUV TNV €€aPTNUEVN EVTPOTTIA TNG AAANG T.1., Y, OTaV
Exel oupBei n X.

loxuel etTiong,

o HOXY)=H(Y)+H(X/Y)

o HOX)-HXY)=H(Y)-H(Y/X)

[Mpoooxn!

o HX/Y)# H(Y/X)

Eav XY gival avecaptnrteg 1.4 1o1€ H(X,Y)=H(X)+H(Y)
Mpoétaon: H(X,Y/Z)=H(X/Z2)+H(Y/X,Z)
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... Bvtpomia.

Napadeiyua 1: 'Eotw (X,Y) €xouv TNV TTAPAKATW TTIBavoTnTa palag

X
Y

1 2 3 4 P(y)

1
2
3
4

p(x/y)=p(x,y)/p(y)

1/8 116 1/32 1/32 — 14
116 1/8 1/32 1/32 — 1/4
1/16 116 1/16 116 — /4
1/4 0 0 0 — 14

H(X)=7/4 bits ka1 H(Y)=2 bits
H(X/Y)=11/8 bits ka1 H(Y/X)=13/8 bits

H(X,Y)=27/8 bits
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Abpototinn oot Evtpomiag ...

MNapadeiypa 2: Ag utrobeooupe 61in 1.4 Z = {0,1,2} wg €8§nG
(BA. oxnpoa)
o Téte p(0)=1/2, p(1)=1/4, p(2)=1/4
o [loia gival n evrpoTria 1nG X;
H(Z)=- [p(0)log p(0)+ p(1)log p(1)+ p(2)log p(2)] = 1/2*log2+ 1/4*log4+
1/4*log4 =3/2 bits
YTTapXEl Kal 2°¢ TpOTTOG UTTOAOYIOHOU TNG TTANPOQOPIag
1I010iTEPA OTAV AUTH HOC ATTOKAAUTITETAI OTADIOKA,;

o ZT10 TTapadelypd pag pabaivoupe Tpwra edv Z=0. Eav 61 16Te
HaBaivoupe TTola a1 TIC dUO TIMEG AAUBAVOULE.

o HINAnpogopia 611 {Z=0 rj éx1 0} iIcoduvapei pe 1 bit agpou H(1/2,1/2) 1] ZT
o Eav n Z dev gival undév oto Tpwto Brpa 10TE AaUPAVOUUE VEQ
TTAnpo@opia 010 OEUTEPO PBAMA pag n otroia kal auth €ival 1 bit. H X Y%

Hovn dlagopd Twpea cival 0TI N TTANPo@opia auTh AapBaveral pdévo
KATA TO AIOU TwV TTPOCTIaBEIWY, ONA. HE TTIBavoTnTa Y.
H(Z)=H(1/2,1/2)+1/2*H(1/2,1/2)=1+1/2=3/2 bits
Mia aAAn €¢riynon tou 2°V tpoTtrou. EAv Bswprjooupe 1o
ATTOTEAECOUA TOU 1°V BripaTtog w¢ Hia petaBAnTh X={0,1} kai To
ATroTEAEGHA TOU 2% BApaTOG WG pia AAAN petaBAnth Y ={0,1}
TOTE,
o H@)=H(X,Y)=H(X) + H(Y/X)
=1+1/2*H(Y/X=0)+1/2*H(Y/X=1)=1+0+1/2*H(1/2,1/2)

©2006, Srdpog Aevilng



Abpototinn oot tae Evtpomiag ...

AoKnon

o EoTtw dUuo doxeia A, B. To A trepiExel 16 KOKKIVEG
aApIBUNUEVEC UTTAAEC aTTO TO 1-16 Kol To B 1TEPIEXEl 8 UTTAE
apIBuUNUEVEC UTTAAEC atTo TO 1-8. 'EoTw X n Tu)aia
HETABANTA N otToia oUBOAIlEl TO XpwUa Kal TOV apIBuo TNG
UTTAAQC TTOU ETTIAEYETAI APOU TTpoNynBEi N eTTIAOYN
KATTOIOU €K TWV OUO doXEiwv. H etmIAoyn Twv doxeiwv A, B
vivetal pe Tnv idia mlavoTtnTta. H d¢ mlavotnta £mAoyng
LG apIOUNUEVNG UTTAAAC OTTO TO TTIAEYUEVO DOXEIO €ival
id1a. Na Bpebei n evrportria Tng X.

X={K1,...,.K16,M1,...,M8}, A={K, M}
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Abpototinn oot Evtpomiag ...

[Tapddsiyua 4

0 Mia 1patrouAa €xel 52 xapTid. AuTa Xwpidovtal o€ 4 KATNYopiEg,
oTabia, uTraoTouvia, Kapo Kal kouTreg. Kabe katnyopia exel 13
)(O(pTla N KAe pia evw 1a o161 KAl TA uﬂaoTouvm gival paupou
xpwpdTog KAl T KAPO KAl O KOUTTEC KOKKIVOU xpwuo(Tog To Tuxaio
TTEipapa ouVvIOTATAI OTO TPARNYUA EVOC XapPTIOU ATTO TNV TpOﬂTou)\a
@ewpoupe o1 N mMOAvOTNTA va TPARNEOUUE TO KABE XapTi €ival n
idlq.

[Moia TToooTNTA TTANPOPOPIaC AaUBAVOUE OTAV LAC YVWOTOTIOIEITAI TO
XAPTi TTOU TPARNEAUE;

Av pag yvwaoToTroinBouv d1adoxIKG TO XpwHA, LETA N KATNYopia Kal LETA
0 apIBUOC TTOoIa €ival N TTOOOTNTA TNG TTANPOYOPIac TTou Ba £xoupe AABel;
[Moia €ival N TToodTNTa TNG TTANPOYOopPIac o€ KABe Eva atrd Ta oTAdIq;
A0BEVTOC OTI yVWwpiloUE TO XpWHA, TTOIQ €ival N TTOOOTNTA TNG
TTANPO@OpPIag TTou AapAavoupe éTav pag yVwaoToTTolEiTal 0 apiBudc;
A0BEVTOC OTI yVWPICOUE TO XPWHA, TTOIA €ival N TTOCOTATA TNG
TTANPO@OpPIag TTou AaAavoupe dTav Hag YVwWOTOTTOIEITAl N KATNYOPIQ;
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Abpototinun Iototntae Evtponiog

ATdvTnon

a
a

a

‘Eotw X,Y,Z o1 1.4 TTOU cUpBoAilouv Xpwia, Katnyopia, apiOud.

Moia TToooTNTa TTANPOYOpPiag AapBdavouple dTav PAG YVWOTOTIOIEITAI TO XOPTi TTOU
TPABAZaHE;
H(Z)=-log(1/52)=5.7 bits
Av pag yvwoTtoTroinfouv 0IadoXIKA TO XpWHa, LETA N KATNYOPIA Kal HETA O apIOUOS
TTold €ival N TTogoTNTa TNG TTANPOoYopiag TTou Ba £xoupe AdBer; Moia ivai n
TTOo0O0TNTA TNG TTANPOPOPIac o€ KABE Eva atrd Ta oTAdIq;
1° 21adio: Xpwua
0 H(1/2,1/2)=-log(1/2)=1 bits
20 21adio: Karnyopia
o  H(Y/X)=1/2*H(Y/X=paupo)+1/2*H(Y/X=koKkkIv0o)=1/2*H(1/2,1/2)+1/2*H(1/2,1/2)=H(1/2,1
[2)=-log(1/2)=1 bits
30 2r1adio: ApiBuog
0 H(Z/IX,Y)=1/4*H(1/13,1/13,...,1/13)+...+
1/4*H(1/13,1/13,...,1/13)=H(1/13,1/13,...,1/13)=-log(1/13)=3.7 bits
AnAadr atroTeAEl YEVIKEUOT TOU TTAPAKATW TUTTOU
0 HX,Y,Z2)=H(X)+H(Y,Z/X)=H(X)+H(Y/X)+H(Z/X,Y)=H(1/2,1/2)+H(1/2,1/2)+H(1/13,1/13,..
.,1/13)=1+1+3.7 bits

MPOZOXH: H TAnpo@opia Tou cUVOUACUEVOU YEYOVOTOG (XPWHA, KATNyopia),
H(X,Y)=H(1/4,1/4,1/4,1/4)= 2 bits, AEN EINAI IZH pe H(Y/X)=H(1/2,1/2)=1 bits
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ApotBaia [TAnpowopla ...

‘E0Tw QU0 T.W. X, Y he ouvduaopeEvn mlavotnTta padac p(x,y)
Kal TTEPIBWPIaKES TOavOTNTEG padag, p(x) kal p(y), avrioToixa.
Tote n auoiBaia rrAnpogopia |(X;Y) opileTal WG N OXETIKNA
EVTPOTTIA PUETACU TNG OUVOUACUEVNG KATAVOUNG KOl TOU
yIvopEevou p(x)p(y)

p(x, )

6= 2. 2. P10
=D(p(x, V)l () p(¥))

o EvaAAakTik@ oupoAilel TV TTooOTNTA TTANPOPOPIAC TTOU TTEPIEXEI
Lo T X yia i GAAN TR Y.
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ApotBaia [TAnpowopla ...

1(X;Y) =3 p(x, y)log )

p(x) p(y y
Iog%:logp(x/y)—logp(x)
=37 p(x,yflog 2 )
=5 PO ()

=—> 2. p(x, y)log p(x)+ > > p(x,y)log p(x/y)

=-> p(x)log p(x) -

_ H(X)=H(X/Y)

> > p(x,y)log p(x/y)




ApotBaia [TAnpowopla ...

2 ULITTEPAIVOULLE OTI N apolIaia
TAnpogopia I(X;Y) eival n peiwon
NG aBefaidtnTac Tnc X e€aitiag
TOU YEYOVOTOC OTI YVWPICOUUE TNV H(X,Y)

Y / \
Qswpnua 4: loxuouv

o 1(X;Y)= HX)-H(XIY)
10X;Y)=H(Y)-H(Y/X)
10X:Y)=H(X)+H(Y)-H(X,Y)
10X Y)=I(Y;X)

1(X;X)=H(X)

o 0O O O

H(X)

H(Y)
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ApotBaia [TAnpowopla ...

MNapadelyua 6: 'Eotw (X,Y) €xouv TNV TTAPAKATW TTIBavoTnTa Halag

X
vyN\|]1 2 3 4

1 |18 116 1/32 132 —
> 116 18 1/32 1/32 —
3 [1/16 116 1/16 1/16 —
44 0 0 0 —

H(X)=7/4 bits ka1 H(Y)=2 bits
H(X/Y)=11/8 bits ka1 H(Y/X)=13/8 bits
H(X,Y)=27/8 bits
10X:Y)=H(X)-H(X/Y)=H(Y)-H(Y/X)=3/8 bits

P(y)

1/4
1/4
1/4
1/4

©2006, Xnbpog Aeviing



AVIGOTNTEC. ..

Qswpnua 9:
0 Eotw X pia 1.4. pe TARB0¢ aToixgiwv n. TOTE I0XUEI
H(X) < logn
o Hiootnta ioxuel edv N katavour Tng X gival oolopop®n, OnA.
p(x)=1/n, VYXeX
OQswpnua 10: (H ecaptnon HEIWVEI TRV EVTPOTTIA)
o H(XY) < H(X)
o Hiootnra ioxvel eav X,Y gival avecaptnTeS HETABANTEC
Qswpnua 11: (Avwtaro Opio evrpoTriag TTOAUdIACTATNG T.)

o 'BEotw X, X,,....X, T.) HE ouvduaopevn BavoTNTa HAZAG P(X1, Xy, ..., X,)-
ToTe Io0)UEl

5 H(X X X,) < Y H(X,)

o Mg tnv 1I06TNTO Vva I0XUEl OTAV TTEPITITWAOTN TTOU OI T.|. €ival aveCAPTNTEC.

©2006, Xnbpog Aeviing



‘ AVIOOTNTEG ...

= Aoknon
o Eotw o1 N 1.4 (X,Y) €XEl TNV TTAPOKATW cuvouaopévn pada meavoTnTtag
YN 2 Py
110 34 — 31
2 118 1/8 — 1
o HX)=H(1/8,7/8)=0.544 bits
o H(X/Y=1)=0 bits ka1 H(X/Y=2)=1 bit
o H(X,Y)=3/4 H(X/Y=1)+1/4 H(X/Y=2)=0.25 bits
o [lNaparnpeiote 611 N aBefaidTnTa TNS X AUEAVETAI OTNV TTEPITITWON TTOU

yvwpiloupe TO yeyovog Y=2 kal EAATTWVETAI OTAV YVwPI(oUulE TO yeyovog Y=1.
[MapdAa autd n péon TAnpo@opia r N aBepaidtnta eAartwveral yia Tnv X/Y

©2006, Xndpog Aevalng



Evtpomia 2opolwv st Atoanottmy
Mnvopotev
Alakpith) Nnyn NMAnpogopiag

o [Napayel akoAouBieg cUUBOAWYV (1 YPOAUUATWY), S,
o AA@ABNTO TTNYRG €ival TO GUVOAO TwWV CUUBOAWYV
S=(s;,S,,..-,S,), OTTOU n givail To TTARBOG TwV CUUBOAWY

o Mapayel 6|0(60le£§ aKOAouBie¢c oUUBOAWY TTOU
ovopadovrtal pnvupaTta

To TARB0¢ TwV duvaTwy PNVUPAaTWY prkoug | givar n!

o H MNapaywyn Twv cupoAwyv AauBavel xwpa e KATTola
mlavoTnTa, p;

o H mapaywyn KaBe cupoAou yiveral

Eite ave¢dpTnTa QUTWY TTOU £XOUV TTPONYNOEi OTTOTE
AvaPEPOUAOTE O€ OIAKPITH TTNYN XWPEIG LVALN

Eite eapTaTal OTATIOTIKA AUTWY TTOU £X0UV TTPONYNOEI OTTOTE
AVAQEPOUAOTE O€ SIAKPITA TTNYN LE UVALN

©2006, Srdpog Aevilng



Evtpomia 2opolwv st Atoanottmy

Mnvopotov ...

lNoooTnTa TANnpo@opiag TNG TTNYNG XWPIg LvAuN
MEon TToooTNTA TTANPO@OPIAC ) EVTPOTTIA TWV
ouuBéAwﬂv (bits/symbol)

Z p, log p,
Msylcm uson nooomm TAnpogopiac (bits/symbol)
o maxH(S Z IogE logn

|_|AﬁOVGOpO%SIGKpIT”%STH’]VF]g [0,1]

) red=1- max H (S) logn
MéEoog PuBuoc NAnpogopiacg tng tnyne (bits/sec)

o R=r,H(S)
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Evtpomia 2opolwv st Atoanottmy
Mnvopotov ...

Napdadeiypa: S={0,1} ue p(0)=3/4 kai

p(1)=1/4

o H(S)=0.815 bits/symbol

o maxH(S)=log2=1 bit/symbol

o red=1-0.815/1=0.19

Aoknon

o S={X,¥,Q} kai P={0.25,0.5,0.25}. Av n TTnyn
TTapayel ouppoAa e pubud 1000 cupoAa/sec va

Bpebouv
H(S), maxH(S), red, R
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Evtpomia 2opolwv st Atoanottmy
Mnvopotov ...

MEOO TTANPOPOPIAKO TTEPIEXOUEVO UNVULATWY TNG TTNYNG

o Eav yvwpiCoupe o011 n TNy Trapdyel pnvupata pAkoug I, pe
0edOopEVO OTI TO TTARBOG TOou oUVOAoU M=(my,m,,...,m,), Twv
UnvupdaTwy givar n!, kar n mBavotnTa gUPAviong evog UNvUUATOg

m; gival p(m;), TOTE TO HECO TTANPOPOPIAKS TTEPIEXOUEVO TWV
pnvuuonwv £IVGI

(M)= Zp(m)log p(m,)

ATTOBEIKVUTAI OTI H(M)= I*H(S), dnAadn 1o pe€co TTANPoPopIaKko

TTEPIEXOHEVO EVOG UNVUUATOG gival ioo e TO aBpolopa Tng

TTANPOYPOPIAG TTOU UETAPEPOUV TA CUMPOAA TTOU TO ATTOTEAOUV.
Mapaderypa: Ta pnvUpaTa HAKOUG 2 TTou dNIoUpyoUvTal aTTo
TNV TTNYN TWV CUPBOAWY TOU TTPONYOULEVOU TTAPAdEIYUATOC Eival
M={00,01,10,11} TTARB0ouc¢ 4 Kal ol TTIBavoTNTEC Vva CUupouyv gival

p(00)= 9/16 p(Ol) pP(10)=3/16, p(11)=1/16. Téte HM)=1.63
blts/pnvuua 2*0.815
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Evtpomia 2opolwv st Atoanottmy

Mnvopotov ...

Aoknon

Q

Mia Ty TTAnpogopiacg Trapdyel cUUPBOAQ, Ta OTToIa AVAKOUV OTO
aA@apnto S={r, u, @, x, W, w}. O1 TBaAvVOTNTEC TWV CUUBOAWV
aQuTwv €ivail Ya, ¥4, 1/8, 1/8, 1/8 kai 1/8, avrtioToixa.

0 OewpwvTag TNV TTNYN XWEIc pvnun, ¢nTeital va UTToOAoYioETE
0 o) To OUYPBOAO HE TO HEYAAUTEPO KAl TO HIKPOTEPO TTANPOPOPIKO

TTEPIEXOUEVO TNG TTNYNC.

o [B) To pé€oo TTANPOYOPIKO TTEPIEXOUEVO TWV CUUBOAWY TNG TTNYNC,
2 Y) To HEOO TTANPOPOPIKO TTEPIEXOUEVO TWV UNVULATWY TNG TTNYNGS

ATTOTEAOUEVWY aTTO OUO CUUPBOAQ.

o 0) Tov mAeovaood TG TTNYNG (log6=2,585) Kkai
o €) To péoo pubuod TAnpoopiag TnS TTYNAGS yia pubuod 500

OUUBOAWYV /sec.
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Evtpomia 2opolwv st Atoanottmy
Mnvopotov ...

Amravrnon

o a) Ta oupBoAa pe 1o HeyaAuTeEPO TTANPOPOPIKO
TTEPIEXOUEVO Eival AUTA TTOU £XOUV TNV HIKPOTEPN
moOavornTa dnAadn H(i)=-log(1/8)=3 bits o6TTOU
I=@,X,y,w. AvTiOeTa Ta CUUPOAQ E TO LIKPOTEPO
TTANPOPOPIKO TTEPIEXOLEVO Eival AUTA TTOU £XOUV
TNV HIKPOTEPN TTIBavOTNTa dNACdN H(i)=-
log(1/4)=2 bits otTOU I=T,U.

o [B) To HECO TTANPOPOPIKO TTEPIEXOUEVO TWV
OUHBOAWV TNG TTNYAG

6 1. 11, 121, 1 1, 1 1, 1 1, 1 i
H(S)=- logp.=—=log=—-=log=——=log=—=log=—-=log=—-=1log = = (20/8) = 2,5 bits/symbol.
();p.gp.494494898898898898() y
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Evtpomia 2opoiwv nat Ataxpttwv Mnvouatey ...

AtTavrnon (ocuvéxeia)

a

y) l'a Tov UTTOAOYIGHO TOU PEGOU TTANPOPOPIKOU TTEPIEXOUEVOU TWV
HUNVUHATWY TNG TTNYNAG atroTeAOUHEVWY aTTO 2 OUHBOAQ, uttoAoyifoupie
TTPWTA TIG (CUVOUAOHEVEG) TTIBAVOTNTEG dNIIOUPYIOG TWV UNVUUATWY QUTWV.
A@oU n TIyA €ival XwpPIig HVAN, YIO TOV UTTOAOYIGUO TNG TBavOTNTAG KABE
HNVUHOTOG apKei va TTOAAOTTAQCIACOULE TIG TIOAVOTNTES TTAPAYWYAG TWV
OUUPBOAWYV aTTO Ta OTTOIO ATTOTEAEITAI. ZUVOAIKA €XOUHE 36 pnvuuaTa.
Mapartnpoupe 6T Ao Ta 36 PNvUpaTA, 4 £Xouv TMBAVOTNTA TTApAYWYNG ion
He (1/16), 16 pnvopata £xouv mlavoTnTa Tapaywyng (1/64) kai 16
HNvUpaTa €xouv TTlavoTnTa TTapaywyng (1/32).

pl=p(1,1)=1/16, p2=p(1,u)=1/16, p3=p(1,¢)=1/32, p4=p(1,X)=1/32,
pP5=p(T,p)=1/32, p6=p(T,W)=1/32,

p7=p(u,1)=1/16, p8=p(u,uv)=1/16, p9=p(u,p)=1/32, p10=p(u,x)=1/32,
pll=p(u,p)=1/32, pl2=p(u,w)=1/32,

p13=p(¢,1)=1/32, pld=p(p,v)=1/32, p15=p(¢,p)=1/64, p16=p(p,x)=1/64,
pl7=p(op,p)=1/64, p18=p(¢p,w)=1/64,

P19=p(X,1)=1/32, p20=p(x,u)=1/32, p21=p(X,®)=1/64, p22=p(x,Xx)=1/64,
P23=p(X,w)=1/64, p24=p(x,w)=1/64,

P25=p(y,1)=1/32, p26=p(y,u)=1/32, p27=p(y,p)=1/64, p28=p(y,x)=1/64,
pP29=p(y,p)=1/64, p30=p(y,w)=1/64,

p31=p(w,1)=1/32, p32=p(w,u)=1/32, p33=p(w,p)=1/64, p34=p(w,x)=1/64,
P35=p(w,P)=1/64, p36=p(w,w)=1/64
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Evtpomia 2opolwv st Atoanottmy
Mnvopdatwy ...

Atravinon (CUuvEéxeia)
o ETmouévwg

36 1 1 1 1 1 1 )
H(M)=- logp. =—4—Ilog—-16—Io -16—1o = (320/64) =5 hits/message.
( ) ,Z:;‘ P 109 P, 16 J 16 64 J 64 32 J 32 ( ) J

[Mapatnpeiote o011 H(M)=2 H(S)

AuTO oupBaivel Adyw Tou OTI N TTNYA €ival XWPEI¢ UvAUN

0) red=1-H(S)/maxH(S)=1-H(S)/log6=1-(2,5/2,585)=1-0,967=0,0328.
£) R=rH(S)=500x(2,5)=1250 bits/sec.

O 0O O O
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' ! ! !
2opnteon [Iinpowoptag n Kwowonoinon
H '

ETTIKOIVWVIOKO HOVTEAO

AlakpITeS Inyeg MNMAnpoopiag

2 Me pvAun

o Xwpig pvAun

Kwdikotroinon lNnyng

o Kwdikd AANpapnTo, Kwodikég AECel
Kwdikeg MNnywv

o 1d1alovteg

o Movadika ATTOKWOIKOTTOINCIOI

o Apeool

o T1IAqpeIg

AvicoTtnrta Kraft

eswpnua KwdikoTtroinong

o BéAmiota MRkn Kwdikwv AECewv
AAyOp10p0o1 Kwodikotroinong MNnywv ZupBoAwv
o FANO, SHANNON, HUFFMAN,
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‘ 2ovunieorn [Anpoyoplag 1 Kwowonoinon
Inyne ...
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>vunieorn [TAnpoyoplag n Kwowonoinon

[ Inyng ...
= Kwdikotroinon/oupTtrieon tng TNyNg

o Eival n diadikaoia avrioToixiong Tou aApaBnTou Twv
OUUBOAWY o€ £€va GAAO aApapnTo.

o To Kaivouplo autd aA@aBnTo ovoualeTal KwWOIKO
aA@aBnTo Kal Ta HEAN ovopadovTal KwdIKA UL BOAQ.

o Ol akoAouBieg TwV KWOIKWY CUUBOAWY TTOU AVTIOTOIXOUV
o€ oUUBoAa TS TTNYNAS AEyovTal KWOIKES AEEEIC

010111

»
»
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2opnteon [Iinpowoptag n Kwowonoinon
[Inyne ...

EpwTtipaTta TTou TTPOKUTITOUV ATTO TIC OXECEIC TTOU

OIETTOUV TA OUMPBOAQ KAl TOUC KWOIKEC Kal TIC KWOIKEC

AECEIC

o [1Twg YTTopOoUE VO KOTAOKEUAOOUUE QUECOUC KWOIKEC UE TO
EAAXIOTO TTPOCOOKOUEVO UNKOG VIO TNV CUUTTIECUEVN
avaTTapAdoTaon Twv CUUBOAwV piag Tnyng;

0 YTTapxel oxéon UeETacu oupBoAou Kal HAKOUG KWOIKNAG
A£gng;

0 To TTANPOYOPIAKO TTEPIEXOUEVO TNG TTNYNG TWV CUUPBOAWY
TTWG ETTNPEACEI TV TTAPAYWYI TWV KWOIKWYV AECEWV KAl UE
010 TPOTIO;
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2opnteon [Iinpowoptag n Kwowonoinon
[Inyne ...

ATTAITACEIC VIO XPNOIKOTNTA KWOIKWV

0 KaBe akoAouBia KwdIKWV AEEEwV TTPETTEI VA
LITTOPEI VA ATTOKWOIKOTTOINOEI IE HOVOADIKO TPOTTO

0 H ammokwOIKoTToinoNn TTPETTEI VA YIVETAI EUKOAA KAl
aueoa

0 O KwAIKAG TTPETTEI VA TTETUXAIVEI TN BEATIOTN
OUVATH CUUTTIEDN

©2006, Srdpog Aevilng



2opnteon [Iinpowoptag n Kwowonoinon

[Inyne ...
Opiooi

2 Mn 1016wV KWOIKAG
Otav OAeg o1 KWOIKEC AECEIC €ival DIAPOPETIKES

2 Movadikad atroKwOIKOTTOINCIL0G
Ortav kal ol akoAouBieg TwV KWOIKWV AECEWV Eival
OIAPOPETIKEG

0 Apegoog N MPoBeaTIKOG KWOIKOG
KaBe povadikd atrokwdIKOTTOINCIUOG KWOIKAG TTOU ETTITPETTEI
TNV AUECT ATTOKWOIKOTTOINON TNG KWOIKNS AEENGC XWPIC va
XPEIAZeTal va AABEI UTTOWN TOU TIG ETTOUEVES KWOIKEC AECEIC.

O AueoOG KWAIKAG ATTOTEAEITAI ATTO KWOIKEG AECEIC O OTTOIEG
dev aTTOTEAOUV HEPOGC (TTPOBEUATa AAAWV)
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2opnteon [Iinpowoptag n Kwowonoinon

I Inyng ...
MNapadeiypa
o Mnidialwv, LILHLIV
o Movadika
QATTOKWOIKOTTOINCIMOG,
ILILIV. O | dev gival

agou OPPD, PPY, YWY
OAa €xouv KWOIKN AEEN
TNV id1a, 0000

o Apeool kwoikeg, Il kai I

o O kwdikag IV dev gival
AUECOG aPou xpelaleTal
va yvwpidouue yneia
TTOU AVNKOUV OTNV
ETTOLEVN KWOIKNA AEEN,
m.X. 0110111007

I | i IV
P 0 00 0 0
X 11 01 10 01
L o 00 10 110 011
Q 01 11 1110 0111
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2opnteon [Iinpowoptag n Kwowonoinon

[Inyne ...

o 0 0000

000| 1 90001

0 0] e —0—0010

001 1 0011

o .9 —=<0100

1 010 1 0101

oo — 0 0110

1 011 1 0111

o .9 —1000

100 1 1001

0 10] —— 0 —-91010
‘,,ff”"” L (101 1 101
o o 90 —91100

\\“~1,\\\\~ 110 “““g“‘*-o 1101
11 —0 1110

T 111 I e 1111
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2opnteon [Iinpowoptag n Kwowonoinon

[Inyne ...

[Mapadeiypara AAAWYV AUECWYV KAl N QUECWYV
KWOIKWYV

o C1={0,101} Apgcog
0 C2={1,101} Mn dyiecos
1 C3={0,10,110,111}  Anueoog
o C4={00,01,10,11} Apggog
Q C5:{0,01,011,111} Mn duecog
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2opnteon [Iinpowoptag n Kwowonoinon

[Inyne ...

C5={0,01,011,111}

0 ,(,/O{’
[ i —o
000 1
w
00 1
001 1
0 w
010 1
0
1
0
0 /a;/o
100 1
0
1v
0 1 —
101 1
0
0 /N
- g ——o
110 1
0
11
1

0000

0001

0010

0011

0100

0101

0110

0111

1000

1001

1010

1011

1100

1101

1110

1111
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2opnteon [Iinpowoptag n Kwowonoinon

[Inyne ...

C4={00,01,10,11}
C3={0,10,110,111}

0

0000
0001

|

“/

000

00

0010

0
\ _ 010
o1

01

|

0011
0100
0101
0110
0111

001

|

:

011

1000

|

1001
1010
1011
1100
1101
1110

H |lor CDi/ Cbi%

1111

|
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2opnteon [Iinpowoptag n Kwowonoinon
[Inyne ...

Maipvovtag Tov Kwdika C4={00,01,10,11} ka1 JEILOVOVTAC TO UAKOG HIiOC €K TWV
KWOIKWV AeCewv, 0020, TOTE UTTOPOUE Va dIATNPIOOUUE TNV duvaTOTNTA TNG
AUEONG ATTOKWOIKOTIOINONG HOVO OV QUENOOULE TO PNKOG GAAWYV KWOIKWV
Aegewv. Paivetal AoITTOV OTI UTTAPXEI £va KOGTOG TTOU KAAOUUOOTE VO
TTANPWOOUE GTNV TTEPITITWON TToU BEAOUHE MIKPOTEPOU UKOUG AEgelS. Me GAAa
AOYIO LIKPOU HAKOUG KWOIKES AEEEIC £XOUV LEYAAO KOOTOG.

AG eCeTAOOUUE TOV KWOIKA HE AECeEIC uAKoug 3. To TTARB0C Twv AECewy €ival
23=8. O KwdIKag auTdg eival AUECOC Kal LovadIKA aTTOKWOIKOTTOINCIUOG. AV
Kavoupe Tnv avrtikaraotaan 00020 1OTE 0 KWOIKAG TTOU TTPOKUTITEI [IE OAEG TIG
uttOAoITTEC AéCEIC prkoug 3 gival o {0, 100,101,110,111}. ®aiveral Aoittév OT
KWOIKEC AECEIC UKOUG 3 KoaoTiCouv 22 AilyoTeEpo av BEAoULE va dIATNPACOUE TNV
HOvadIKOTATA TNG ATTOKWAIKOTTOINONG.

Av Bewprooupe Twpa OTI EXOUHE €va PEYIOTO TTO0O, £0TW 1, va dlaBécoue yia
TNV ONUIOUPYIA AUECWYV KAl HOVADIKA aTrOKwélKOTromolpwv KWOIKWV OTTOU TO
KOOTOG KABE AégNg prikoug | eival 271 10Te KABE CUVOUACHOG UNKOUG KWBIKWY
AéCewv Oev Ba TTpETTEl va uttepPaivel Tnv 1 eav BEAouE va gival povadika

ATTOKWOIKOTTOINOIUOG. AnA.
n
—I.
Y2
=1
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2opnteon [Iinpowoptag n Kwowonoinon

[Inyne ...
OQswpnua 12: Aviootnta Tou Kraft

0 ['a KGBe Apeco KWOIKA e TTANBOC KWOIKWV
OUMUBOAWYV Tou KwdIKOU aA@afrTou g Kai JnKn
TWV KWOIKWV Aegewv |, 0TTOU 1=1,2,...,n KQI N TO
TTANBOC TWV CUUBOAWY TNG TTNYNAC I0XUEI,

n

> g <1

=1

0 AvTioTpo@a, av yid €va OUVOAO UNKWV KWOIKWV
AECewV 10X UEl N aviooTnTa Kraft TOTE UTTAPXEI EvaC
ALLECOG KWOIKAC TOU OTTOIOU Ol KWOIKEC AEEEIC
EXOUV auTa Ta HAKN.
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2opnteon [Iinpowoptag n Kwowonoinon

[Inyne ...
A1Tod¢€1En

0 T€TOI01 KWOIKEG (AUETOI KAl ATTOKWOIKOTTOINTIUOI) £XOUV
KWOIKEG AEECEIG Ol OTTOIEG EXOUV £va UEYIOTO PNKOG, T.X | ...
OAecg o1 Aéceic o€ auTo TO €TTITTEDO £ival €iTE UEPOG TOU
OUVOAOU TWV KWOIKWV AECEWV EiTE ATTOYOVOI AAAWY KWIIKWYV
AECEWV 01 OTTOIEC BpioKovTal O€ IKPOTEPA ETTITTEDQ.

o To MARB0G Twv aTToyOVWY HIag KWOIKAG AEENG TOU ETTITTEOOU
., TTOU Bpchovml oTo tritredo |, 1o0UTAl LE TO TTANBOC TWV

” "max?
Aé€ewv pnkoug | -l kal apa givar glmaxt

o KaBéva atro 1a ouvo)\a QUTA TWV ATTOYOVWYV KWOIKWYV
AECEWV OEV E£XEI KAVEVA KOIVO OTOIXEIO PETACU TOUC

o ETtriong 10 dBpoiopa Twv atroyovwy auTwy OV UTTOPEI va
F,aTrapaoal TO g'maxTTOU £ival 6A0 TO oUVOAO TwV Aé€ewv (OXI

KAT avaykn Kwol muqmug_Lm)_

o Etopévwcg 1o el Zq" :Zq <1
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2opnteon [Iinpowoptag n Kwowonoinon

[Inyne ...

C={0,10,110,1110} .
00 1

0

0

=
IS

o 0 0000

000| 1 <0001
—— 0 90010
001 1 0011

o .9 —=<0100

010 1 0101

01 MO 0110
011 1 0111

o .9 —1000

100 1 1001

10 \\\\ff‘\\\\ﬂxf———-ll““‘“’o 1010
101] 1 91011

o o 90 —91100

110 ““‘g““-o 1101

11 1110
T il T — 1111

©2006, Xndpog Aevalng



2opnteon [Iinpowoptag n Kwowonoinon
[Inyne ...

2 UVEXEIQ atTrodeicnc aviootntag Kraft (avtioTpo@o)

o Eotw I, L,..., |, LAKN AECEWV TTOU IKAVOTTOIOUV TNV
aviooTnTta Kraft, T10T€ €ival duvatdv va KATAOKEUQOTEI Eva
QEVTPO OTTWC AUTO TTOU EIDALE TTPONYOUMEVWC.

o EmAE&yovTag pia KwdIKn AégEn HAKOUG |, dlaypa@oULIE
OAOUG TOUG aTToyOvoug TNG. META ETTIAEYOULIE OTTO TO
OEVOPO TTOU ATTOUEVE! A AEEn MAKOUG L, Kal dlaypA@OULIE
TOUG OTTOYOVOUG TNG K.0.K PEXPI |

o Mpoooxn: To Bewpnua Hag A€l OTI UTTAPXEI ALLECOC
KwOIKag pe puNkN I kar 6x1 o011 KABe KwdIkag pe pAkn |, ival
TTOU TTANPOI TNV avioOTNTA €ival AUETOG
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2opnteon [Iinpowoptag n Kwowonoinon

[Inyne ...

C={0,10,110,1110,1111}

o 0 0000

000| 1 90001

00 \‘\\fi\\\\\\q__,___il—————o 0010
001 1 0011

o .9 —=<0100

010 1 0101

01 \a‘/OO 0110
1 011 1 0111

o .9 —1000

100 1 1001

10] —— 0 —-91010
L (101 1 101

o o 90 —91100

1101 1 91101

11 0 1110
L i [ 1T —— 1111
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2opnteon [Iinpowoptag n Kwowonoinon
[Inyne ...

Me TIC TTIBavVOTNTEC EUPAVIONS TWV CUUPBOAWV TI YiveTal;

MTropoupe va Bpoupe Eva Kwdika (AUeECO Kal
QATTOKWOIKOTTOINCIO) TOU OTTOIOU OI KWOAIKEC AECEIC va €XOUV TO
BEATIOTO OdUvaTO PAKOC; Na €xouv dnAadn Tn KATA HECO OPO TN
LIKPOTEPN TIMN UAKOUC KWAIKNG AEENG;

o min ) pl

YTTapxel oxeéon HNKoug AE¢ng Kai mTéavoTnTag EUPAvIiong
OUpSoAou TINYNAG;

AV QVTIOTOIXiIOOUE KWOIKEC AECEIC IKPOU UAKOUC 0€ CUURBOAQ pE
LEYAAN TTBavoTNTa EUPAVIONG Ba HEIWOEI TO HECO UNKOG TNG
KWOIKAC AECNC;

=€POUHE OLWG OTI LIKPOU PNKOUG KWOIKEG AEGEIC £XOUV HEYAAO
KOOTO apOU XPEIACETAl VO EI0AYOUHE HEYAAOU UNKOUG KWOIKEG
AEEEIC yIa TNV TTAAPN AVTIOTOIXION TWV CUUPBOAWYV TTNYNAG.

Moia gival n BEATIOTN CUUTTIEON TTOU gival duvaTov va
ETTITEVYXOEI;

©2006, Xnbpog Aeviing



2opnteon [Iinpowoptag n Kwowonoinon
[Inyne ...

OQswpnua 13: Kwdikorroinong Nnync

o0 'EoTw pia myn apdyel S={s;,S,,...,S,} UUBOAA e MBavoTNTA EUPAvIONG
kaBe aupforou {p,,p,,...,pp}- Tlo( ouuBo)\a QUTA KWOIKOTTOIOUVTAI ATTO €va
KWOIKO aApapnTo q ouuBo)\wv KOl QVTIOTOIXICOVTAl O€ AUETO Kal
ATTOKWOIKOTTOINCIHO KWOIKA N KWOIKWY A£gewV pnKoug I; n kaBe pia,
I=1,2,...,n. Av H(C) givai TO pEgo TANPOPOPIaKO 1T£p|£)(0|J£VO TWV OUUBOAWY

NG 'ITI| I|§ TOTE I0XUEI,
< z :lol [

logg 3

[Na g=2, 10 BEATIOTO (eAGXIOTO) LEDO URKOG KWOIKNG AEENG gival ioo e
TO [eGO TTANPOPOPIAKO TTEPIEXOUEVO TNG TINYAG TWV CUUBOAWV Kal Ogv
UTTOPEI va gival LIKPOTEPO ATTO AUTO.

['a TToIEG TILEG TWV | I0XUEI N 100TNTA TOU BEWPNHATOG TNG
KwWOIKOTTOIiNONG TNG Trr]vr]g

EAAXIOTO TOU LAKOUG TWV _KWOIKWV AECEWV
o HioétnTta ioxvel otav 1
| =log,| —
Pi

©2006, Xnbpog Aeviing



2opnteon [Iinpowoptag n Kwowonoinon

I Inyng ...
BEATIOTEC KWOIKEC AECEIC YIa (=2

0 H pgéon Tiun Tou PRKOUG TV AECEWV EVOC KWOIKA
EAQXIOTOTTOIEITAI KQI €ival iON HE TNV EVTPOTTIA TNG TTNYNC
OTavV Ta PAKN TNG KABe KWAIKNG AECNC €ival ioa LE TO
TTANPOPOPIAKO TTEPIEXOUEVO TOU KABE U OAOU

1
4 Ii — Iogz[j
O

AVTIOTPO@A, OTTOIAONTTOTE ETTIAOYN KWOIKA KAl
KWOIKWV AECEWV EUUECO Opilel KAl [ia KATAVOUN)
moavortntacg {q:},

a g; = 2_|i/z ,2z=1 6Tav 0 KWAIKAC gival TTARPNS

©2006, Xnbpog Aeviing



2opnteon [Iinpowoptag n Kwowonoinon
[Inyne ...

Agv UTTOPOUE AOITTOV VA CUUTTIECOUUE AIlYOTEPO ATTO TNV
EVTPOTTIA TNS TTNYNC.

[TPaKTIKA TTO00 KOVTA O€ auTn TNV TIUA LTTOPOUE Va
(PTAOOULIE;

OQswpnua 14:

o [a kaBe 1.4 X uttdpXel Evag AUECOS Kal Lovadikda
QATTOKWOIKOTTOINCIMOG KWwOIKag C Tou OTToiou N pEon TIMA UAKOUG,
L(C,X), IKavoTToIEi TN OXEOoN

H(X) < L(C,X) < H(X)+1
0 O KWOIKAG AUTOC £XEl KWOIKEC AECEIC UAKOUG

I = |— log, (]7/ 0 )—l 6mou [ x| eival o pikpdTEPOG

OKEPAIOG TTOU Eival LEYAAUTEPOG TOU X.

©2006, Xnbpog Aeviing



2opnteon [Iinpowoptag n Kwowonoinon
[Inyne ...

[Tolo gival AoITTOV TO KOOTOG XPNOIUOTTOINONG £VOC KWAIKA TOU OTTOIOU TO
UAKn O¢gv gival Ta BEATIOTQ;

Ag utroBeooupe OTI {p;} €ival o1 TTPAYUATIKEG TTIBAVOTNTEG TNG TTNYNG TWV
OUHBOAWY Kal 0 KWAIKAG TTOU XPNOIHOTTOIOUHE EXEI HAKN KWOIKWY AEGEWV I
2 g=2""=l*=-log(q)

© L(C.X) =2l =2, pilog(q)
=—Zp. log[pq]

P

= —Z p, log(p Z P Iog( p'j

=H(X)+D(pllq)

o EvaAAakTikd opioupe wg etridoon Tou Kwdika 10 Adyo H(X)/L(C,X)

©2006, Xnbpog Aeviing



2opnteon [Iinpowoptag n Kwowonoinon
[Inyne ...

AAYOPIBOI KWAIKOTTOINONG
o FANO

o SHANNON

o HUFFMAN

JPEG kal MPEG XpnoIloTrolouV ETagU
AAAWV kal Tov aAyoplBuo Huffman

©2006, Xnbpog Aeviing



Alyoptbpoc Kwowonoinong FANO ...

Bnua 1°: Ta oUpBoAa (1 Ta nvUpOTa) TAGIVOLOUVTAl £T01 WOTE Ol
mOavOTNTES TOUG €ival o€ @Bivouoa akoAoubia.

Bua 2°: 21n ouvéxela Ta GUPPBOAa Xwpidovial g€ opddeg 0 apiBuog

TWV OTTOIWV €ival i00G HE TOV apIBUO TWV KWOIKWY GUUBOAWY (0Tnv

TTEPITITWON dUAdIKOU KWOIKA N OMAdEC XWPIOHOU CUUBOAwY gival dUo).

o To KpITAPIO OXNUATIOMOU TNG KABE opddac ival TETOIO WOTE aPevOs va diaTnpeital
N O€IPA TWV CUPBOAWY OTTWG auTh €XEl KaBoploTei atrd 1o BAua 1

0 AcpaTépou O€ va eAAXIOTOTTOEITAI N OXEON

Zp

i=k+1

Bnua 3° [a kaBe pia opada cuPBOAwWY TTOU ONUICUPYNOALE
avTIoToIXiCOUE Eva aTTO Ta KWOIKA OUUBOAQ WS TO TTPWTO TOV KWOIKWV
AeCewv TTOU Ba TTPOKUYWOUV

BAua 4°: EravalauBavoupe Ta BApaTa 2 & 3 yia KAbe pia atrd TIg
OHAdEC TTPOOBETOVTAC KABE Ppopa Kal atTtd €va KwOIKO oUUBOAO oTnV
KWOIKA AEEN LEXP! VA ONUIOUPYNOOUHE OUADEC UE Eva UOVO CUUPBOAO
O aAyopiBuog FANO Onpioupyei KWOIKEG OTTOU OAEG Ol KWOIKEG AEEEIG
gival Tou idIou HKoug €AV n dlaipecn O€ UTTOOUADEC YivVETAI TTAVTA LIE
TRV idIa mlavoTnTa.

a

©2006, Srdpog Aevilng



Alyoptbpoc Kwowonoinong FANO ...

Mapddeiypa
S={sl,s2,...,s10}
{pl1,p2,...,p10}={1/4,1/4,1/8,1/8,1/16,1/16,1/32,1/32,1/32,1/32}

{ S 1} Moleg gival o1 KWAIKEG AECEIC XPNOILOTTOIWVTAG TOV aAyOpIBO
FANO
1/4 00 {s5}
{s1,s2} {s3} 1100
=~ 100 c0
> {s2} 11100
1/4 1 o~ 1/¥6 1/3
01 s4
Y o) {s6} {s8}
101
{s3,5 4 1101 11101

= 1 132
1/ 10 1/16 /
e g g

{33,...,319}/

{85}

\i/ 1//8110 - 1110 /1/32/Q 11110
(5 SI0 1/16
= T8 711110 {89,510} B {s5}
{s7,...,510} 1111 | 1/3<§ZOOM&CU@




Alyoptbpog uwowonoinong SHANNON .

Bnua 1°: Ta oUpBoAa (1 Ta nvUpaTa) TagIVOLOUVTal £T01 WOTE Ol
mMOavoTNTEG TOUG €ival o€ PBivouoa akoAoubia, OTTwG akpIBwWS Kal Tou
FANO.

BAua 2°: lNa kaBe ocupyPoAo s; Tou oTroiou n mOavoTnTa EUPAVIONG Eival
p(s;) U'ITO)\OVICEZTGI n a6p0|0T|Kn mlavotnTa P; wg €§AG:

a Zp(s) P=0 i=2..,n

Bua 3°: To HNKOG TNG KWOIKAG AEENG TTOU aVTIOTOIXEI OTO OUUBOAO S
IooUTal PE TOV aKEPaIo apIBuo I, TTou TTANpPoi TN oxéan

; i:|‘Iog2(1/lo(~°’i))—|

Bua 4°: H kwdikn A&gn ¢; TToU avTIOTOIXEI 0TO GUHPBOAO TINYNG S; €ival
TO OUAOIKO AVATITUYLA TOU KAdopartog P; (Lévo Ta Tpwrta |; bits
QVATITUYHOTOC)

©2006, Srdpog Aevilng



Alyoptbpog nwowonoinong SHANNON ...

MeTaTpoTr) 0€KAdIKOU KAQCUATIKOU apIOuou
g€ OUAOIKO

0 loxuel o1 To OUAdIKO AVATITUYHA EVOG OEKADIKOU
apiBpou F eival
F= Z( j =0aa,...a, OTTOU TO Q@ €ivai 0N 1

0 I'IoAAcmAamchovmg TO0 F UE 1O 2 €XoulE OTI
2F = a, +Z(—j
0 A6 auTo 'ITpOKU'ITTEI OTI TO 0, loouTal pe O eav 2F
<1 kal 1 eav 2F=1

a0 Opoiwg T10 0, IoouTal pe O eav 10 2(2F-0,)<1 ka1 1
eav 2(2F-a,) 21, Kok
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Alyoptbpog nwowonoinong SHANNON ...

[Mapadeiypa LETATPOTING OEKADIKOU KAACTUATOC O OUADIKO

o F=0.375
2F=2*0.375=0.75<1 = a,=0
2(2F-0,)=2*0.75=1.521 = a,=1
2(2(2F-0,)-02)=2(1.5-1)=121 = 0;=1
Apa 1o duadikéd avartrTuyua Tou 0.375 €ivar 0.011
o F=0.327
2*0.327=0.654 < 1 = a,=0
2*0.654=1.308 21 = a,=1
2*(1.308-1)=0.616 <1 = a,=0
2*0.616=1.23221 = 0q,=1
2*(1.232-1)=0.464 <1 = a.=0
2*0.464=0.928 < 1 = 04=0
2*0.928=1.95621 = a,=1
2%(1.956-1)=1.912 2 1 = 04=1
2%(1.912-1)=1.824 21 = 04=1
Apa 1o duadikd avartrTuyua Tou 0.327 €ivar 0.010100111...

Mapatnpoupe OTI gival duvaTtov TO OUADIKO AVATITUYHA EVOG KAAOUOTOG VO
atroteAeital amd Aarreipa duadIKa wneia

©2006, Xnbpog Aeviing



AlyoptBpog nwowmonoinong SHANNON ...

TouBora  Thbavotnteg
[Ty Zuppoiwmv

S, 1/4
= s, 1/4
Q S, 1/8
-8. S, 1/8
O S, 1/16
< S, 1/16
E s, 1/32

Se 1/32

Sy 1/32

Sio 1/32
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Kwowonoinon HUFFMAN ...

0 AoBEvTOoC Iag TTNYNS CUMPBOAWY e TIBavOTNTEC ELPAVIONG
P, TTWG UTTOPOUHE VA OXEDIATOUE Eva BEATIOTO AUEDO
KWOIKQ;

o Me Tov 0po BEATIOTO EvVOOUPE EAAXIOCTOTTOINCN TOU HECOU
MAKOUGC TWV KWOIKWV AELEWV AKEPAIOU UNKOUG.

o H diadikaoia Huffman Baciletal o€ dUo TTapaTnpro€ig TTou
EXOUV oXEon HE BEATIOTOUC KWODIKEG:

2.€ Evav BEATIOTO KWAIKA Ta gUUPBOAa TTOU epgaviovtal
ouxvoTepa (HeyaAuTepn TTIBavOTNTA EUPAvVIONG) Ba TTPETTEI va
QVTIOTOIXOUV O€ HIKPOTEPES KWOIKEC AECEIC aTT’ OTI OUBOAA e
LIKPOTEPN OUXVOTNTA EUPAVIONG
2.€ &va BEATIOTO KWOIKA T OUO CUUBOAA UE TN HIKPOTEPN
mOavoTNTA EUPAVIONG AVTIOTOIXOUV O€ KWOIKEC AECEIC iDIoU
HAKOUG
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Kwowonoinon HUFFMAN ...

S={a,B,y,0,&} °
P={1/2,1/4,1/8,1/16,1/16} 0
C={0,10,110,1110,1111} 00

0000
0001
0010
0011
0100
0101
0110
0111
1000
1001
1010
1011
1100
1101
1110
1111 ¢+ 11110

\o

“/

000

001

o
\iDH

0 0

1 010
01

=
Or

011

o
>\i)|—\

100

=
o
<Dl_\

“/

10

101

=
o
>\f)

1 110
11

L

1
111

Edv Ta duo AiyoTepo TTIBava cUPBOAa avTioTolxouoav € KWOIKESG AETEIC OIOPOPETIKOU

MAKOUG,- VIO VO-EIVOI-O-KUWOIKOG-AUECOG-(TTPOBEUATIKOG)-OEV-BA-TTPETTEL O KWOIKEG-AECEIC-QUTEG 11111
Va atToTEAOUV TTPOBEUATA AAANG KWOIKNG AEENG OUTE Kal LETACU TOUG. Apa av n Wia gival

HEYQAUTEPN aTTO TNV GAAN KATA K bits KATApywVvTag Ta N AEEN TTOU TTAIPVOUE €ival €TTiONG

KWOIKA AéEN Kal paAloTa idlou pAkKoug. Alagépouv d€ HOVO WG TTPOG TO TeAeuTaio bit (0 R 1)  ©2006, Zndpog Aevdlng




Kwowonoinony HUFFMAN

AgG OOUUE TTWG UTTOPOULE VO XPNOIHOTTOINCOULE TIG

TIPONYOUHEVES TTAPATNPATEIG YIa VO dNUIOUPYHOOUHE Q; P c(a;)
Eva aAyopIBpo BEATIOTOU KWOIKA
Napddeiypa . 04 c(ay)
a A= {al,az, ,a:}, P(a,)=P(a,)=0.2, P(a,)=0.4, o, 0.2 c(a,)
P(a,)= 3 6 1, kai c(a;) ouuBoNCsl NV Kw6IKr] AEEN TTOU
CXVTIO'TOIXSI 07O GOHRONO a, 0.2 c(ay)
o H evrporria tng TTNyN¢ gival H(A)=2.122 bits/cupupoAo ,

a,” 02 a

o Ta duo cUPBoAa Ye TNV HIKPOTEPN TTIBavVOTNTA €ival Ta a4
Kal a5 TwV OTToiwV 01 KWOIKESG AECEIC €ival idIOU UNKOUG Kal
dla@épouv katd 0 kair 1

c(ay)=a;*0

c(as)=a;*1

o omou * uttodnAwvel Tnv TTpooBnkn 0 4 1 otnv Rdn uTTdpyxouca
akoAouBia a, bits

o Av dnAwooupe Twpa éva veéo aAgdapnto A'={a,,a,,05,0,},
ue P(a,)=P(a3)=0.2, P(a,)=0.4, P(a,")=0.2, T0TE OI KWOIKEG
AEGEIG TTOU aVTIOTOIXOUV O€ QUTO TO a)\cpaBr]To divovTal aTTd
TOV TTivaKa

0 Ouowug oT1o aA@apnTo A’, Ta 05,0, ETTIONG dIAPEPOUV KATA
Okarl
c(az)=a,*0
c(a,)=a,*1= a;= a,*1= c(a,)=a,*10 kai c(as)=a,*11
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Kwowonoinon HUFFMAN ...

O 0O 0 O

AnuioupywvTag d1adoxIKA Eva vEo aAeapnto A™ e éva
QKOUQ AlyOTEPO OUUPBOAQ €XOULE
A"={a,,05",0,}, pe P(a,)=0.4, P(a;")= P(a,)= 0.2, 161¢ OI

KWOIKEC AECEIC TTOU AVTIOTOIXOUV O€ auTd TO aAQARNTO

SivovTal aTrd Tov TTivaka » P c(a;)
c(a;)=az*0 = a,= a;*0 a 04 c(a
c(a,)=ag*1 . | (@)
AT TO TIPONYOUEVO Bripa £XOUUE a,” 04 a,
c(az)=a,*0 = a;*00
c(a,)=2,*10 = 25*010 a, 02 c(a,)
c(os)=a,*11 = a;*011
TéAoc ouvdualovtag Ta a3’ kal al éXoupe > O of c(a;)
C(GSI’):O : a3: O rrs
C(qz):l q3 0.6 a3
Apa 0 ouvoAiKOG BEATIOTOG KWAIKAG Eival a, 0.4 c(a,)

| P c(a)
a, 04 1

a, 04 01
a, 02 000

oy 02— 0010
o 8 02 0011
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Kwowonoinon HUFFMAN ...

AAy6p18u0¢ KwdikotTroinong HUFFMAN

a

a

a

O aAyé6piBuoc¢ Huffman kataokeuddlel To duadiko OEvTpo apxifovtag atrd Ta
QUAAQ TOU Kal TTPOXWEAEI TTPOG TN pifa Tou.
BAua 1°: Ta cupfoAa (4 Ta pnvuparta) TagivououvTal £T01 WOTE Ol
mOavoTNTEG TOUG gival o€ @Bivouoa akoAoubia.
BAua 2°: 270 guvéxeia Traipvoupe Ta 0U0 GUUBOAA HE TIG IKPOTEPEG
moavoTnTeS. " auTd péoa amo Tnv diadikagia Tou aAyopibuou Ba
avaBEOOUUE, TIG LOKPUTEPESG OUVATEG KWOIKEG AEGEIG £TOT WOTE AUTEG VA
EXOUV TO i0I0 HAKOG Kal va dIaPEPOUV OTO TEAEUTAIO TOUG YWnio.

To BApa autd Ba dnuioupynoel To TEAEUTAIO ATTO TA YN@ia TNG KWOIKAGS AéENG

BAua 3°: 2uvdudalovtag Ta dUO cUUPBoAa TTou eTTIAECAE OTO BrUa 2 O€ £va
KOl avaBEéTovTag oTo GUVOUACHEVO OUUBOAO TO ABPOIoHA TWV TTIBAVOTATWY
TWV ETTIHEPOUG OUUROAWYV eTTavalapBavoupe Tn diadikacia atro 1o Bpa 1
LETOEU TwV CUUBOAWY TTOU OTTOHEVOUV Kal TOU GUPBOAOU TTOU
ONUIOUPYROAUE HEXPIC OTOU KATAAACOUUE O€ €va oUUPBoAo e TBavotnTa 1.

BAua 4°: O1 KwAIKEG AEGEIG TTOU AVTIOTOIXOUV OTO KABE oUpBoAo
arroTeAouvTal atro Tig akoAouBieg O kail 1 Tou dnuioupyouvTal av
OIOTPEEOUE TO OEVOPO TTOU dNIoUPYRBNKE aTTG TOV KOUPO HE TO HOVADIKG
oUUBoAO TTpo¢ Ta cUUPBOAA atrd Ta OTTOIa EEKIVI|OAE
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‘ Kwodwonoinon HUFFMAN ...

= Mapadeiypa

P, H I C(s))

025 20 2 00

025 20 2 10

02 |23 2| 11

015 27 3 010

015 27 3 011
2.2855 2.30
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Kwowonoinon HUFFMAN ...

[Mapadeiypa

a

a

MapartnpeioTe TIG
d1aPOpPEG TTOU
UTTAPXOUV UETAEU
BEATIOTOU PAKOUG KAl
EAAXIOTOU UNKOUG

H(X)=4.11 bits
L(C,X)=4.15 bits

@y I log, pl I elag)

a 0.0575 4.1 4 000

b 00128 6.3 6 001000

fad 00263 .2 5 00101

d 0.0285 5.1 5 10000

e 0.0913 3.5 4 1100

t 0.0173 5.9 6 111000

£ 0.0133 6.2 6 001001

h 0.0313 5.0 5 10001

i 0.05909 4.1 4 1001

| 00006 10.7 10 1101000000
kE 0004 G.9 T 1010000

1 0.0335 4.9 5 11101

m 0.0235 5.4 6 110101

n 0.0596 4.1 4 0001

a 0069 3.9 4 1011

P 0.0192 .7 6 111001

g 0.0008 10.3 9 110100001
r 00508 4.3 5 11011

a2 0.0567 4.1 4 0011

T 00706 3.8 4 1111

u 0.0334 4.9 5 10101

v 00060 T.2 2 11010001
W 00119 6.4 T 1101001

X 0.0073 T.1 T 1010001

¥ 00164 5.9 6 101001

= 00007 1004 10 14101000001
— 0.1928 2.4 2 01
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Kwowonoinon HUFFMAN ...

[TapaTnproeic oXETIKA HE ToV aAyopiBuo Huffman

0 ATTOOEIKVUETAI OTI KaVEVAS AAAOG OAYOPIBLIOC OEV UTTOPEI va
o0NYyNOE€l 0TV KATAOKEUN KWOIKA UE LIKPOTEPO PECO UAKOG
KWOIKWV AECEWV YIa Eva OeDOUEVO aApapnTo TTNYNAG.

o H karaokeur) Tou dEvOpPOU YiveTal ATt Ta QUAAA TTPOC TN
pia Tou OEVOPOU,

0 2€ avriBeon pe Tov aAyopiBpo FANO ot1Tou dnuIoupyEi To
0EvOpo atrd TN pifa Tou TTPOG Ta QUAAQ diaipwVvTaC KABE
POpPA TO OUVOAO CUURBOAWY o€ dUO oUvVOoAQ. 'Evag TETOI0G
aAyopIBUOC gival TTavTa AIyOTEPO BEATIOTOC.

©2006, Srdpog Aevilng



Kooweg Axorovbiwy 2o Boiwy.

MelovekThparta aAyopiBuou Huffman

o Ymobeon: Ta oUuBoAa TnG TIyRG TTAPAYOVTAl QVEEAPTNTA TO £VA QTIO TO
aAho. Tiyivetal Owg av Ta cUMBOoAa auTd EGaPTWVTAI ATTO TO TTold GUUBoAQ
EXOUV TTapaxOei 0TO AUECO TTAPEABOV;

o ['vwpifoupe o1 0 aAyopiBuog Huffman mapdyer BEATIOTO KWwdIka Kal apa
Baoel Tou BewpruaTog IoXUEl OTI

H(X) < L(C,X) < H(X)+1
Apa kata HEco Opo Kal ava cUpPBoAo £xoupe TTAcovalovra bits peragu 0 kai 1.
Av n evtpoTria H(X) Tng TTNyNg eival peyaAn 10T€ TO TTAgOovAlov auTo bit,
L(C,X)-H(X), Ba nrav apeAntéo oTnv TTapaywyr Unvupatwy. Av Opwg n
gvipoTria gival HIKpoTEPN aTTo 1 bit T6TE TO TTAEOVACOV bit Ba NTavV KaBopPIoTIKG
oTNV TTAPAywWyr KNVURATWV.

0 XpeEIageTal va LEPOUUE TIG TNIBAVOTNTEG EUPAVIONG EK TWV TIPOTEPWV. AV
OX1 TOTE B TTPETTEI VA CUAAEGOUE TTPWTA TAL OTATIOTIKA MGG TTNYAG Kal
META VA EQAPUOOOULE TOV OAYOPIOUO

‘ETo1 Aoitrév TTapOAo TTou o1 Kwoikeg Huffman Bswpouvrai
BEATIOTOI QUTO AYPOPG OTNV TTAPAYWYN CULBOAWYV Kal 6XI OTNV
nagngvr’] LNVUUATWY TTOU €ival Kal auTd TTou XPEIalOLaoTE OTNV
mpAagn.

©2006, Srdpog Aevilng



Kwoweg Axorovbiwyv 2uporwy...

MNapadeiyua a

a

(N
a

‘EoTtw pia trnyn pe aAedapnto A={a,,a,,a;} Kai

P={0.8,0.02,0.18}. o,
H(A)=0,816 bits/symbol

E@appodovtag Tov alyopibuo tou Huffman
TTAIPVOULE TIC £€MC KWOIKEC AECEIC KAl UAKN o,

[MapaTnEOUE OTI TO HECO UNKOG KWAIKNAG
AEENG cival 1.2 bits/symbol To o1roio atTéXEl
Katd 47% atro TNV evipoTria dnAadr) UTTAPXEl
TTAeovaouog katda 0.384 bits/symbol.

2.€ ETTTTEOO PNVUUATWY (aKOoAoUBieg
OUUBOAWY) aUuTOG O TTAEOVAOUOG TTAICE!
KaBopIoTIKO pOAO
.. Na akoAouBie¢ uNVUPATWY TTou
atroteAouvTal atrdé N=1000 cuppBoAa 10T
oUMQWVa HE TNV KwdIKoTToinon katd Huffman
Ba TTapdyape Katd pEco 6po 384 bits
TTEPIOCOTEPA ATTO TA 816 TTOU €ival T avaykaia

T1 TTPETTEN VA ViVEl;

i o} H l C(a)
08 0322 1 0
a, 0.02 5.644 2 11
0.18 2474 2 10
0,816 1,2
H(A)L(C,A)

©2006, Srdpog Aevilng



Kwoweg Axorovbiwyv 2uporwy...

MNapadsiyua (CUVEXEID)

a

Na epapudooupe Tov aAyoplBuo oxi oe
ETTITTEOO CUUPBOAWYV OAAG O¢€ €TTITTEDO
MNVUUATWV.

‘ETO1 yIa pnvupata dUo CUUPBOAWY £XOUUE

To HEOO YNKOG KABE KWOIKNG AEENC TTOU
QVTIOTOIXEI O€ UAVUUA 2 CUUBOAWV gival
1.7228 bits ka1 apa KaBe ocupoAo To HECO
UAKOG KWOIKNC AEENC ava oupPoAo cival
1.7228/2=0.8614 bits TO OTT0I0 CUYKPIVOUEVO
ue Tnv evrpotria H(A)=0.816 cival HOAIG KaTA
5.5% tTpocaugnuévo

To TpOBANUa TTOU TTapPoUCIAlel auTni N
HEBOOOC oTNV TTPALN Eival OTI XpelaleTal va
UTTOAOYIOOUHE OAEG TIG TNIBAVOTNTEG TWV
mlavwy pnvupdTtwy. MNa éva aAedapnTo pe n
oUMBOoAA Kal pNvUHOTA PAKOUG M TOTE TO
OUVOAO OAWV TWV UNVUUATWY givar mn,
onAadn yia Eva aA@apnto 5 ouuBé)\wv Kal
pnvupara prikoug 10 Ba xpelaoTei va
utroAoyicoupe TrepiTTou 10 k. mOaAvOTNTES
mTpwrtal!

Q, of H | C(a)
o0, 064 0644 1 O
a,0, 0.016 5966 5 10101
a,0, 0144 2796 2 11
a,0, 0016 5966 6 101000
a,0, 0.0004 11.288 8 10100101
a,0, 0.0036 8118 7 1010011
0,0, 0.144 2796 3 100
o,0, 0.0036 8.118 8 10100100
0,0, 0.0324 4.948 4 1011
1,632 1,7228

H(A2) L(C,A2)
2*H(A) L(C,A2)/2=0,861

©2006, Srdpog Aevilng



Oewonuo Kwowonoinong Inyng ...

OQswpnua Shannon KwdiKotroinong

Mnyng

0 Eotw X pia 1.4, Tapaywyng cupBoAwy TTnyNG HE
evrpoTria H(X)=H bits. INa kaBe 6>0 kai 0<6<1,
UTTAPXEI £vag BETIKOG akEPalog aplBog Ny, TETOIOG
waTe yia KaBe N>N,, 1oxUel

‘%HQ(XN)— H| <&

©2006, Xndpog Aevalng



Arworprteg [Inyeg ITAnpoywoptag Me Mvnun ...

O1 Tnyég TTapaywyng cUUBOAWY TTOU CUVAVTACOHE HEXPI TWPO
uTTOBETALE OTI TTApAyoUuV akoAouBieg GUUBOAWY OTIG OTTOIEG TO
KGBe oUBoAo £xel TTapaxOei avecapTnTa atro 1O TI €XEI CUUBEI
OTO TTAPEABOV.

TETOIOU €I00UG TTNYEG OEV AVTIOTOIXOUV O€ TIPAYHATIKA QAIVOUEVO
a@ou ouvnBwg n TTapaywyr cUPBOAwWY TTNYNG TTAPOUCIAGEI
OTOTIOTIKEC ECAPTACEIC LETALU TWV.

O1 eGaPTACEIG AUTEG UTTOPET VA ETTNPEACOUV TNV TTOPAYWY
OUUBOAWY Ta OTTOIA E€iTE ATTEXOUV LEYAAQ XPOVIKA dlaocThpaTa
LETALU TOUC €iTE POAIC Aiya cUpBOoAQ.

Mia 101K TTEQITITWON €ival OTAV N TTAPAYWYI EVOS CUUBOAoOU
TTapouo1alel OTATIOTIKEG EEAPTATEIC LOVO LE TO AMECWC
TTPONYOULEVO TOU.

TeTolou €idoug Oladikaoieg ovopadovtal Mapkofiaveg O1adIKATiEg

N aAUCIOEC Kal Ol TTNYEC Ol OTTOIEC UTTOKEIVTAI OE QUTEG, TTNYEC
Markoff

©2006, Srdpog Aevilng



Arworprteg [Inyeg ITAnpoywoptag Me Mvnun ...

Aladikacieg Markoff

0 Eotw {Y4,Y,,...,Y,} wa akoAouBia 1.4 ‘ETol woTe KAOe ia
T.W. Y, 1=1, 22 n TTAIPVEI TILEC ATTO TO OUVOAO CUUBOAWY

S= {sl,sz, ...,sm}

o H tuxaia autn diadikacia opieTal Atto TN CUVOUAOCLEVN
ouvaptnon palag moeavotntag
PUY 1Yo Y) =1 Yo Y }EP(Y 1Y 200 Y ) Vi€S
o Eavioyuel o
I:){Yn+1: yn+1/ Yn= yn’ Yn-l= yn-l """ Y1= yl}: I:){Yn+1= yn+1/ Yn: yn)
Tote Aépe o1 N {Y,Y,,...,Y } €ival pia diadikacia Markoff

o E@apuolovracg aTrava)\r]TrTlKa TO TUTTO TTOU OUVOEEI TN
ouvOouaauEVN ouvapTNOoN HAgag oavoTnTag YeE TNV
eCcapTnUEVN Bpiokoupe OTI

PY1.Y2¥Yn)= PYYi1) PVrnal¥nz) - PYLY1) P(Y1)

©2006, Srdpog Aevilng



‘ Awonprteg Inyeg ITinpoyopiag Me Mvnun ...

m

P (n): Z pj(n _1)p?i_1

=1

mi

Xpovikd ApeTABANTN
Maopkofiavil AAucidda
Mivakac MeTaBaonc

P:[Fﬁ]

2TATIKA
Mapkofiaviy

AAucida

w=xP

©2006, Xndpog Aevalng



‘ Arworprteg [Inyeg ITAnpoywoptag Me Mvnun ...

= Mapddeiyua
o 'EoTtw pia otaTikh TRy Markoff pe trivaka petdBaong

1-a a
k-7 L
1 b
—d a
CARAR R a
Ty =
7y =(1—a)r, +bx, a+b
m, =an, +(1-b)x, pu— b
-
o+, =1 a+b

©2006, Xndpog Aevalng



Arworprteg [Inyeg ITAnpoywoptag Me Mvnun ...

Evrpotria Twv TTnywv Markoff

o H evrpoTtria TnS TTNYNG opideTal WS 0 LECOC OPOC
TNG EVTPOTTIAG CUMUPOAWYV TTOU EKTTEUTTOVTAI ATTO
KABe KataoTaon

o Eav X, Y gival 1.4 Twv OUUBOAwWY TTOU
£K'ITép.'ITOVTGI chr(’) TV TTNYN Markoff 1o1e 10)UEl

H(X /Y = Z ilogP, bits/symbol

=1
m m

H(X/Y) Zn,ZPIogP bits / symbol

i= j=

©2006, Xnbpog Aeviing



Arworprteg [Inyeg ITAnpoywoptag Me Mvnun ...

Mnvuopata TTou TrTapdayovTal atro mrnyég Markoff
o 'Eotw X n T.W. puag nyng ouppoAwy {0,1}
o XN, n 1.4 TTOoU oUPPBOAICEl OAEC TIGC aKoAouBie¢ cupoAwy ‘O’ kai ‘1’, pikoug N.

To TTARB0G Twv aKo)\ouelwv OUUBOAwv ‘0’ kai ‘1’, pikoug N, TTou PTTOPOUV VA
dnuioupynBouv eivai 2N,

o Eavm, i=1,2,...,2N gival pia atmd 11g akoAouBieg Tng XN, 161€ N evrpoTTia TNG
TTNYNC TTOU Trapdvel unvupata punkoug N givai

H(X )= —_ZZ p(m,)log p(m,)

o H pEon Too0TNTA TTANPOPOPIAC ava cUuBoAo cival

%H(XN)

o [Mpoértaon

H Méon mmoodTtnta mAnpog@opiag Twv cURBOAwWY TnG TTNYNAG H(XN), n otroia eival pia
HovéTova aug¢ouoa ocuvdptnon Tou N, IoXUEl

a I|m(1 ( )j an ;log P, bits/symbol

N —o

©2006, Xnbpog Aeviing



Arworprteg [Inyeg ITAnpoywoptag Me Mvnun ...

Napadeiyua

0 'EoTtw pia oTtaTiki TNy Markoff n otroia trapayel Ta cUpBoAa ¢, X, W,
Baoel Tou TTivaka PETABAONG

» X Vv

(1/2 1/2 0 | Xz P HX?) | C(s;) (FANO)

1/4 0 3/4 @@ 5/27 2433 2 01

11/3 1/3 1/3 OX 527 2433 3 100
7 =rP, Py o 0

/ .
|z, =10/27, z,=8127, z, =9/27] X¥ 7S o4 o
X 0 0 ; ]

P(Xw)=P(@/x)m,=(3/4)*(8/27) <= W ey 217 00

2
WYe 327 317 3 110
WYX 327 317 3 111
4

Yy 327 317 1010

272 2.78 (1.39 bits/symbol)
H (XZ) I— (C 1X2b2006, 2nvpog Aevalng



Arworprteg [Inyeg ITAnpoywoptag Me Mvnun ...

MNapdadsiyua (CcuveExeia)

o E@appolovrag tov alyopiBpo Huffman yia kdBe oupoio ¢, X, Y

CEXWPIOTA TOTE
™o HK) L C(s)

X

¢ 10/27 1433 1 0
X 8/27 1.756 2 10
g 2

9/27  1.585 11

1.58 1.63
H(X) L(C,X)

& :p(/NP log Pop T Py, log Py, * Py, log pW/J+
P, 100, +P,,109p,, P, logp,, |+
7,[p,, 100 p,, + P, 109D, +p,, logp,, |

A

H(X?) 2.72

L(C,X2) 2.78

L(C,X2)/2 1.39

H(X) 1.58 7

L(C,X) 1.63

2*L(C,X) 3.26
— H(X/Y) 1.14

©2006, Xnbpog Aeviing



Kaovaiia Emutotvmviac

Alakpita KavaAia Emikoivwviag Xwpic Mviun
2. Xeoe€lc INAnpogopiac eiI00d0U — £€600U
ApoiBaia INAnpogopia

XwpNTIKOTATA OIOKPITWY KAVOAIWY XWEIC

HVARN
OeeAIWOEC Oewpnua NAnpoopiag

©2006, Xndpog Aevalng



‘ Kavoito Entrowvoviac ...

KavaAi pe
Oo6pupo

©2006, Xndpog Aevalng



Kovaro Emrotveviac ...

Eidn KavaAiwv
o Alakpita KavaAia
Xwpic Mvnun
Me Mvun
o 2uvexn KavaAia
Xwpic Mvnun
Me Mvun
[ToooTNTA TTANPOYOPIAC TTOU HETAPEPETAI TTAVW ATTO VA KAVAAI
XWPIG HVAHN
XwpnTikoTnTa dilakpitou KavaAiou, C, Ttapouacia Bopufou.
2° OgpeNdeC Bewpnua KwAIKOTToINONS KavaAlou Tou Shannon

XwpnTtikotTnTa ouvexous KavaAiou, C, TrTapouadia TTpocBOeTIKOU
Bopuou

©2006, Srdpog Aevilng



‘ Kovaita Emutoveviac ...

= Alakpita KavaAia Xwpic MvAaun

Xv px(xi)<

(X,

[Py (Y XDI=IP 1= [Pyl
[PyI=[Px] [Pyl
[Pxl=[Px(X1) Px(Xy) ... Px(Xp) ]
[PyI=[Py(Y1) Py(Y2) - Py(Yn) ]

yl\
Yo

yn-l

> Y, py(y)

Yn

2UYKPIVETE QUTOUS TOUG TUTTOUS
HE TOUC aVTIOTOIXOUS THS OTATIKNG
MapkoBiavn¢ aAuaidac

©2006, Xndpog Aevalng



Kovaro Emrotveviac ...

H(X,Y)
Y1revouuion / \

0 2uvouaopevn Evrpotria
H(X,Y)=-> > p(x y)log p(x,y)
H(X,Y)=H(X)+H(Y/X)

0 Aeopeupevn Evrporria
H(X/Y) = —;Z p(x, y)log p(x/y)

0 ApoiBaia I'I)y\npocpopia HX) | ™
10X:Y)= HX)-HOXIY)=H(Y)-H(Y/X) ~ A0
Eival To pEyebog ekeivo TToU PETPAEI TO TTOOO TNG
Heiwong TG apepaidtnTag Tng X otav Yivel yvwoTto 10 Y.,
Tn péon mAnpo@opia TnG X TToU YETAPEPETAI OTN Y.

©2006, Srdpog Aevilng



Kovaro Emrotveviac ...

Mapadeiypara AlakpitTwv KavaAiwv
0 AuadikO KavdAl xwpic 66puBo

X, px(x;) Y, pY(yj)

©2000, an@omvwlcng



Kovaro Emrotveviac ...

Mapadeiypara AlakpitTwv KavaAiwv
o EvOopuBo kKavaAil g un EmMIKAAUTTTOLEVEC £E0O0OUC

1/2 vy
X1
1/2 Yo
X, py(x:) Y, py(y;)

1/3 Y3
X5
2/3 y

[pe (i) pely2) pelys) po(yall=[p.(x) px(xz)][% % 0 O}

2
3 /3

pY(yl): px(Xl)’ pY(yZ): px(Xl)

Wik |-
WiN N~

P (Ya) =21, (%) Py (ys)==py(x,)

©2000, an@omewlcng



‘ Kovaita Emutoveviac ...

= Mapadeiypara Alakpitwv KavaAiwyv
o Ev@opufBn MNpagounyavi
= {a,B,¥,0,....X,W,w}

1/2 a p y o6 ¢ X v e

P al2 72 0 0o o 0 0 0

U2 pl o 12 12 o o 0 0 0
ylo o w212 o 0 0 0

12 slo o o w212 0 0 0
sfo o o o 12 0 0 0

o o o o o w22 0

v 0 0 0 0 0 1/2 1/2

13y oltrz o 0o 0o 0o - 0 0 12

1/2

©2006, an@o!(ng



Kovaro Emrotveviac ...

NMapadeiypara Alakpitwv KavaAiwv
0 AuadIKO CULUETPIKO KavdaAil

X1 O d-1) > O Y1

X, px(x;) >< Y. py(y)

[5,0) . @]=[p,0) px<1>]f‘f f }

f1-f
p,(0)=(- 1)p,(0)+ fp, (1)
p, (1)= o, (0)+ (- f)p, (1)

©2000, an@omewlcng



Kovaro Emrotveviac ...

Mapadeiypara AlakpitTwv KavaAiwv
o Auadiko KavdaAl L& arTooBECEIC

Xq

X! pX(Xi)

X2

pY(yl)( )px(xl)
pY(e)=a( ( ) p,(x,)) =2,

©2000, an@omvwlcng



Kovaro Emrotveviac ...

Mapadeiypara Alakpitwv KavaAiwv
o To kavdAil Z

<0 —— 0 »
X, px(x;) /'/ Y, py(y;)
X 1 > 1 Y,

©2000, an@omvwlcng



Kovaro Emrotveviac ...

NMapadeiypara Alakpitwv KavaAiwv
0 ZUUUETPIKA KavaAia

o Opiouoi

‘Eva KavaAl AEyeTal CUUETPIKO €AV O YPAUUES TOU TTivaKa HETARAONG
[py]=[Py,x] HTTOPOUV Va TIPOKUYOUV AT CUVOUACHOUG TWwV OTOIXEIWY TNG KAOE
YPAUUNG Kal TO id10 va cupPaivel Kal yia TIC OTHAES

‘Eva kavAaAl AéyeTal UEpIKwC oUUUETPIKO (weakly symmetric) eav Qv ol
YPOHUEG Tou Trivaka peTdBaong [p;l=[Py,x] uTTopouv va Tpokuyouy armmd
OUVOUAOHUOUC TWV OTOIXEIWV TNG KABE YPAUUNS Kal TO ABpoIoUa TWV
OTOIXEIWV TG KABE 0TAANC va gival TTavta 10 idlo

2UULETOIKO KavdAi Melea')_c 2 Uuuerp/K_é KavadAi
0.3 0.2 0.5‘} 111
_ . |13 6 2
WG e B
0. . O |
T ’ _3 2 6_
I I I
2 2 2
3 3 3 ©2006, Xndpog Aevalng



Kovaro Emrotveviac ...

NMapadeiypara Alakpitwv KavaAiwv
0 2UUUETPIKO KavdAl

xl\

03 0.2 05]

X, ==——]p;]=|05 03 02>»
X, px(x;) 02 05 03
/ \‘

[pY(Y1) pY(Y2) pY(y3)]:[px(X1) px(XZ) px(x3)]

py(¥:)=0.3p,(x,)+0.5p,(x,)+0.2p,(
py (¥,)=0.2p,(x,)+0.3p,(x,)+0.5p,(
Py (Ys)=0.5p,(x)+0.2p,(x,)+0.3p,(

(0.3 0.2 05

Y, py(y))

05 03 02
02 05 03

%)
%)
)

©2000, an@omvwlcng



Kovaro Emrotveviac ...

Mapadeiypara Alakpitwv KavaAiwv
o MepIKwc ZULLETPIKO KAVAAl

Xq

WlFRPW|F
NP~
OlRPN| -

\
X, px(X;) [p,]{
X, % \‘ y

111
[ (v) po(v2) p(vl=[px) ple)]3 § 2
32 6

1 1
Py (yl): 5 px(xl)+§ px(xz)
1 1
Py (yz): g px(xl)+§ px(xz)’
T T
pY(y3):§ px(xl)—l_g px(XZ) ;J
©2006, Xmdeo Ine



Kovaro Emrotveviac ...

MBavorntec Eic6dou KavaAiou eav yvwpiloule TV €€000
(Kavévac Bayes)

X, [ X) p(x [ X) p(x
o(x/y) = p(x,y) _ ply/x)p(x)  p(y/x)p(x)

() p(y) 2 p(y/x)p(x)

1. 'Eotw éva duadikO OULILETPIKO KaVvAAl tTikoivwviag otrou f=0.15 kai
Py={px(0)=0.9, p«(1)=0.1}. YmmoBéTtovtag 611 y=1 10TE €ival SuVATOV VO UTTOAOYIOOULLE
TNV MOAvVOTNTA TO CUMPOAO TTOU PETAdOBNKE va Tav €1Tiong 1

p(x=1y=1) _p(y=1/x=1)p(x=1) _ p(y=1/x=1)p(x=1)
p(y=1) p(y =1) D p(y=1/x=i)p(x=i)
i=0,1
0.85x0.1+0.85%x0.9
2. 'Eotw éva kavaAl emikoivwyviag Z otou f=0.15 kai Py={px(0)=0.9, p«(1)=0.1}.

Y1roB£éTovtag ot y=1 10T1€ €ival duvaTtdv va UTTOAOYIOOUE TNV TTIBavoTNTA TO CUUBOAO
TTOU PETAOOONKE va rTav £TTiong 1

o px=1l/y=1=

0.85x0.1

x=1/y=1)= =1.
P( y=1) 0.85x0.1+0.85x0

©2006, Srdpog Aevilng



Kovaro Emrotveviac ...

MAnpo@opia N OTToia LETAPEPETAI ATTO TO KAVAAL

a

Me Tov 6po TTANpOoPoOpIa TTAVW aTTO TO KAVAAI EVVOOUUE TO TTOCOOTO TNG
TTANPOPOPIAC TTOU HETAPEPETAI TEAIKA XWPIG AAB0C HEoO aTTO TO KAVAAL
2.TOXOG Mag €ival va Bpoupe TPOTTOUC WOTE Ta bits Ta otroia OTEAVOULE va
UTTOPOUV VO avakTnOouv (TrapaAn®Oouv) pe TToAU piKpr) TéavoTnTa
AaBouc.
Me GAAa Aoyia BEAOUE va LETPACOUKE TNV TTANPOPOPIa N oTToid
oxeTiCetal pe Tn X (€ico0d0¢ 0TO KAVAAI) KAl N OTToia EUTTEPIEXETAI OTNV Y
(€¢odoc¢ aTo KavaAl) dnA. Tnv apoiaia TAnpogopia I(X;Y)
1(X;Y)=H(X)-HX/Y)=H(Y)-H(Y/X)
[MPaKTIKA AQUTO TTOU HOG EVOIQPEPEI ival va BPoUpe TPOTTOUG £TOI WOTE TA
bits (N TTANPOPOpIa) Ta OTToIa OTEAVOVTAI TTAVW OTTO TO KAVAAI va
UTTOPOUV VO avaKTNOOUV LE TETOIO TPOTTO OUTOOWOTE N TTlavoTnTa
AGBouc va gival apeAnTéa.

AvTi Tou cupBoAiopou I(X;Y) xpnolpoTrolgiTal Kal 0 CUUBOAIOUOC R Kal
TOTE WAQUE VIO puBUO peETAdOONG

©2006, Srdpog Aevilng



Kovaro Emrotveviac ...

OpPIOUEVEG EPUNVEIEC OXETIKA UE TIC TTOOOTNTEC TNG

TTAnpogopiag

o H(X/Y): KaAegital kal afefaidTnTa agou ekppalel akpiBwg
TO TTO00 ABERalol EiMaOTE WC TTPOC TO CUMPBOAO TNG €106d0U
X av oTnV £€000 €£Xel ANPOEi To y. 2XETICETAI UE TIC EK TWV
UOTEPWYV TTIBAVOTNTEC

o H(Y/X): Mtropei va ekAngBei kal wg peon aefaiotnta wg
TTPOC TO Y AV €ival yvwoTO TO X.

o H(X), H(Y) avTirrpoowTreUouv TNV pHeon TroootnTa
TTANPOPOPIOG TTOU LETAPEPETAI ATTO TIG EI0O00UG KAl TIG
£CO00UG TOU OUCTAMATOC KAl KAT AVTIOTOIXia TOV HECO
apl1Buo bits kKGBe KWAIKNC AEENC.

o 10XY): H ApoiBaia TAnpogopia oupBoAiCel To TTANPOPOPIKO
TTEPIEXOUEVO TTOU HETADOONKE TEAIKA TTAVW ATTO TO KAVAAI,
onA. H(X)-H(X/Y)

©2006, Srdpog Aevilng



Kovaro Emrotveviac ...

AuoiBaia NMAnpo@opia KavaAiwyv

0 1.'BEotw éva SuadIKO CULLLETPIKO KOVAAI ETTIKOIVWVIAC OTTOU
f=0.15

o [lepimrwon 17 P,={p«(0)=0.9, py(1)=0.1}.

Epapudlovtag Tov TUTTO JE TOUG TTIVOKEG €ival duvaTov va
utroAoyiooupe Py={py(0)=0.78, py(1)=0.22}.

1(OX;Y)=H(Y)-H(Y/X)=H(0.22)-H(0.15)=0.76-0.61=0.15 bits
H(X)=0.47 bits
a [llepirrwan 21 Py={p«(0)=0.5, py(1)=0.5}.

Epapudlovtag Tov TUTTO JE TOUG TTIVOKEG €ival duvaTtov va
utrohoyiooupe Py={py(0)=0.5, p(1)=0.5}.

10X;Y)=H(Y)-H(Y/X)= H(0.5)-H(0.15)=1-0.61=0.39 bits
H(X)=1 bit

0 I'Iapampouue OTI N apolfaia TTANPo@opia TIAIPVEl TV HEYIOTN
TIUA TNG oTn 2N TepitTrTwon éTav peyioToTrolEiTal To P,
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Kovaro Emrotveviac ...

AuoiBaia NMNAnpowopia KavaAiwyv

a
a

2. ' E0TWw €va KavaAl emikoivwviacg Z otrou f=0.15
[lepitrrwon 1n: P,={p«(0)=0.9, py(1)=0.1}.
Ouoiwg, Py={p,(0)=0.915, p,(1)=0.085}.
1(X;Y)=H(Y)-H(Y/X)= H(0.085)-[0.9*H(0)+0.1*H(0.15)] =0.36 bits
H(X)=0.47 bits
[lepirrwon 2n: P,={p«(0)=0.5, py(1)=0.5}.
Opoiwg, P,={p,(0)=0.575, p,(1)=0.425}.
1(X;Y)=H(Y)-H(Y/X)= H(0.575)-[0.5*H(0)+0.5*H(0.15)]=0.98-
0.3=0.679 bits
H(X)=0.47 bits
Mapatnpoupe OTI Kal OTNV TTEPITITWAON TOU KavaAiou Z n apoifaia
TTANPO@OpIa TTaiPVEI TNV PEYIOTN TIUN TNG ETTIONG OTN 2"
TTEQITITWON OTAV EYIOTOTTOIEITAI TO P,

[MapaTtnpeioTe OTI TO Z KAVAAI £XEI usya)\UTspn mMOoTOTNTA ATT’ OTI
TO CUUUETPIKO KAVAAI.
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‘ Kovaita Emutoveviac ...

u T1 TTPETTEI AOITTOV VA KAVOULE VIO va

LLETOOWOOUE OO0 TO OUVATOV TTEPIOCOTEPN

TTAnpogopIa;

H(X)

/

H(Y)
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Kovaro Emrotveviac ...

MevioTotroinon Auoif3aiac NMAnpo@opiac

Q

Q

H apoifaia TAnpogopia rapartnpoupe o011 e€apTaral atro TNV
Karavour Py TNG T.4. X TNG £10000U OTO KAVAAI.

['la va peyiototroijooupe Tnv max I(X;Y) 6a mrpétrel va Bpoupe
TNV KAAUTEPN duvaTtn KaTavoun Py.

‘ET01 AOITTOV KAANYOUE OTO CUUTTEPACA OTI N XwpnTikoTnTa C,

TOU KavaAiou Q, givai:
C(Q):mgx 1(X;Y)

X
H Katavopn Py n oTroia HeyIoToTIolEl TNV TTapatmdvw axéan Aéyetal
BEATIOTN KOTAVOUN).

MTTOpEi va UTTApXOoUV TTapaATTAvW atrd ia BEATIOTEC KATAVOUEC.

ATTO Ta TTApATTAVW €ival avePO OTI O TPOTTOC LIE TOV OTT0IO
OPICAME TNV XWPENTIKOTNTA KavaAlou C, avTIOTOIXEl O€ €KEIVO TO
HEYEDOG TO OTTOI0 HETPA TNV TTOCOTNTA TNG TTANPOPOPIAG TTOU
gival duvaTOV va peTagePBEl TTAVW ATTO £va €vBOPUBO DIOKPITO

KAVAAI XWPEIC Lvun.
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Kavaia Emutoveviac ...

MevioTotroinon Auoif3aiac NMAnpo@opiac KavaAiwyv
o 1. Auadiko KavaAl Xwpic O6puflo

C(Q)=max I(X;Y)=1 bit, NMpoacoxn: I(X,Y)=H(X)

Py

o 2. EvOopuBo KavaAl UE Un ETIKOAUTITOUEVEC EEO000UC
C(Q)= max I(X;Y)=1 bit

a 3. EvBopuBn ypa@ounyavn, p;=p;;:1=1/2, i=aq,B,...,y,w.

[Mapartnpoupue o011 KABE £va ypAuua €iTe AapBAveTal CwWOTA EiTE
AapBaverai To €TTOEVS Tou He TIBavoTnTa 2. Me dedopEvo OTI Exoupie 24
O10QOPETIKA OUUPBOAA dv peTadidape POVo KABE deUTEPO GUHBOAO dNnA.
B,0,(,8,...,.X,w, TOTE pévo auTtd Ta 12 cupBoAa atrd Ta 24 Ba ptropoucav
va uaméo@oﬂv KAl 0T OUVEXEIQ VA ATTOKWOIKOTTOINBOUV XWPig
o@aApata. Me GAAa Adyia n xwpenTikdTNTa TOUu KavaAliou €ival logl2 bits

270 id10 cupTtTépacpa Ba KaTaARyaue €AV XPNOILOTTOIOUCAE TOV OPICUO
o max I(X;Y)=max [H(Y)-H(Y/X)]=max H(Y) -1=log24-1=log12
PX PX

X
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Kavaia Emutoveviac ...

MevioTomroinon Auoifaiac NMAnpo@opiac KavaAiwyv
o Auadikd CUULIETPIKO KOVAAL f.
1O Y)=H(Y)-H(Y/X)
=H(Y)-2p(X)H(Y/X=X)
=H(Y)- 2p(x)H(f)
=H(Y)-H(f)
<1-H(f)
o Auadiko KavaAl aréoBeong, a.
max 1(X;Y)=max(H(Y)-H(Y/X))
=max(H(Y)-H())
=maxH(Y)-H(a)
@a utropouoe va gival max H(Y)=log3 aAAd auTtr n TIUR O€V €ival EQIKTN
y1a KQupia TieR NG py(X), i=1,2

Av B€00UPE Py (X,)=1-TT, KaI Py(X,)=TT, TOTE OTTO TA Py (Y), i=1,€,2 divovTal
atrd Toug TUTTOUG (BA. 6|acp0(va|a 10) 10T1€

o maxH(Y)=max H((1-a)m,aqa,(1-a)(1-1))=max[(1-a)*H(mT)+H(a)]=(1-
a)*maxH(1r)+H(a)
OT1réTE TTPOKUTITEL OTI
o max I(X;Y)=maxH(Y)-H(a)=(1-a)*maxH(1r)+H(a)-H(a)=1-a
=1/2
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Kovaro Emrotveviac ...

MevioTotroinon Auoifaiag NMAnpo@opiag KavaAiwyv
o KavaAil Z, f.

Av B¢ooupie py(X;=0)=1-TT, Kal py(X,=1)=TT, TOTE OTTO TA
Py(Y), i=1,2 Sivovtar aTrd TOUG TUTTOUG (B)\ dlagaveia 11)
TOTE

o H(Y)=H((1-H)m)
0 HY/X)=1r*H(Y/X=1)=1r*H(f)
Omote max 1(X;Y)=max(H(Y)-H(Y/X))
=max(H((1-H)1) - T*H(f))
[la f=0.15 prropoupe va Bpoupe OTI LEYIOTOTTOIEITAI OTAV
1m=0.445 ka1 adpa C=0.685

MaparnpeioTe 611 py(x;=0)=0.555, Kal py(x,=1)=0.445, 1T0U
gival OIAQOPETIKN ATTO TNV Py (X O) 0.5, ka1l py(X,=1)= 0. 5,N
OTTOIa LIEYIOTOTIOIEI TNV swpoma H(X)
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Kovaro Emrotveviac ...

Kwoikec Ouadwy Aiopbwonc Aabwy:

o Avrti va TpooB€toupe TTAeovalouoa TTAnpogopia ava bit Ba
TTPOOOETOUE AVA OUADEC

o Kwdikag Opadag opiletal TO CUCTNUA EKEIVO
KWOIKOTTOINONG KATA TO OTTOI0 pNvUMaTa TTNYAS S, UKOUG
K, HETATPETTOVTAI O€ PNvUUaTa peTadoong t, unkoug N,
otrou N>K.

o Ta mmAeovalovrta bits, N-K, ovoudalovTtal bits icoTipiag
(parity)

o Eav 1a mAgovalovra bits TTpOKUTITOUV WG YPAUMIKES
OUVAPTAOEIC TwV bits TNC TTNYNC S, TOTE 0 KWOIKAG AEUE OTI
gival YPOUUIKOG.
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Kovaro Emrotveviac ...

Qswpnua Shannon yvia Aiakpitd KavaAia xwpeig Uviun

o [a kaBe dlakpITO KAVAAI XWPEIC VAN, N XwenTIKOTNTA KavaAlou
EXEI TNV aKOAouON 1010TNTA

C=max I(X;Y)

o [a kdBe €50 ka1 R<C, yia peyaAa N, uttdpxel opadIKOg KWAIKAG
(yia d16pBwaon AaBwyv) purikoucg N kal puBpou ponc TTAnpogopiac 2
R, TETOI0G WATE N PEYIOTN TOAVOTNTA, Pgy AAVOBACHEVNG AWNG
Tou KwOoIKa N eival <g

o la auBaipeteg MOavOTNTEG AABOUG P, TOTE O PUBUOG PHETADOONG
R(p,) TTou diveTal atrd T ox€an Eival EPIKTOG

R( pb) -
1-H(p,)
o Ta kdBe p,, Oev eival EPIKTOG puUBUOG HETADOONG HEYOAUTEPOG TOU
R(pp)
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Kovaro Emrotveviac ...

AUTO TTOU La¢ A€l TO Bewpnpa givai OTl

a0 KaBe diakpitd kavaAl xapaktnpileral ammo éva
LEYEBOC TToU gival n xwpnTtikoTtnta rou, C.

o Ooo n tnyn uac peradider mTAnpogopia n orroia
gival LWKPOTEPN TS xwpenTtikotntag C Tou KavaAiou,
givar duvarov va Bpoupe opadikou¢ kwoikeS (N,K)
010p0waon¢ Aabwv E1al waTe 10 EvOOPULO KavaAi
va PETadIioEl TTAnpo@opia UE ATTEIPOEAQXIOTN
mBavornta AaBouc. Na ocuprrepipéperal dnAadn
oav KavaAl xwpic 60pupo.
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AoKnon

Q

Q

Q

Q

AiveTal Eva OIAKPITO KAVAAI XWEIC UVAUN. ZTNV €i0000 TOU
KavaAlou epgavidovTal Ta cUPPoAa X, iI=1, 2, pe mlavoTnTta
EUPAVIONG TOU X4, P(X,)=a. ZTnV £€£000 TOU KAVOAIOU
Aapfavovral Ta oupfoAa y;, j=1, 2, 3, 4 61TOU O
moavoTnTeg petapaang p;=p(yy/x;) TepIEXovTal GTov
akOAouBo TTivaka PHETABaoNG TOU KavaAlou.

08 0 01 01

0 08 01 01|
a) Na utroAoyioTei N TTOCOTNTA TTANPOPOPIAC TWV
OUURBOAwYV £€600u, H(Y).
B) Na utroAoyioTei n aBeBaidtnta H(Y/X).
Y) Na utToAOYIOTE N XWPNTIKOTATA TOU KAVAAIOU.
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ATTAvTnon

Q

Q

a) MpwTta TTPETTEI va UTTOAOYICOUE TIC TTIBAVOTNTEC ANYNGS TWV
KWOIKWY CUUBOAWV Yis =1, 2, 3, 4. Eivai

P(Y1)= P(Y1.X1)+ P(Y1.X2)=P(X1) P(Y1/X1)+ P(X,) P(y./X;)=a(0,8)+(1-
a)(0)=0,8a.

KaTtd avaAoyo TpoTTo uttoAoyiloupe
P(Y2)= P(Y2:X1)+ P(Y2.X2)=P(Xy) P(Y2/X1)+ P(X;) P(Y2/X,)=0,8(1-a),
2§{5)f)98’?1’x1)+ P(Y3:X2)=P(X1) P(YalX1)+ P(X2) P(Yaxz)=a(0,1)+(1-

P(Y4)= P(Ya: X))+ P(Y4.X2)=P(X1) P(Y4/X1)+ P(X;) P(Y4/X,)=0,1.
ATTO TIC TTIBAVOTNTEC AUTEC, TWV OTTOIWV TO ABpoloua givar 1,
uttoAoyioupe TN LEon TTANPo@opia TNG €COdOU TOU KavaAliou.

H(Y)=-p(y,)log p(y1)-p(y2)logp(y.)-p(ys)log p(ys)-p(ys)log py,)=
=-0,8alog(0,8a)-0,8(1-a)log(0,8(1-a)) -2(0,1)log(0,1)
=0,66-0,8alog(0,8a)-0,8(1-a)log(0,8(1-a)).
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B) MNMpwTta uttoAOYi(OUE TIC OUVOUAOUEVES TrleavomTag TWV CUUROAWYV
£10000U Kal £€600uU Tou KavaAlou (deiTe kal TO epwTnua 1).

Eivai p(x;,y1)= p(y1,X1)= p(X1) p(y,/x1)=0,8q,

P(X1,Y2)= P(Y2.X1)= P(X1) P(Y2/X1)=0,

P(X1,Y3)= P(Y3.X1)= P(X;) P(Ys/X1)=0,1a,

P(X1,Y4)= P(Ya.X1)= P(Xq) P(Y4/X1)=0,1a,

P(X5,Y1)= P(Y1.X2)= P(X5) P(Y1/X5)=0,

P(X5,Y5)= P(Y2.X5)= P(X5) P(Y./X,)=0,8(1-a),

P(X5,Y3)= P(Y3:X,5)= P(X5) P(Y3/X,)=0,1(1-a),

P(X2,Y0)= P(Y4:X2)= P(Xp) P(Y4/X3)=0,1(1-a).

Twpa uttoAoyioupe TNV aBePaidTnTa TOU KavaAiou

H(YIX)=-p(x yl)logp(yllx ) - p(xl,yz)log P(Y2/Xy) - P(X1,Y3)l0g P(ys/Xy) -
P(X1,y4)l0g p(Y,/x )-P(Xa, YD) ogp(y1 ) -p(Xa, Y2)J[ng()’2x

p(x;, yff)logp(ijJ -p(Xz.Y.2)0gP(Y4/%;)=

-0,8a.log0,8+0-0,1alog0,1-0 1alogO 1-0-0,8(1-a)log0,8-0,1(1-a)log0,1-
O,1(1a)|ogO,1:-0,8IogO,8-O,1Iog0,1-0,1log0,1:0,2575+0,66.
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Y) M@ Tov TTpo0dIoPICHO TNG XWPENTIKOTNTAG TOU KavaAiou Ba
TIPETTEI VO BPOUUE TIG TNIBAVOTNTEG EUPAVIONG TWV TUUBOAWY
NG €10000U, YIA TIC OTTOIEC LEYICTOTIOIEITAI N apoIBaia
1T)\r]pocpop|’a HETACU TNG €1I0000U Kal TNG €€O00U TOU KAVaAIoU,
dnAadn tTnv TIunN a.

Eivai

C=maxI(X;Y)= max[H(Y) H({Y /X)]

p(x)

= max|0,66 — 0,8alog(0,8a) — 0,8(1— a) log(0,8(1 — a)) — 0,2575 - 0,66)]

p(x)

= max|— 0,8alog(0,8a) — 0,8(1 - a) log(0,8(1 - a)) - 0,2575]

p(x)

H ouvaptnon auTn HEYIOTOTTOIEITAI OTTWG YVWPICOULE YIa TNV
TIUN TOU a TTou PNdeviel TNV TTPWTN TNG TTAPAYWYO.
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ETropEvwg,

di (dxa;Y) — [-0,8alog(0,8a) — 0,8(1— a) log(0,8(L—a) — 0,2575]’

= —-0,8[(a)'log(0,8a) + a(log(0,8a))']
- 0,8[(1— a)'log(0,8(1—a))+ (1—a)(log@l— a))']

_ 08| log(08a) + a"’%} _ 0,8{(—1) log(0,8(1— a)) + (1— a)(—l)é log e}

=-0,8log(0,8a) —0,8loge + 0,8log(0,8(1—a)) + 0,8loge
0,8a

= ~0,8[log(0,8a) - 1og(0,8(1— a))] = 08 00 81— a)

=0=

1-a 1-a
@ETOVTAC AVWTEPW TNV TIUN QUTH TOU &, AdUBAvoupE TN

XwpPNTIKOTNTA TOU KavaAiou
C=0,8 bits/symbol.

Iogi:O:(ij:ZO :1:>a:%.
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2uveyn Koavoria Emroveviag ...

‘EoTw X, Y ouvexeic TU pe ouvaprtnon trukvortnrag f(x), f(y),
avTtioToIxa

2.UVEXN Trogc')Tr]Ta mTAnpogopiag, H(X)
0 H(X):—I f(x)log, f(x)dx

Zuv6uaoug§/n TToooTtnTa TTAnpogopiac, H(X,Y)

O H(X,Y) .H' X, y)log, f(x,y)dxdy

—00—00

Y116 ouvlnkn moooTtnTa mTAnpogopiag, H(X/Y)

+00+00

o H(X/Y)= _H x,y)log, f(x/y)dxdy

—00—00

AumBoucx TToooTnTa TTANPOYopiac, 1(X;Y)

+00+00

0 I _H X, Y Iog2 fz()f?/z/)dxdy

—00—00
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2uveyn Kavaao Emoveviag ...

2.TA OUVEXN KAVAAIQ ETTIKOIVWVIAG N KWOIKOTTOINoN Kal
ATTOKWOAIKOTTOINON EpNVEUOVTAI DIAPOPETIKA O OXEDN HE TA
OIaKPITA KAVAAIQ

Me TNV KWOIKOTT0INaN EVVOOUUE DIAUOP@WON TTAATOUG Kal
guXVOTNTAG N TN @payn EUPOUG UE TN XpNon QiATpwy

‘ET01 pe TN SlOpOPpPWON TO ONUA LETOTPETTETAI OE HOPPN
KATAAANAN yIO TO CUVEXEC KAVAAI

Kara 1n HeETAdO0N TOU ONUATOG U1T£I0£p)(£TGI 06puBog
(TTPOOBETIKOG N TTOAAATTAQCIOCTIKOG) Kal yI' auTo To onua Ba
TTPETTEI VO AVOOKEUQOTEI 0TNV £¢000.

O 1Tpo0BEeTIKOC BOPUBOC UTTOPEI Va gival EITE YKAOUOIAVOC EITE
KPOUOTIKOG

o O ykaouaolavog B6pufog

o KpouoTiko¢ (xapakTtnpiletal atrd Katalylopo TaApwy 8opuou
LEYAAOU TTAATOUG
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2uveyn Koavala Enteotvwviag ywels pvnun

YTT0BETOoUUE OTI OTNV €i0000 TOU KAVAAIOU £XOUUE £va OUVEXEGC onua X(t)
Kal oTnV €000 £TTioNG éva ofua y(t).
‘EoTtw OT1I TTaipvoupe N eiyHaTa QUTWY TWV ONUATWV.
TOTE yIa TN oUVAPTNON TTUKVOTNTAG TNIBAVOTNTOG TOU ONUATOG TTOU
AapBaveral otnv €6000 Tou KavaAioU y(t) dEDOLEVOU TOU OAUATOG
£10000uU X(t) 1oXUEl
o fY)=HyLYo, - YNXe X0 - X)
Av €va Ogiyla TOU ONUATOG EI0000U EGOPTATAI LOVO ATIO TO AVTIGTOIXO
TOU OTNV €i0000 TOTE TO KAVAAI €ival OUVEXEC XWPIC VAN
2€ TETOIA TTEPITITWAON TA HETPA TTOGOTNTAG TNG TTANPOPOPIAg UTTOPOUV
va 0pIoTOUV OTn Bacn Tou {euyoug delypuatwy X, Y
o Ta X, Y €ival TU TTOU avaTrapioTouV Ta OEiypaTa Twv oNUATWY €10000U Kal

s&éBou X(t) kar y(t).
MTTopoUE va OpiCOULE OTTWG KAl OTNV TIEPITITWAON OIAKPITWY KAVAAIWY
TNV apoifaia TToooTnTa TTANPOPOPIAC TTOU Eival Kal 0 pUBUOC PETAdOONC
NG TTANPogopiag f(x,y)
0 I X, y)log dxdy

)= [ 10eyion: 550y

—00—00
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2uveyn Koavala Enteotvwviag ywels pvnun

OpIoLOC XWPNTIKOTNTOG CUVEXOUG KAVAAIOU XWEIC LVALLN
o C=max | (X;Y) =max {H(Y)—-H (Y/X) }

f(x) f(x)
[1a TNV TTEPITTTWON aBPOICTIKWY KAVAAIWY OTTOU O OTATIOTIKA
avecapTnTog B6puRoc n(t) TTpooTiBeTal OTO HETADIOOUEVO O
X(t) (X+N=Y) ioxuel:
fly/x)= f(x+n/x)=f(n/x)=f(n), epdoov o 66puBoc¢ cival oTATIOTIKA
QAVECAPTNTOC TOU OUATOC £10000U
2.TNV TTEPITITWON TOU aBPOICTIKOU KAVAAIOU, N ETTEVEPYEIQ TOU
Bopufou oTn XWPNTIKOTNTA TOU KAVOAIOU QVTAVAKAATAI OTNV UTTO
ouvenkn roodtnTa TTAnpogopiac H(Y/X). Mtropoupue va
utToAoyiooupe TNV TToooTNTA TTANPoPopiac H(Y/X) we e¢Nnc:
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2oveyn Kavaiio Eniovwviag ywelg pvnun

. H(Y/X)= —J J fx.y)log £/ x)dxdy

— —

=— [ [ ref rixtog f (v xxdvdy
- _J J £ )f (m)log £ (n)dvdn

=— | rimlog f(mdn=H(N)

»  H xwpnmikdTnTa aBp0oIoTIKOU KavaAiou divetal atrd TV TTAPAKATW oxEon
m C=max | (X;Y) =max {H(Y)—H (Y/X) }=max (H(Y) — H(N))=max H(Y) — H(N)
(f(x)) (f()) (f(x)) (f(x))
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Xwontumomta I'roaovotoavod navalon ...

MTTopei va atrodeixBei 0TI N TToooTNTA TTANPOPOPIAC LIAC OUVEXOUC
TNYNS TTANPoopiac pe otabepr) I0XU, 02, €ival ion pe H(N) =
log(ov21Te) bits/d¢ciypa kai IoxUEl yIa KAVOVIK ouvapTnaon
TTukvoTnTacg moavotntag, f(n). To ammoTéAeopa autd UTTOPED va
ETTEKTAOEI Kl va ekppaoTei o€ bits/sec AapBdavovTtac uttéyn T0
TTANBOC Twv delyudTWV M, TO OTT0IO €ival ioo e TO dITTAACIO TOU
eupouc Cwvng Tou onuarog W, onAadn M = 2W. Apa:

HiNi= I-:-g:-:r*-.'ll-'.r-s' | bits / SetypLa

| : :
=M —log| 2mec | bits / sec

| : . :
= 2W ?IIZIEIIE.'TEI'J} | = Wlog| 2zea” | bits/ sec
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Xwontuomrta 1 xoaovctavod #avaAlon ...

ATTO TNV AAAN TTAEUPA, N HEYIOTN TIUN TNG TTOCOTNTAC TTANPOPOPIAC TOU
ONUATOC TNG £€¢000U AapBaveTal OTav £ival KAVOVIKA KATAVEUNUEVO, LE 1I0XU
02,. AN T0TE, apoU kal 0 Aeukog B6pufog akoAouBei TNV Kavovikn
KATAVOI, TO Onpa €10000U TTPETTEI VA €ival KAl AUTO YKAOUOIAVO.
Etopévwg, agou Y = X + N kai 0%, = 0%, + 0%, N HéyioTn TIUA TNG
TTO00TNTAG TTANPOYOPIAC TOU CUATOG £10000U WG TTPOG TN CUVAPTNON
TTUKVOTNTAC TTIBAVOTNTAC TOU OAUATOC £10000U diveTal a1Td TNV akOAoubn
oxéon:

P——

max H{¥ )= log .,Il-f.rz +er '1..2:&:

Fiz}

bits ! Sl

I-:-gl_.'r-s'l-:rz +ar ] bits/ Selypo

_1‘.-'|-:-g|-2::r: o | ] bits/ sec.
L )
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Xwontuomrta 1 xoaovctavod #avaAlon ...

‘ExovTtac uttoAoyioel TNV TToo0TNTA TTANPOPOPIAC TOU AEUKOU
Bopufou Kail T YHEYIOTN TIUA TNG TTOCOTNTAG TTANPOYPOPIAC TOU
ONUATOC £CO00U YIQ TNV TTEPITITWON TTEPIOPICUEVNG HEONC 10XUOC,
UTTOPOULE TTAEOV VO UTTOAOYIOOUUE TN XWPENTIKOTNTA TOU OUVEXOUG
KavaAlou pe aBpoloTikd Aeukod B6pufo:

L _mr:n;: THY ]-' HiN G bits ! sec

=W I-:-g[E::r:I.:r e | } W |-:-|._'.'l_r-z"-.’.l’z-I

. L I
== =¥ log: 1 + =} biis /sec.
T

=W log

-t
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Xwontuomrta 1 xoaovctavod #avaAlon ...

H xwpnTIKOTNTA KAVAAIOU OTNV TTEPITITWON ABPOICTIKOU
yKaouaiavou Aeukou Bopufou

o C=W log{1+o,/0,° } bits/sec,

W=gUpog ¢wvng KavaAiou , 0,2= S = 10XU¢g OAUaTog, 0,2 =laxug
Bopufou=N=No.W, No= 'ITUKVOTI’]TG (PACUATIKNG |0xuog (noise
power spectrum) Kai

C=W log{1+S/N } bits/sec
Baoikoi rapayovteg yia C =W, S kai N
[a S 1oxvel: Augavovtag S aucavel kain C

0 Augavovtag S TTpoodidel PeyaAUTEPN dUVATOTNTA VIO LEYAAUTEPO
apIBUO oTaBUWY €1I0000U HE APKETA ATTOOTACN LETALU TOUG Kal
gpa HeyaAUTeEPN avoaia og Bopufo kal bits/peradoaon eivai

UVaTOV

o o kAT TET0I0 OUWG XPEIGgeTal HEYAAN augnaon Tou S Kal yia auTo
n avgnon €ival apyn Kar AoyapIOuIkn).
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Xwontuomrta 1 xoaovctavod #avaAlon ...

Eupoc Zwvng

H au¢non Tou W €xel duo avtiBeta ammoteAéopara: Augcnuévo W onpaivel
OuvaToTNTA YIa LETAdOON TTEPICOOTEPWY DEIYUATWV/SEC (YPAUUIKN augnon
oTnVv €giowan) aAAG onuaivel eTiong kal uPnAGTEPO BOPURO €100d0U OTO
0¢KkTn (log peiwon otnv €Ciowan)

[a va JIEUKPIVIOTEN TO OUVOAIKO aTToTéAeopa TNG augnong Ttou W otnv C
QPKEi va Bpei TNV TIUN TNG £€icwong e W :
lim C (W-»» )= (S/No0) . loge= 1.44 S/No

Qg ouptrépaca o€ avTieon We TNV TTEPITITWON 10XU0G, HOVO HE TRV augnon
Tou W d¢v gival duvartdv va aucnBei To C o€ oTToIadNTTOTE ETTIOUUNTHA TIUA.

I

C-aiDaCin

[ [ e T S O |

O
(o R S R o TR R 4
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Xwontuomrta 1 xoaovctavod #avaAlon ...

Aedopevou Ot yIa KABE TTPAKTIKO GUOTNHO TNAETTIKOIVWVIWY TTPETTEI VO
loxUel R=puBuoc petrddoong < C. Apa Kal TNV TTEPITITWAON TOU
['Kaouolavou kavaAiou (AWGN kavaAl):

2 R< W log{1+S/(No.W) } .

AIGIS)(DVTGQ Kal Ta dUo HEAN pe W kai opiovTtag r = R/W (=spectral bit
rate):

o r<log{1+S/(No.W) }

OewpwvTag 6Tl By, = evépyela Tou onuatog/bit, 161e 10xUel By, = S/R,
OTTOTE:

o r<log{l+r E,/No}

H oxéon aut) (r = R/W ouvaptioel Tou Ep ) ateikovigeTal otnv
ETTOUEVN dlaPaAvelQ.

H kaptruAn 1mou opicetal atro tnv 1I00TnTa OnA N r = log{1+r E,/No }
OlaIpEi OUCIOOTIKA TO YPAPNUA 0€ OUO TTEPIOXEG. 2TNV TTEPIOXN KATW

ATTO TNV KOUTTUAN OTTOU €ival dUVATH N AgIOTTIOTN HETAOOON KAl N
TTEPIOXN TTAVW ATTO TNV KAUTTUAN OTTOU KATI TETOIO eV €ival duvaTov

H amm6doon kabe cuoTALOTOG ONUATODOTEITAI ATTO £VO ONUEIO OTO
YPAPNUA Kal 600 £yYUTEPA KEITAI TO ONHEIO AUTO GTNV KAUTTUAN TOOO
gYYUTEPQ KAl N ATTOO0CN TOU CUCTAMATOC € £va I0AVIKO aUOTNUA
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Xwontnomrta I xoovotavod novallo.

T€ANog atmo TNV KAUTTUAN prropei va deixBei 611 n ipn E,/No=In 2= 0.693 ~ -
1.592 dB artroteAei TO ATTOAUTO EAAXIOTO TTPOKEILEVOU VA EXOUME QCIOTTIOTN

eTIKoIVwvia, OnA Ba mpétrel va ioxuel E /No > 0.693

. [bits/complex dimension]

10 <
S IIAEIITIGTD
= Bound
5 ’l;“l_:".ﬂ-\.lvl
=] 160AM
i ) GPSK
SPSK
2 QPSK
1 BPSK
0.5
0.4
0.3
0.2
0.1
-1.50 0O 2 4 & 2 10 12 14 15 &= [dBE]
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AoKnon

0 YTT00£0TE OTI HETAPEPETAI WNPIOTTOINUEVN TNAEOTITIKA
€IKOVA ATTO [ia TTRyn N otroia Xpnoiuotrolei availuon 480 x
500 pixels ka1 yia kB¢ pixel N xpwuaTikr) TTAnpoPopia
UTTOPEI va TTapEl 32 DIAPOPETIKES TILEC EVTAONG. 2TN
dlapkela Tou deuTEPOAETTTOU peTadidovTal 30 TTAaiola.

o a) Bpeite To pubuo, R, peradoong tng TNyNG.

2 B) Av n TNA€OTITIKNA €IKOvVa PLETAdO0BEI o€ KavAaAl eUpoug
(wvnc 4.5 MHz ue signal-to-noise ratio 35 dB, va Bpeite TNV
XWENTIKOTNTA TOU KavaAiou o€ bps.
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AtTavinon

o a) To ouvoAiko TTARB0C Twv pixels ava TTAaicio gival
480*500 =240000. AappavovTtag utroywn Kai Tig 32
OIAPOPETIKEG TIMEC XPWHUATIKNG TTANPOPOPIAC EXOULIE
5*240000 bits/frame =1200000 bits/frame.

o 'Etol, o€ 1 sec petadidovral 30 TTAQiCIa KAl ETTOREVWG
R=30*1200000 bits =36000000bits = 36Mbps .

o B) 'Exoupe
C=W log{1+S/N 4 bits/sec g S
SNR =10log,,(—) =35=>log,,(—) =35 = — =10>° ~ 3162,27
W=4,5 MHz N N N

o ETopuévwcg,

C =4,5log, (1+3162,27) bits /sec = 4,5*10° *11,627 ~ 52,32Mbps.
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‘ Kwowonoinon Atopbwon Aabov

= Avixveuon + AiopBwaon Aabwyv
= loounkng KwolKeg
» [pappikoi KwoIKeS
= Kwodike¢ Hamming

u TeAelol Kwolkeg
= Auikoi KwOIKeC
u KUKAIKOI KWOIKEC

©2006, Xndpog Aevalng



Eiooaywyn oty Kwowonoinon
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Fiooaywyn oty Kwowonoinon

H Ozwpia KwdikoTtroinong givai n HeAETn peBOdwy yia v
ATTOTEAETHATIKI KOl 0pON HETAPOPA TNG TTANPOYOPIag atrd TNV TNyN
OTOV TTPOOPICUO.

Baoikog o1ox0¢ = Aviyveuon + AiopBwaon Aabwv. INa Tov oKoTrd auTo
TTPOOTIOETAI 000G TTAEOVACOUOC Eival ATTAPAITNTOC YIA TTIOUUNTA HEiwoNn
NG mBavOoTNTAC OPAAUATOC LETAdOONG

O1 KWOIKES AECeIC gival akoAouBiec duadikwy wneiwyv T1.X. C ={00, 10,
|01I 11}. To TTARBOC TV KWOIKWYV AECEWV evOC KwOIKa C oupBoAileTal pe
C

‘Evag kwdikag ovouadetal iocounkng Kwoikag (N KwdIkag UTTAOK) av
OAEC 01 KWOIKEC AECEIC €XOUV TO idI0 UNKOC.

Baoikéc Mapadoyéc

O 0eKTNG €X€l TNV duVATOTNTA VO AABEl OAEG TIG AEEEIG TTOU LETADOONKAY,
HE N Xwpig o@aAparta. MN.x. eav o €icodo 01001 16T1€ O€ £€6000
AavBaopéEvn iowe aAAa Icounkng akoAouBia wneiwv dnA. 00101 aAAa
ox1 0011

Ta og@aApara, dnAadn o B6puBog, epgpavidovtal OI0CKOPTIIOUEVA KATA
TUXQio TPOTTO KaI OXI 0€ oUOTAdEG (bursts). H mBavdéTtyTa dnA va
aAAolwBei eva bit KaTa TN_UETAdOON £ivVaL N iOIA E AUTA OTTOIOUDOATIOTE
AaAAou bit kai dev etTnpealeTal atrd oPAAUATA O€ YEITOVIKA dUadIKA

yneia.
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Fiooaywyn oty Kwowonoinon

ASlomioTia evog duadikoU CUUUETPIKOU KavVaAIOU gival O TTpayUaTIKOG apIBuog
p, 0sp<1, 6tou p gival n MBavoTNTa TNG 0pPONG LETAPOPAG EVOG duadikou
Wneiou HECW TOU KavaAiou.

o Emeidn kdBe kavaAl aglommoTiag 0Sp<1/2 putropei va LETATPATTEI O€ Eva KavaAl 1/2<p<l1,
Ba Bewpoupue o1 1/2<p=1.

O puBLOG TTANPOYOPIag EVOG KWIIKA Eival TO TTOCOOTO TNG APXIKAG

TAnpogopiag (OnA. Ta yneia TANPoPopiag TPIv TNV KWOIKOTIOINaN) TToU

HETOQEPETAI ATTO TNV KWOIKN Aégn. O puBbuGS TTANpoopiag evog duadikou

Kwodika C pAkoug n gival ioog pe (1/n)log,|C| , keitan 6¢ petagu O (|C|=1) ka1 1(|C]

= 2n)

o T.X. €av C1 = {00, 10, 01, 11}, 161e 0 pubudg TAnpoopiag Eivai: (1/n)log,|Cl| =
(1/2)log,4 = 1).

o Eav C2={000, 101, 011, 110}, 101€ 0 pUBLOG TTANPOPopiag civail: (1/n)log,|C2| =
(1/3)log,4 = 2/3).

o 'EoTtw om petadideral To prjvupa 0010 kai rapaAapBaveral To 0011. Agv utrapxel
5UVCXTOTI’]TG GVIXV&UOI‘]Q oTnv 'ITEpI'ITTUL)GI’] Tou C1.

0 Av opwg xpnolpotroifooupe Tov C2 6TTou To TeAeuTaio Yneio KABE KwIKAG A£ENe eival
TO YnQio €AEyXoU I0OTIHIOG TOTE OTAV OTEIAOUHE TNV KWOIKI Aégn 000 kai TrapaAapoupie
Tr]\é Aécn 001, autr) dev atroTeAei KwOIKA AEEN Kal €701 KaTaAaBaivoupe OTI TTapaAaBape
AGOoG.

o Aev gival TTGvToTe duVATH N aviXxveuon Kal akOpa OUoKOAOTeEPN N d16pBwaon

Baoikég Mpaceic TTou opidovral HETALU TWV QUADIKWY AECEWV:
o (XOR)mpooBeon:0+0=0,0+1=1,1+0=1Tkar1+1=0
o (AND) TToMopog: 0.0=0,0.1=0,1.0=0ka1l1.1=1.
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Fiooaywyn oty Kwowonoinon

Opio16g: Bapog (Weight) Hamming n ammAd fapog, wt(x), Hiag

AEENG X UNKOUG N WNn@iwv ovouddeTal To TTARBOG Twv Yyneiwy NG

Aggng, Ta otroia gival ioa pe 1o «1». To Bapog Traipvel TILEG atd O

Ewg n

o MNapadeiyua: Na x1 = 000000, x2 = 000010, x3 = 110001 wt(x1)=0,
wt(x2)=1, wt(x3)=3

Opiouég. Amooraon (Distance) Hamming | atrAd ammréoTaon,
d(X, y), LETACU dUO AECEWYV X Kal Y TOU 10i0U UrKoug N ovouadleTal
TO TTAB0C TWV BECEWV, OTIC OTTOIEC 01 DUO AECEIC ep@avidouy
QoUp@wvia Tou duadikou yneiou. H atréoTaon Traipvel TILEC ATTO
0 ewg n.

EUkoAa ptropei va TrapatnpnBei o d(X,y)=wt(x+y)

o Napadeiyua: d(x1, x2)= wt(x1+x2) = wt(000000 +000010)=
wt(000010)=1 d(x1, x3)=wt (x1+x3)=wt(110001)=3, d(x2, x3) =
wi(110011)=4
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Fiooaywyn oty Kwowonoinon

Baoik) uttéBeon OT11 £xoue OXEOOV ATTOKAEIOTIKA QUADIKO OUULETPIKO
KavaAl (Binary Symmetric Channel)

P
0 — O ‘EoTtw (X, y) n mBavotnTa va YETado0NnKe n A&gn X Kai va

>< eANPON atrd TOV TTAPAAATITN N AéEN Y.
—Pp

Edv o1 Aggeig X,y prkoug n diagEpouv kata d yneia 161€ N-d
1 —— 1 Wnoia petaddbnkav cwoTa Kal d eo@aApéva Kal IoXUEL:

P T(X,y)=p™9(1 - p)°.

Oswpnua

Oewpoupe Eva BSC kavaAi pe %2 < p < 1, dU0 KWOIKEG AEGEIG X1 Kal X2
Kol pia A&gn Y, OAEG UNKOUG N wnoiwy, Kaewg Kal 0TI o1 X1 kai 'y
olapepouv o€ d1 wneoia kai ol X2 kal'y o€ d2 yneia. Tote m(x1, y) <
m(X2, y) av Kai povo av d1 = d2.

ATTodcicn MNa va ioxvel n aviootnta (X1, y) < (X2, y) apKei va 1oxUEl

p" (1 —p)t < p"~9(1-p)®2 [ (p/(1 - p))42-9 < 1. Epdoov IoxUel
(p/(1 — p))>1 161 d2 < d1.
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Fiooaywyn oty Kwowonoinon

[CevIKA via KwOIKOTTOoIiNnOoN:

Mpwta emmAgyeTal Evag BETIKOG aKEPAIOG K, TO UNKOG KABE OUADIKAG
AEENG TTOU aVTIOTOIXET O€ £va UNVUUA. TO HAKOG TWV AEGEWV ETTIAEYETAI
2k=2|M|, 61Tou |M] gival To TTARBOC TwV SUVATWVY UNVUUATWV.

EmitrA€ov, emAEyeTal TO TTAROOC TWV N-K duadikwyv Yneiwv 1Tou Ba
TrpooTseouv o€ KABe AéCn (TTAeOVAOOG) £TO1 WOTE VA UTTOPEI va
avIXveUeTal n Kal va 010pBwveTtal To €mMOUUNTO TTARBOG OQOANATWV.
‘ET01 TTpOKUTITOUV O KWOIKEG AEGEIG TTOU AVTIOTOIXOUV OTO duvaTa

HNVUUOTA, UAKOUG N ynoiwy,

o Ta mAgovalovra bits, n-k, ovopdlovTal bits 1coTIHiag (parity)

o Eav ta mAgovadovTa bits TTpOKUTITOUV WG YPAUUIKEG GUVAPTACEIG TWV bits
NG TINYNGS S, TOTE 0 KWOIKAG Eival YPAUMIKOG.

Edv 10 pun kwolkoTroinpéva kK duadika wneia (wneia TAnpo@opiag)

peTaodidovTal padi pe Ta (n-k) TAeovacovTa TToU TTApAyovTal KATA TNV

KWOIKOTTOINON, TOTE O KWOIKAG OVOUACETAI CUCTNUATIKOG-0€ AVTIOETN

TTEPITITWON €ival UN-OUCTNUATIKOG A.X.

o Edvul, u2, u3 ywneia TAnpogopiac kal N KwdIKr AéEn €ivar ul,u2,u3,x4 pe
x4=Dbit icoTIpiag=ul+u2+u3 0 KWAIKAG Eival CUOTAMATIKOG

o Ed&v n kwdikotroinuévn AéEn cival n x1, x2, x3 pe x1= ul+u2, x2=ul+u3,
x3=u2+u3 TOTE 0 KWAIKAC €ival AN CUCTNUATIKOG
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Fiooaywyn oty Kwowonoinon

[CevIKA VIO ATTOKWOIKOTTOINON:

‘EoTw x,y n amooTtaAeioa/Angbeioa Aegn. Eav y #X kal To y Oev ival
KwdIKA A&gn, y¢ C (avixveuon AaBoug), T0T€ yia Awn amméeaong
xpnoigotroigital n Atrokwdikotroinon Meyiotng Moéavoérnrag (AMIN) .

Av UTTapxel HOVO Hia KwAIKA AEEN X, N OTToia EUPAVICEl TNV IKPOTEPN
aTro0TACN ATIO TN AEgN Y, 0€ OUYKPION HE OAEG TIG AAAEG KWOIKEG AEEEIG,
TOTE N Y ATTOKWOIKOTTOIEITAI WE X(UEYIaTOTToINGN TNC TBAvoTnTaC T(X,Y))

Edv uttapyouv TTEPICCOTEPEC KWOIKEC AECEIC e idIa aTTOOTAON ATTO TN Y-

o Eite 0 a1modékTnG atrokwdIkoTTolEl auBaipeta TN An@Beica AEEN we Uia aTTtd
QUTEC TIC KWOIKEC AéEelc => MARpNG ATToOKWOIKOoTroinon MeEyioTng
Mmeavértntag (MAMIT)

o Eite eravahauBaveral n peradoon => ATeARG ATTOKWOIKOTTOINOo
Méyiotng MBavéTntag (AAMI). ETTavaAnwn perddoong ptropei va ¢ntnoei
KOl OTAV,UTTAPXE! LA LOVO KWOIKN AEEN £yyUTEPN OTN AEEN Y, HE TTOAU pEYAAN
atmrdéoTacn

Napadeiyua:Edv IM|=2, k =1, n = 3 ka1 C={000, 111}, Baoi{ouevol
otnv AAMIT:

o O amodékTng amogaoiCel yia «111», epdoov eite y= 111 1 y= «011», «101 n
«110», KaBWC¢ £Xouv HIKPOTEPN ATTOOTACN TTPOG TV «111» atrd 6,TI TTPOG
«000».

0 2upTIepaivel TNV KwdIKA Aégn «000» gg oTToIadNTIOTE ATIO TIG UTIOAOITIEG
TE00EPIG dUAdIKEG akoAouBieg. H TepiTTwaon Tng iong amdéoTaong Tng
AN@Beicag AéENG Oev gival duvarTr YE TOV KWOIKA auTO
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Fiooaywyn oty Kwowonoinon

MPOTYNO OAAMATOZ - AlNOXTAZH KQAIKA

Q¢ Mporumro opaAuarog, € opietal To ABpOoIoCHUA TNG KWOIKNG
AEENC X TTOU HETADOONKE E TN AEEN Y TTOU EARPON OoTOV
atToOEKTN, ONAAdN € = X + V.

NAEUE OTI 0 KWAIKAG C avixVveUEl TO TTPOTUTTIO OQPAALIATOC €, AV KAl
LOVO av X + € =y O¢ev gival KwAIKN AEEn, (Yia kaBeg) V x € C.

Q¢ Amrooraorn evog kwdika C opigeTal N LKPOTEPN ATIO TIG
(Hamming) atrooTtdoelg OAwV TwV duvaTtwy (EUyWV KWOIKWV
AECEWV TOU KWOIKA.

Aedopévou ot d(x, y) = wt(x +y), n atréoTaon Tou Kwdika C gival

ion pe TNV eAdxioTn TIKA Tou Bapouc wi(x +y), HE X, Y € C KOl X #

Y.

MNapadeiyua

o 'Eotw o C ={0000, 1010, 1111} EAv n 1010 peTadOONKE TPEIC POPES
Kal 0 0EKTNG EAaPE peE TN oe1pd TIC Aé€eic 0100, 1001 kar 1010 toTE TO
avTigTolxa TTPOTUTIa o@AaAparog eival 1010 + 0100 = 1110, 1010 +
1001 = 0011kai 1010 + 1010 = 0000. H atrécTaon 0€ Tou KWOIKA
eival ion pe d(0000, 1010) =d(1010, 1111) =wt (1010 +1111) =wt
(0101)=2.
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Fiooaywyn oty Kwowonoinon

Aviyveuon ZQOALATWV:
Oswpnua Aviyveuonc 2eaAuarwyv

o 'Evag kwodikag C amroéoTtdong d avixvelel 6Aa Ta pUn pndevika
TPOTUTTA OPAALLATOG € BAPOUG LIIKpOTEPOU N ioou Tou d — 1,
EVW UTTAPXEI TOUAAXIOTOV £va TTPOTUTTO € BApoucg d TTou Oev
avixveuel o Kwdikag C.

o Amodeidn: ‘Eotw € pe wt(e) < d-1 kait xeC . Tote d(X, X + €) = wt(X
+X+¢€)=wt(€) <d -1 <d. Apa n A&gn y =X + € OEV AVAKEI GTOV
C (epdoov amooTtaon C =d) Kal CUVETTWG aVIXVeUTIun. Eav
e=x+y e Wi(€)=d TOTE UTTAPXEI TOUAGXIOTOV £VA TETOIO € HE Y=X+E
e C kal dpa y pn avixveuoiuo o@aiua

Napaderypa: O kwdikag C = {000, 111} éxel améoTaon d=
wt(000 +111) =wt(111)= 3 Apa avixVveUeTal aTTO TOV KWOIKA KABE
TTPOTUTTO OQAAATOG € Bapoug 1 1 2 (61mwg Ta 011, 100 KATT.).
Agv avixveUel OPUWCE TO TTIPOTUTTO OPAAMATOC «111» Bapoug 3
(A.X. y= 000+e= 000+111=111 € C)
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Fiooaywyn oty Kwowonoinon

A16pOwon ZEaAAUATWYV

Opioog: Evag kwdikag C 810pBwVEl TO TIPOTUTTO GPAAUATOG € AV V' X
e C, 10TE NI = X + € €ival eyyuTEPA OTN X ATTO O,TI O€ OTTOIAdNTTOTE AAAN
)\ef,r] z € C. Evag kwdikag C kaAeital B — 6|op9w0r]g, av d10pBwvel OAa
Ta € pE wi(€) < B kan dev dlopBwvel TOUAGxIoTov €va € Bapoucg B + 1.

Oswpnua Aiopbwonc 2ZeaAuarwv

‘Evag kwdikag C amooTaong d d1opBwvel OAQ T TTPOTUTIA CQAAUATOG

Bdpoug t pikp6TEPOU 1 ioou Tou [(d — 1)/2]0) kal uTTdpXEl TOUAGXIGTOV
Eva TTPOTUTTO OPAALIATOC BApouc 1 + t TTou dev dlopBwvel o Kwdikag C.

o looduvaun diarurrwon: ‘Evag kwdikag C yia va ptropei va diopbwoel t
o@AApaTa Ba TTPETTEl va £xEl atTooTaon d22t+1

o Amodeidn: 'EoTw € pe €>0 kai wi(g) < d-1 kal X,y € C, x#y. ['a 10 1° okéAog
apkei va deIxOei o1 d(X, X + €) < d(y, X + €). ['evika uaméu TWV ATTOOTACEWV
TPIWV AéCewvV ioou PAKOUG, 1oXUEL: d(y, X + €) + d(X + €, X) 2d(y, X) =d.
Aapupavovrtag utrown o d(X + €, X) = wt(x + € + X) = Wt(a) Kal wt(g) < (d — 1)/2
N 2wt(e) + 1 < d, ioxvel d(y, X + €) + wt(g) =d = 2wt(e) + 1 kai dpa d(y, X + €)
2wt(e) + 1 =d(x, x +€) +1

o Emopévwg, d(x, x + €) < d(y, X + €) Kal TTPOKUTITEI 6Tl 0 KWDIKAG dlopBwvel To
TTPOTUTTO OPAAUATOG €. Ouowug ATTOOEIKVUETAI KAl TO 20 OKEAOG

> <«

©) ©) © ©) O ©) ©) ©)

d(y, x) + d(x, z) 2d(y, z)

A
vy oV

®) ©) © ®) @) O ®) ®)

d(y, 2) +d(z, ¥) 2d(y, z)  OLX]= he 1o peyaligspp SKEQAIR. YEX.



Fiooaywyn oty Kwowonoinon

[pagikr) ATTodeIEn Tou @ewpnpuaTtog AiIopBwaong ZPAAUATWY

. .e’

a) Améoraon Hamming d(c;,c;)22t+1 B) Amrooraon Hamming d(c;,c)<2t+1

2NV (a) TTePITITWON o1 0Paipeg Hamming e KEVTPA KWOIKEG AECEIS
Kal akTiva t gival un €TMKAAUTITOUEVEG OTTOTE TA OQAAUATA (OTTWG TO
) TTOU KEIVTAI TNV TTEPIOXN TOUG gival dlopBbwaipa katd AMI o€
avTifeon pe (B) TTePITITWAON OTTOU OI CPAIPES ETTIKAAUTITOVTAI KOl Apa
KATTOIA O@AALATA TTOU QVIKOUV OTNV TOUN TWV TTEPIOXWV I0ATTEXOUV
aTTO KWOIKEG AECEIC KA OUVETTWCG €ival pn d1opBwaipa.
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Fiooaywyn oty Kwowonoinon

Napadeiyua: MNoia TpoTuTTa aPAAATOC dlopBwvovTal ato C =
{000, 111};

2UpQWVa e TO BEwpNnHa, agou n armooTacn Tou KwdIka gival d= 3,
dlopBwvel KABe TTPOTUTTO GPAANATOC BApouct< [(3—-1)/2|=1.

O1rwg €d¢gixBn 010 TTPONYOUEVO TTAPADEIYHA, O OTTODEKTNG

oupTTEPAivEl TNV KWOIKN Aggn «111», epooov (AdBel autAv n AdBel

Hia oo TiI¢ «011», «101 ) «110%», 6r])\a6r] dl0pOwVEl:

o Ta TPOTUTTA oAApaTog €1=111 + 011 = 100, €2=111 + 101 = 010 kal
€3=111 + 110 = 001 oTtnv TrEPITITWON HETAdOONG TNG AECNG «111».

Opoiwg o atrodéKTNG cuuTtrepaivel TNV «000», eppdoov AGREl auTriv

AaBel pia atod TIc «001», «010» 1} «100», dnAadn diopOWVEI:

o TampoTtutta o@aAuarog 1000 + 100 = 100, 000 + 010 = 010 ka1 000 +
001 = 001.

2 UVETTWC 0 KwOIka¢ C diopbwvel Ta TTpdTuTTa o@aApartog 100, 010
kal 001,

o C dev dlopbwvel TTPOTUTTA OPAALATOC BAPOUG peyaAuTeEpPOU ToU 1.

o T.X., KAaTta TN HETAdoon TNG AéENG «111», av EUPAvIOTEI TO TTPOTUTTO
o@AApaTog «110», dnAadn Anebei n Aé¢n «001», o KwdIKAg TN dIoPOWVEI
E0QaApEVa o€ «000».
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I'PAMMIKOI KQAIKEX
(Linear Block Codes)
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FNoappinol Kewowneg

Eicaywyn - Opiopoi - 1816TnTEG

‘Evag kwdikag C ovoualetal ypapupikog av vV x,yeC, 101e Kai (X + y)eC.
[1.x. o C ={00, 11} cival ypaupikog, evw o C = {00, 10, 11} dev cival
YPOAUMUIKOG, agou N 11 + 10 = 01 dev eival KwdIKA AECN.

KdaBe Aégn evog ypapIKoU KWIIKa aTToTEAEITAI ATTO Ta bits Tou apXIkoU
HNVUATOG KOl aTTO €va ApIBUO TTAEOVagOVTWY bits I00TIHIAG TTOU
TTPOKUTITOUV WG YPAKUIKEG GUVAPTACEIG TWV bits Tou apxikou
UNVUUATOG

KaBe ypaUUIKOS KWOIKAG TTEPIEXEI TN KNOEVIKN AECN, (TTPOKUTITOUCA ATTO
TO AOpoIoHa HIAG KWOIKAG AECNC UE TOV €QUTO TNG).

[MAEOVEKTAMOTA YPOUUIKWY KWOIKWVY O€ oXEON LE KN YPAUUIKOUG.

o HaméoTtaon evog ypapikou KwdIKa ival ion PeE TO EAAXIOTO TWV BapwV TwV
HUN UNOEVIKWY KWOIKWYV AECEWV.

0 H kwdikoTroinon evog YPAUUIKOU KWwOIKA ival TTIO ATTAR KAl £XEI LIKPOTEPEG
QATTOONKEUTIKEG ATTAITHOEIC.

o Ymdpxer pia mo o1rAn dladikaoia atrokwoIKoTroiNoNg HEYIoTNG TOAvOTNTOG
(MAMIT 4 AAMI) atrd o1 £xel avagepbei Ewg Twpa

o Hmepiypa@n Twv cuVOAWY TWV TTPOTUTTWY CQAALATOC TTOU QVIXVEUEI
d10pOWVEI EVAC YPAUMIKOG KWOIKAG €ival TTIO EUKOAN atTd O,TI OTN YEVIKN
TTEPITITWON.
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Noappinol Kewoweg - Mabnuotind

Yropabpo
YTTApXEl OTEVI) QVTIOTOIXIO EVVOIWV TNG YPAUMUIKNAC AAYERPpaC Kal

EVVOIWV TNG Bewpiag KwdIKoTToinoNg

o Amrapaitntn N LPABuvVoN OTIC TTAPAKATW EVVOIEG TNG YPAUUIKNAG
AAYEBPOC yIa capEoTEPN KATAVONON TWV YPAMUIKWY KWOiKwWV

‘Evvoieg NpappikiAg AAyeRpag ‘Evvoieg Oswpiag KwdikoTtroinong
AIQVUOUATIKOG UTTOXWPOG ["PappIKOS Kwdikag

Aldvuopua NECN

[ PAMMUIKO QVATITUYMO UTTOOUVOAOU S [(PAUMUIKOS KWwOIKag C = <S>

TOU OIQVUOUATIKOU XWpou, <S>
(AlOVUOUATIKOG UTTOXWPEOG)

AIGvuOola Tou <S> KwdikA Aé¢n Tou C = <S>
OpBoywvio CUUTTARPWHA UTTOOUVOAOU S AUIKOG KWOIKAC
Baon diavuouaTtikoUu UTToXwPOoU Baon ypappikou KwdIka

A1GoTAON OIAVUOUATIKOU UTTOXWPOU AIGOTAON YPOAUUIKOU KWAIKA




Noappinot Kwowmeg-Mabnpatino

YnoBabpo

O diavuoparikog xwpog K" (K = {0, 1}), amapTideTal atmo Tig BABUWTES
TTo00TNTEG (scalars) O kair 1 kal To GUVOAO TwV OIOVUCUATWY (1] A£GEwV)
LAKOUG N, KaBwg Kal atrd Tig TTPAGEIG TNG TTPOCOETNG OIAVUCUATWY
(A€gewv) Kal Tou TTOMOUOU BaBUWTWY TTOCOTATWY HE dlavUoHUATA TTOU
IKQVOTTOIOUV Hia agIpd IDI0TATWY

1516TNTEC TWYV TTPAEWY TNC TTPOCOEONC KAl TOU TTOAAATITAQCIac| oU
oro K"

a

© © N o 00 & W bd

H
o

OTToU X, Y, Z dlaviopata (1 AEGEIG Tou 10iou UNKOUG N), a Kai B ol BaBuwTEG
TTOOOTNTEG TOU DIAVUCUATIKOU Xwpou K" kal 0 N undevikni Aégn.

(y+2z) e K,

a-yeK,

X+ty=Yy+X,

X+y)+z=x+(y+2),

(@ B) y=a (B y),

(a+B) - x=a - x+B vy,

a (x+y)=a- x+a" vy,

(x +0) =X,

1 X=X,

Ymdpyxel Aegn X' € KN, Tétola woTte X + X' = X' + x = 0.
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Ioappinol Kwowec-Mabnpatino
YrnoBabpo

‘Eva N Kevo uttooUvoAo S Tou diavuopaTikou xwpou K" gival Evag

UTTOXWPEOG aUTOU, av Yia KABe euyog dIavuouaTwy (AECEwV) Y, Z € S, IOXUEI

(y+2z) e SKala-y € S yia kabe BabuwTtr roootnTta a. Apa C eival Evag

YPOUMIKOG KWAIKAG av Kal povo av C gival uttoxwpog Tou K",

To oUvoAo OAWV TWV YPAUUIKWY CUVOUAOUWY TWV dIaVUCUATWY (1 AECEwV)

eEvOG ouvolou S ={z1, z2,..., zk} ovopaleTal TO ypauIKO avamruyua rou S

kal oupBoAilsrar pe <S>,

o Mia AéEn vy gival ypappikoc ouvOuaopog Twy AéCewy z1, ..., zk av 3 BaBuwTEC
ToooTnTeG al, ..., ak Tétolec woTe: y = al-z1+ ...+ ak- zk.

To YPAUUIKO avATITUYHa <S> kKaBe uttoouvoAlou S Tou K" gival utToXwpog

Tou K". To <S> kaAsgital ypauIKO¢ KwWOIKAS TTPOKUTITWY €K TOU S.

To YPAUUIKO aVATITUYHA <S> TOU UTTOOUVOAOU S Tou K" TTEPIEXEI TN
LUNOEVIKA AEEN, OAEC TIC AECEIC TOU S KAl TA ETTI HEPOUC ABPOICUATA TOUG

Napdadeiyua: To ypauuIKS avATITuypa Tou uttoouvoilou S = {00011, 11100}
atroteAeital atrd TIC akOAouBecg Aéceic: 00000, 00011, 11100, 00011 + 11100
=11111. Emropévwg, <S> ={00000, 00011, 11100, 11111}.

To BaBuwro yivouevo ouo diavuouarwy x = (al,..., an) kary = (p1,,...

Bn) oto K" opifeTal wg x-y=al-f1+ ... + an-Bn. I1. x To YIVOUEVO TWV X =
00011 kory=11100 oTto K> €ivar: 00011 11100 =0-1+0-1+0-1+1-0+1-0=
0+0+0+0+0=0.
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Ioappinol Kwowec-Mabnpatino

YrnoBabpo

Auo diavuouara (Aéésic) x kai y givar opBoywvia av x -y = 0. 'Eva
diavuopa (AE¢n) x xapakTtnpiletal opboywvio o€ Eéva cUVOAO S, av To X gival
opBoywvio o€ KABe diavuopua (AéEn) y € S.

To ouvoAo OAwvV Twv dIaVUOUATWY, TTOU €ival opBoywvia evog auvoAou S,
oupBoAileTal pe St kal ovopadleTal TO 0pOOYywWVIO CUUTTAGpWLA TOU S.

Q

a

Q

[Na k&Be utTTooUvoAo S Tou dlavuopaTikou Xwpou K", To opBoywvio CUUTTARPpWHA
Tou, S4, €ival €TTiong uTTOXWPEOG Tou K",

[Na kaBe diavuopaTikd Xwpo K", av C = <S>, 1016 C+ = St (AnA. T0 opBoywvio
OUUTTAAPWA TOU YPOUMIKOU avaTITUYHOTOC <S> 100UTal [IE TO 0pBoYywWVIO
OUUTTAApWUa TOU S, St.)

To opBoywvio cuptTApwpa CL kKaAeital duiko¢ kwdikag Tou Kwlka C, 6TTou S
UTTOOUVOAO TOU dlavuopaTikou Xwpou K, C = <S> kal C+t = St

Mapadsiyua: Na va uttoAoyioope TO 0pOOYWVIO CUUTTANPWHA TOU S =

{0001, 1100} Ct = St apkei va Bpouue 6Aa Ta X = (al, a2, a3, a4d), he

X

a
a

0001 =0 ka1 x-1100 =0.

‘Exope 0-al +0-a2+0-a3+1-0a4=0=04=0.

ATTO 10 deuTepO yIvopevo 1'al+1-02+0-a3+0 a4 =0=,01+02=0,=al =
a2=0nal=02=1. Toa3=0nN1.

2UveTtwg, al =02 =0¢iteal =a2=1, a3 =0¢itfe a3 =1 ka1 a4 = 0.

O1 ouvOUAOHOI TWV TTAPATTAVW ETTIAOYWY 0dNYoUV OTO 0pBOYWVIO CUUTTANPWHA
Ct =St ={0000, 0010, 1100, 1110}.
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Noappinot Kwowmeg-Mabnpatino
YnoBabpo

‘Eva ouvoAo diavuopatwy S = {z1, z2,..., zk} cival Fpauuikwe

Aveéaprnro av d BaBuwTég TToodTNTEC Al, O2,..., ak, pue TOUAAXIOTOV

Hia €€ autwyv # 0, €101 woTe: al -z1 + ... + ak -zk. = 0. Ala@QOpPETIKA, S =

YPOUMUIKWC ECAPTNUEVO.

o 'Eva ouvolo, S 1rou TrepIEXEl TN UNOEVIKA AEEN = YPAUUIKWG ECAPTNUEVO.

o Av S#{0}, repiExel éva péyiotng diIdoTaoncg ypap. aveeapTnTo UTTOOUVOAO

Napadsiyua: To S ={110, 011, 101, 111} =ypaUUIKWGS ECAPTNHEVO

o loyveral -110+ 02 011 +a3 101 +04 -111=000=alal 0+ 0 a2 a2
+03003+040404 =000, 2al+a3+a0a4=0,al +a2+ a4 =0 kal a2 +
a3+ a4 = 0. MNpooBEéTovtag 1e¢ = a4 = 0. 'Etol, al + a3 =0, al + a2 = 0 kal
a2 + a3 =0, = al = a2 = a3. Mmopoupe va emAECOUE AoITTov al = a2 = a3
= 1 Kal ETTOUEVWC TO S=YPAUUIKWG ECAPTNUEVO

[1a TNV eUpeon evoc amrod 1a UEYIoTNC diIdoTaong, YPAU. aveedpTnTou,

UTTOOUVOAOU TOU S, aQaIpOoUE a1TO TO S TO TTPWTO dIAVUCA TTOU

BpiokoulE va gival ypaup. ouvOuaouog Twv GAAwyv dnA. 1o 110 (110=

011+101) ka1 e€¢etalope av 10 S' = {011,101, 111} = ypau. avecapTtnro.

o Amémyv Oalal+a20a2+a3a3a3=000,=0a2+a3=0(1),al+a3=0
(2),al+a2+a3=0(3). Ao 116 (2), 3)=al=0apaa3=0kaia2=0. =3
BaBuwTéC TTOOOTNTEG, # 0, TTOU IKAVOTToIouV TNV (1) = S’ = €va, PEYIoTNG
OIAOTAONC, YPOHH. aveCdpTNTO UTTOOUVOAO TOU S.
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Noappinol Kwowee-Mabnpotino
YnoBabpo

‘Eva pn kevo utroouvoAo diavuopaTtwy B evog dlavuopuatikou

utToXwpou V givail pia Baon yia rov urroxwpo V, av <B> =V kai 10 B

gival YPOUMIKWGS aveEapTNTO GUVOAO.

o 'Eva ypapUIKWES avecdpTnTO UTTOOUVOAO dIavVUOUATWY S gival pia Baon yia
TOV JIAVUCUATIKO UTTOXWPEO <S>.

o Kdbe éva ammd ta péyiotng d01AcTaonS YPAUUIKWG AveCAPTNTA UTTOOUVOAQ
EVOG YPOAUMIKWG CapTnEVOU CUVOAOU S gival A0 TOU UTTOXWPOU <S>..

Napadeiyua: ESeixOn 611 Eva atrd 1a péyiotng didocTaong,

VPO ave&aanTa uttoouvoAa Tou S ={110, 011, 101,111}, (S= ypap.

ecaptnuévo) eivar to B = {011, 101, 111} = B= Baor] TOU <S> =

{000,011,101,111,110,100,010, 001}

‘Evag dlavuouaTIKOS (UTTO)XWPEOG £XEI TTOAAEG PAcelg e id1o TTANB0C

dlavuopdaTwy Kk e k=kaAegirar diaoraon rtou (UTTO)XwWpPOU

o T.X 01doTaon Tou <S> 0710 WG avw TTapadelypa=3 Etriong n didotaon Tou
OIAVUOUATIKOU Xwpou K" gival n, €TTEION TO CUVOAO TwWV AECEWV UAKOUG N KAl
Bapoug 1, dnAadn To ouvoio U={0...01, 0...10,..., 1...00}, eival pua Baon Tou
5IGVUO|JGTIKOU xwpou K" (ue <U>=Kn).

Av n 0100TO0N EVOG YPOUHIKOU KWOIKA (N Slavuop. (utro)xwpou) C eival

K kal pia Baon tou X = {x1, x2,..., Xk}, 101€ V € € C 1ox0e1 Cc = al

-x1+... + ak-xk yia kamoia |J.OVCl5lKr] sTrl)\oyr] Twv al,..., ak. Etreidn ai
=0n 1 ol duvaTtoi cuvduaopoi Twv al,..., ak givar 2k = Tr)\r]eog
KWOIKWV AéCewv TOU C. ©2006, Srhooc Aevilic




Ebpeon Baong I'pappinod Kewowoa C

TexviKn via gUupeon Liac Baonc evoc Kwoika C

loxUel o011 yia va Bpoupe pia Baon evog YPapUIKOU KwoIka C
QpKEl va LETAPEPOUHE O€ Hia €10IKN popn (KAD f TNKAT') Tov
TTivaKa Ol YPOUUES TOU OTTOIOU aTTOTEAOUVTAI ATTO TIG AECEIC TOU
ouvoAou S () kal atrd OAeg TIG Aéceic Tou C), pe C = <S>

‘Evac mivakag Bpioketal o€ poppn KAlnakwrng Aiaraéng
lpappwyv (KAl n Row Echelon Form), av 0Aeg ol pnoevikeg
YPAUHEG €ival OTO KATW HEPOG KAl TO TIPWTO YNPIio «1»
(«00NY6G6») HIOG YPAUUNG gival o€ OTAAN TTIO OEEIA O€ OXEON UE
TO TTPWTO (TOV 00NYO) «1» TWV TTpoNYoUHEVWY ypaupwy. Mia
OTAAN TTOU TTEPIEXEI Evav «0dNYO» 1 KaAgiTal oTAAN «0dNyoc»

‘Evag mrivakag BpiokeTal o€ popen Meplopiopévng KAILOKWTAG
Aiaragng Npappwyv (MKAIM n Reduced Row Echelon Form),
eav eival o€ pop@r KAI™ kair emmITTAEoV 10X UEI OTI 0€ KABE OTAAN
odNYO Tou TTivaKa (dNAAdN OTAAN TTOU TTEPIEXETAI O 0ONYOG «1»
LIOC YPAUUNG) dev TTEPIEXOVTAI AAAQ Wn@ia «1» aAAd pévo ynoia

«O»

o KdaBe mivakag pe 0 kal 1 prropei va 1e0¢i Tooo o€ popenry KAl 6oo kal
[MKAT.

0 'Evag mivakag (Ue O kal 1) ptropei va £xel TToAAEG popeeg KATT aAAa
Lovov [ia popon NMKAI

©20006, Xndpog Aevalng



Ebpeon Baong I'pappinod Kewowoa C

‘Evac mrivakag Tibetal og popen KAl i MNKAI pe Tov

LET/OUO TOU O€ 01ad0XIKOUG I00QUVAOUG TTIVAKEG

LECW TWV AKOAOUBWYV OUO TUTTWV OTOIXEIWOWV

TTPACEWV TTOU £QappolovTtal OTIC YPAUUES TOU:

o AvtaAAayr] OUO YPOLUWY Kal

o AvVTIKOTAOTOON Miag YPAUUARS aTrd TO ABpoIoua Tou eauTou
TNG HE KATTOIO AAAN

MNapadeiyua

o 'Eotw o kwodikag C ={0000, 1110, 0111, 1001}, Tou otroiou
01 AECEIC aTTOTEAOUV TIC YPOAUMEG TOU TTivaka P. Tov pet/(ope
o€ poppn KAl XpnOILOTIOIWVTAG TIC WS AVW TTPALEIC WG
24[e
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Ebpeon Baong INoappinod Kwowa C

MNapadsiyua (ZUVvEXEIQ)

ATTO TOV apXIKO TTivaka P odnyoulaoTe OTO 20 TTivaKa LOVOo
LE avTaAAayr YPAUHwY. ATTO TO 20 TTivaka oTov 30 UE TNV
QVTIKOTAOTOON TNG 3NG YPAMMUAG LE TO ABpOICHa TOU EQUTOU
TNG KAl TNG 1nG ypapung. TEAOG, avTikaBioTwvTtag Tnv
3nypaAupn Tou 30U TTivaka e TO ABPOoICHa TOU £EaUTOU TNG KAl
NG 2NG YPOUUNS KATAANYOULE OTOV 40 TTivaKa
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Ebpeon Baong I'pappinod Kewowoa C
Mapadelylia (Fuvéxeia)

['la Tov pet/opd Tou lNivaka P o€ NMKAI Aauaverar utroyn o
EMTIPOCOETOC TTEPIOPICUOG, N OTHAN TTOU TTEPIEXEI TOV 0ONYO «1» HIAG
YPOUUNG VA UNV TTEPIEXEI AAAQ Yynoia «1».

ATTO TOV apXIKO TTivaka P odnyoUpaoTe OTO 20 TTivaKa E avTaAAayn TNG
1ns he Tnv 4" ypappn Kai tng 21 pe tnv 3N,

ATTO 1O 20 TTivaKa O0TOV 30 HE TV AvTIKATAoTaon TNG 3nNS YPAUUNAS HE TO
aBpoiopa Tou autou TNG Kal TNG 1nG YPauUAG.

TENOG, avTikaBloTwvTag TRV 3" yPALUN Tou 30U TTivaka e TO aBpoioua
TOU €QUTOU TNG KaI TNG 2N¢ YPAUUNAG KATAANYOULE aToV 40 TTivaka
[Tpdayuarti, o 4o¢ trivakag gival o€ popon MNKAIL, agou ol U0 TTPWTEC TOU
OTAAEG TTOU TTEPIEXOUV TOUG 00NYOoUC «1» Twv OUO PN UNOEVIKWYV
YPAULWY TTEPIEXOUV LOVO Wneia «0» oTIC UTTOANOITTEC BETEIC

000 0l 41 00 1M1 o0 1] [1 001
p_|l 110 {}111_%{}1113?'{}111
01 1 1 1 1 1 0ok %0 1 1 1Yo 0 0 0
1 00 1/ 30000 0000 (0000
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Ebpeon Baong I'pappinod Kewowoa C

AVAKEQ@OAAAIWTIKA ZXOAIQ

2UHQWVa HE TOV OPITHO TNG FATNG £VOG DIOVUCGHATIKOU XWPOU,
OTTOIODATIOTE ATIO TA PEYIOTNG DIAOTACNG YPAUHUIKWG AVESAPTNTA
UTTOOUVOAQ TOU dIavuopaTikou (uTro) Xwpou C () Tou ouvoAou S, OTTou
C = <S5>) givail fdon Tou.

ETiong, 0TTwg TTpoavagepOnKe, oI LN HNOEVIKEG YPAUUES EVOG TTIVAKA
o€ popen KAl i TIKAI" TTou oxnpaTiCetal atro Tig AEGEIG TOU CUVOAOU S
(7 a1ro Tig Aégelg Tou C, 61mou C = <S>), €ival o1 AEEEIG EVOG EYIOTNG
O100TOONG YPAUMIKWG ave«‘,aanTou uUTTOoUVOAOU TOU C Kal, ETTOUEVWG,
Hia Bdon Tou.

2UUTTEPAOUATIKA, YIa va Bpoupe pia Baon Tou Kwodika C apkei va
netapEpoupe ae popen KAI ) MNMKAI Tov TTivaka TTou oxnuaTifetal atro
TIC AECEIC TOU ouvOAou S () kal aTrd OAeC TIC Aégeig Tou C, C = <S>).
T.X. 0TO TTponyoupevo lMNMapddelypa, 1o uttoguvoAo {1110, 0111} €ival
Hia Baon Tou kwdika C = {0000, 1110, 0111, 1001}, amrod Tnv oTroia
TTPOKUTITOUV, UE YPAUMIKOUG ouvéuaououg, o)\sg ol Aéceic Tou C.

Ouoiwg ptropei va BpeBei kai pia Bdon Tou duikou Kwoika Ct,
XPNOIMOTTOIWVTAC TIC AECEIC TTOU TOV ATTAPTICOUV WG avaépw

0 EvaAAaGKTIKG pTTOpED va €QapHOaTEi Evag TTIo aTTAGG aAyopIBlog BaciouEvog
OTNV YVwaon Twv A&gewv Tou guvohou S 1 Tou C, C = <S> 0 oTToiog
TTEPIYPAPETAI OT CUVEXEID.,
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Ebpeon Baong Avixod xoduma CH

H diadikaagia eupeong piag Baong Tou duikoU kwdika CHC = <S>) ue
k=31adoTaon C, n=punkog Aécewv C dlakpiveTal ota akoAouBa BApaTa:

2 XNUATIOUOC TOU TTivaKa P, TOU OTTOioU 01 YPAUMEC €ival O AECEIC TOU S
(4 Tou C) kal petagopa Tou P og popen MKAT.

2 XNHOTIOUOG TOU TTivaKa G, O OTTOIOG ATTOTEAEITAI ATTO TIG N UNOEVIKEG
Ypaupeg Tou Trivaka P o€ popen MNMKAI kar atroteAei pia faon tou C. O
mmivakag G €ival didotaong k x n

2 XNHOTIOUOG TOU TTivaKa M, O OTT0i0g OTTOTEAEITAI LOVOV OTTO EKEIVEG TIG
OTAAEG TOU TTivaKa G TTOU Bev gival odnyoi, dnAadn atrd TIC OTAAEC TTOU
OEV TTEPIEXOUV 00NYyoUG «1». A@ou To TTANBOG TWV OTNAWY 0dNYWV ToU
mmivaka G gival ioo pe To TTARB0C TwV YPAUUWY TOU TOTE N dIACTOCN TOU
mmivaka M givail k x (n-k)

2XNHOTIONOG Tou Trivaka , H= [M 7 olactaong n X (n — k), Ao Tov

mmivaka M (k x (n — k)) KQl TOV TTVOKQ TautotnTacg | ((n — k) x (n = K)).

O mivakag H (n x (n — k)) oxnuartietal wg €¢NC:

o 2TIC TTPWTEC K ypaupéC Tou H ToTTOBETOUVTAI E TN OEIPA O YPAUUES Tou M.

o 2TIG UTTOAOITTEG (N— K) ypappég Tou H TotToB€TOUVTAI Ol YPOAUMES TOU TTiVOKA
TauTtoTNTag | didotaong (n — k) x (n —k).

Mia Baon Tou duikou kwdika C artroTeAeiTal atro TIG OTAAEG TOU TTivaKa

H (A-Tic ypoppéc Tou-avaoTpogou-Trivaka-HT) kalgival-didoraonc n-k.

©2006, Srdpog Aevilng



Ebpeon Baong Avixod xoduma CH

Napadsiyua: Znreital pia Bdon tou C+ pe S ={11101, 10110,
01011, 11010} kal C= <S>

2XNuaTifeTal o TTivakag P ue ypapUES TNG AEENG TOU S 0 OTTOI0G
uet/Cetal o€ NMKAI xpnoipotrolwvtag avraAAayn ) Kal avTiKataotaon
YPAUMUAG a1Td TO ABPOIoUA TNG HE AAAN

1110 1t rot] [t oo 1]
o1 1o ﬂlﬂl]‘ﬂlﬂll;
P=| — -
-DJﬂlJﬂJﬂlJ‘%({IﬂJJ-
'_lJﬂlD\_ﬂDJlJ__{IﬂDﬂﬂ_'
_ N e =
L0 0l 00070 o

—— (01 01 101 00 ¥
001 1 1 fo 0 1L _W M
00000 [0O0O0O0OD
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Ebpeon Baong Avixod xoduma CH

Bdon

vy

Napadeiyua (CuvExeia):

o 1l
Etropévwg, pia Bdon tou duikou Kwdika Ct gival To ouvoAo {01110,
11101},

MNapatnpnon: NaparnpnoTte ot o MNKAI, G = tn¢G popenc G= [I M]
TTOU €ival oUvnNBEeC YIa YPAUMIKOUG KWOIKEG

<
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['evwnropag I livarag 'ooppnod Kewowa C

Opiouog: Kabe trivakag, Tou o1roiou o1 YPauUES atroTEAOUV Hia
Baon Tou kWdIka C, ovopaleTal yevvriTopag Trivakag G yia tov C.

o To mARBo¢ Twv ypappwy k tou G = pe tn didotaon Tou C,
OnAadr) = pe 1o TTARBOC TwV AECEwV TTOU aTTapTi(ouV Lia Bdcr]
TOU.

o Av n d1aoTaon €vog Kwdika C =k, T0 HAKOG TWV KWOIKWVY AEGEWV
= N KAl N amogTaor Tou d, TOTE O C ouppoAiletal wg (n, k, d)
YPOUUIKOG KWOIKAG.

Av G gival £vag yevvnTopac TTivakag yia Evav Kwoika C, 10Te
KGB¢ TTivakag 100dUvapog Tou G, wg TTPOG TIC YPAUUEC, €ival
YEVVITOPAG TTivakag yia Tov C

[Na Tnv eupeon Tou G evog kwolka C, apkei va Bpoupe pia Saon
TOU = TIG LN UNOEVIKEG AEEEIG TOU TTivaka o€ popn MKAT, rou
oxnuaTigeTal amo Tig Aggelg Tou C (A Tou S, otTou C = <S>)
OTTWC €0€iXOBN TTPONYOUEVWIC
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['evwnropag I livarag 'ooppnod Kewowa C

Kwdikotroinon:'Evag yevvntopag mivakag G yia éva YPapUIKO KwOIKa
(n, k, d), C, utropei va agiotroinOei yia Tnv KwdIKoTToinon ALgewv

(unvuuonwv) U UAKoucg K yn@iwv wg €AC:

C=u.G=[al,a2,...ak] [01,02,...gK]" = al.gl+ a2.g2+...+ak.gk =
[b1,b2,..., bn],

o u=J[al,az,...ak] n un kwdikA Aégn Tou unvupatog kai c=[bl,b2,..., bn] n

KWOIKN )\e«‘,n UKoug n wneiwv Kai [gl,92,...gk]" Ta 6|avu0uam As?,slc_;
(TTAriBouc n) 1Tou atroteAouv Tnv Bacn Tou C kai atrapTiCouv Tov G

o To ammotéAeopua c gival kwdikny Aé¢n Tou C (epdoov u.G = ypal. ouvOuaopuog
TWV YPAUUWY Tou G, TTou oxnuatietal atro TIC AEEEIC gi TToOU aTTapTidouv Hia
Baon Tou kwdika C).

‘Evag yevvntopag Trivakag G, (kxn), Tou 0TT0iou 01 TIPWTEG K OTAAEG

oxnuaTtifouv Tov Tivaka TautoTnTag Iy, (kxk), onAaon G = [l , M],

AEyETal OTI BpioKkeTal o€ TUTTIKA Lop@n (standard form).

o T.X O yevvATopag Trivakag G, 0 0TT0iog TTPOKUTITEI GTO BAMG 2 TOU O€
TTPONYOUMEVO TTOPADEIV L gival o€ TUTTIKI) LOP®N.

o O kwdikag C, o o110iog £xel yevvATOpa TTivaka G o€ TUTTIKA Lop®n),
XOAPOAKTNPICETAI CUCTNUATIKOG KWOIKAG
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['evwnropag I livarag 'ooppnod Kewowa C

2.€ EVA TETOIO OUCTNHUATIKO KWOIKA TO HAVUUA U aTTOTEAEITAI ATTO TA
mTpwta K yneia Tou ¢, agou ¢ = u.G = u.[l, M] = [ul, uM] = [u, uM]. Ta
TTpwTa K yneia Twv KWOIKWV AEEewv AéyovTal yn@ia TTAnpo@popiacg Kal
Ta UTTOAOITTA N — K, TTAEOVAOUOGC 1] ynoia eAEyXOU ICOTIUIAC.

Agv €xouv OAoI O YPOUUIKOI KWOIKEG YEVVNTOPEG TTIVOKEG O€ TUTTIKN

uopcpn [, M]
2€ QUTA TNV TTEPITTITWON Kal TTAAI K a1 Ta Yn@ia TwV KWOIKWY AEGEWV
atroteAoUVTal ATTO TA APXIKA WN@ia TOU UNVURATOG dEV €ival OUWG
ouvexopeva alAa gvrotriCovTal o€ k Trpokabopiopeveg BEoeIg TNG KWOIKNAG
AEENC TTOU opifovTal aTTd TIC AVTIOTOIXEC BECEIC TWV OTNAWV-00NYwWV Tou G

o Kal gg aurn tnv mepitrrwan o G UITOPEl va PETAOXNUATIOBET T€ TUTTIKN LOp@N
UE KATAAAnAn evaAAayrn otnAwv Tou.

Napaderypa: O1 KWOIKEG AEGEIG TTOU TIPOKUTITOUV €4V TO pRvupa u=[ 0 0
1]yia Fevvmopeg [Mivakeg G1, G2 givaul:

1 0 0 0 1] 11001
G,=|0 1 011 G,=/0 0 1 01
00111 00011

cl=u.G1=0(10001) + 0 (01011) + 1(00111)= 00111= [ul,u2,u3]
»>[ul,u2,u3,u2+u3,ul+u2+u3] kar 001 wnoia TTANPoYopiac,11 IcoTIHIaC

c2=u.G2 =0 (11001) + 0 (00101) +1(00011)= 000 11 = [ul,u2,u3]
»[ul,ul,u2,u3,ul+u2+u3] kai 001 wneia TANPopopiac kal 01 10oTIHIAC
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[Tivanag lootipiog INoappinod Koowoa C

lNivakag¢ EAéyxou looripiag evog kwodika C KaAgital €vag Tivakac H Tou

otroiou o1 oTAAEC oxnuartiCouv wia Bdon Tou dUiKou KwdIKa CL, Kal UTropEi

va XPNOILOTTOINBEi yia TNV ATTOKWOIKOTTOIiNoN KWOIKOTTOINUEVWY

LNVULATWV.

o Omwcg €idape uttdpyxel aAyopiBuog, wote d0BEvTog Tou C va UTTOPOUE TTAVTA va
TTPOCdIopicoUE TOV TTivaka H

Av n didoTtaon Tou C gival k, 101€ n diaoctaon Tou Ct, givai n — k = e

TTANB0C Twv oTNAWYV Tou H, €vw TO TTARBOC TWV YPALMWY TOU Eival N=i00 UE

TO UNKOGC TWV KWOIKWYV AECEWV TOu KwdIka C.

0 2UMQwva PE Ta TTPOAEXBEVTA, 0 yevvATOPAG TTivakag G Kal O Trivakag IcoTipiag H
evVOG KwoIka C gival ypaup. avecdpTnTol W¢ TTPOC TIC YPOAUMES KAl TIC OTHAEC,
avTioToIxa, agou cival Baoelg Twv Kwdikwv C, Ct

To yivopevo Twv mivakwyv G kai H icoutail pe 0, dnAadi G-H = 0. (ua kai C+

apa Kal pia Baon Tou H = opBoy. cupttAnpwpa Tou S apa Kal piag Baong

Tou G, otrou C = <S> kal C+ = S1)

o EUkoAa etriong @aivetal autd atrd 1o v Anedei utr'own 6T G=[ |, M], H=[M, I]T
= G-H=[I,M] - [M, [T = M+M=0

0 VXeC=x "H=(Uu-G) H=u(GH)=0
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[Tivanag lootipioag Iooppnod Kowowmo C

OQswpnua: Hamdéotaon d evog YpAUUIKOU KWAIKA = UE TOV
eEAAXIOTO QPIOUO ypappuwy Tou llivaka looTipiag H Twv oT1roiwv TO
aBpoiopa ioouTal pe 0 (i 1Ic0dUvapa 0 EAAXIOTOG apPIOUOC
YPOUUWY TTOU Eival YPOAUUIKA ECOPTNUEVEG).

ATr66£|§[|: VXeC=x H=0=[x1x2,..xn] - [h1,h2,.. hn]"
=0 = [x1 hl+x2 h2+...+xn hn] = [0,0,...0], hi= 1 ypauur Tou H.
Aaupavovtag uttown ot xi =1 0 Kai Wt(x) => I's=xH=peT10
adpoiopa wt(x) ypappwy Tou H. Apa €0V Xq,i,=N X HE TO EAAXIOTO
wi(x) = d =a11éaTa0N TOU KWOIKA C, TOTE Xy - H = E TOV
eAAXIO0TO APIOUO ypappwy d Tou H TTOU IGOUVTa ue 0.

Napadeiyua: ‘Eotw o H 1TponyoupEvou TTapadEiyUATOC HE

0 1]
0 1 o 1] -~ |t 1]
! | 1 1]
!

- R -
- = 2
= 3 0

| it Y4 o
01!

ToTe pua karoxuer 67 i 2n + 3n ypappn = (1 1) + (1 1) (4
IoodUvapa n1n+4n=(01)+ (0 1)) TouH=(00) = n

a1Té0TOON TOU KWOIKA €ival d=2 2006, Erbaos Aevilne



2uvopdaoeg Iooputnod Kowowmoa C

2uvopdda (coset) = atrapaitnTn £VvoIa VIO ATTOKWOIKOTToIinon £vOg
Kwolika C

Opioudg: Mia cuvoudada tou C mpoadiopiouévn atro 1n Aécn x € KN
N=PAKOC KWOIKNGS AéCNG, ouuBoAileTal wg C + X Kal opileTal w¢ To OUVOAO
OAWV TWV AECEWV TNES LOPPNGS C + X, OTTou € € C (To X gival oTaBePO KAl TO C
Kupaivetral o€ 0Ao 10 eUpog Tou C). AnAadr, C + x = {c + x| ce C}.
Mapadeiyua: Zntouvral OAEC ol ouvouadeg Tou kwdika C = {000, 111},
k=1, n=3, n-k=2.

o Ma x =001 éxoupe C + 001 = {000 + 001 = 001, 111 + 001 = 110}

C + 010 = {010, 101},

C + 100 = {100, 011},

C + 011 = {011, 100},

C + 101 = {101, 010},

C + 110 = {110, 001},

C + 111 = C + 000 = {000, 111}.

Mapatnpoupe 611 0 APIBUOG TWV OAWY TWV CUVOUAdWY eival 2M=22=4 kal KaBe
ouvouaoa atroTeAciTal atrd 2k=21=2 Aé€eic 6oeC akpIBWS Kal To TTARB0C Twv
KWOIKWV AECewV TOU Kwoika C

o ETmiong mapartnpeiote 011 €Qv X,y € C+x (1] 1c0duvapa oto C+y) 101E X+y € C

O 000 o0 o0 O
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2uvopaoeg Ioappinod Kwowa C

Aev uttapyouv 2" dIAPOPETIKEC OUVOUADEC OOEC KAl Ol
Aé€elc unkouc n Tou KN kaBwcg gival duvato duo
ouvopadec C + x = C + y va tauTidovTtal, aKOUO Kal av X #
y OTTWG TT.X I0XUEI OTO TTPONYOUHEVO TTAPADEIVUA.
I6101TNTEC 2UVouadwy: Av C gival Evag OUOTNHUATIKOG

YPQAUUIKOG K(JL)6IKG§ (n,k,d) kal x kal'y 0Uo AEgeIg eTTiong
LNKOUG N YynPiwv, TOTE ICXUOUV avVAPOPIKA LIE TIC
ouvopadec Ta akdAouba:

1.

2.

3.

4.

KaBe Aécn x mrepiExeral otn ouvouada C + x (Aoyw uttapeng
UNOEVIKNG KWOAIKNC AEENGC O€ YPAUIKOUC KWOIKEC)

To TTANB0C TwV AéCewv o€ pIa ouvouada gival ioo ua TO TTA60C
TwV Aécewv Tou KWAIKa C, dnAadn |C + x| = |C| =

Av Hia AEgn X TTEPIEXETAI OTN ouvouada C +y, TOTE IOXUSI C+x=
C + vy, dnAadr kKGO AéEn TNC ouvouddag Tnv TTpoodiopilcl.

To TTANBO0C TwV JIAPOPETIKWY CUVOUAdWYV ToU KwdIka C,
didotaonc k, icoutar pe 2"k . (Ao 1016TNTa 5 = TTAR60C
OTOIXEIWV OAWV TWV CUVOUAdWV= 2" = £POCOV ATTO 1010TNTA 2,

|IC + X| = 2k 167€ TTAABOC CUVOLAdWYV= 2" [ 2k= 2n-K)
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2uvopaoeg oopptnot Koowmoa C

Id10TNTEC 2UVOLAOWYV (OUVEXEIQ)

5. O1 AECeIc OAWV TwV cuvopAdwyv gival dIAPOPETIKES, 1 I00dUVaUQ,
KGOe AéEn xe KN TeplExeTal povo oe pia ouvopdda tou C, dnAadn
OUO0 guvouadeg C + x kal C + y €ite TauTiCovTal €iTE OEV EXOUV
KOVEVQ OTOIXEIO KOIVO.

Amodeicn: 'EOTw 0TI UTTAPXOUV dUO AEEEIG idIEG € OAa Ta OUVOAD TWV
OUVOUAOWV = 0Uo TrepITTTwoelg: a) Na Bpiokovral oTnyv idla cuvoudada
€0Tw TOU C+X. TOTE TTPETTEl X +CI = X+Cj (CI, ] € C, Ci#C] ) = Cci=(]
ATOTTO.

B) Na BpiokovTal o€ d1aPOPETIKEG OUVOUADES £0TW TwV C+ X, C+y. ToTE
Oa ioxue: X + ci =y + ¢] = y= x+ (ci + ¢j), pe (ci+cj) e C= 01X,y
TIPETTEl VO AVAKOUV 0TNV idla oUVOpada, AtoTro HIAG Kal n UTroGacr] Hag
gival OTI X, Y avAKOUV O€ DIAPOPETIKEC OUVOUADEG, Twv C+ X Kal C+y.

6. Av 10 dBpoiopa X +y € C, TOTE Ol X,y TTEPIEXOVTAI OTNV idIa
ouvouada. Av 1o aepomua X +Yy & C, T0TE Ol X,y TTEPIEXOVTAI O€
OIAPOPETIKEC OUVOUAODEC.

ATTod€1EN: A’ okéENog. 'EoTw OTI X, ¥ € oTnVv idia ouvopdda £0Tw Tou
z+C ka1 ag uttoTeDei O11 Xx+y € C TOTE 10XUEl X=2+C1, y=2+C2 = X+ty=
(z+z) + (cl+c2) =0 + c3 = x+y=c3, c3 € C = x+y € C, arotro.
Ouoiwcg yia B’ okého¢ €o0Tw OTI X+y ¢ C Kal ag UTToTeBEi OTI X, Y € OTNV

idla ouvopada €0Tw Tou Z+C. = KaTtaAnyope TaAl otnv X+y=c3, c3 € C
= Xty € C, arotro




ATO®WOWOTONGY] e 2UVOUAOEG

‘EoTtw 0 ypappikog kwoikag C Kal 0TI €XOUE PHETAO0ON TNG KWOIKNAG

AEENG X, TTOU 00Nyei 0TN ANYn TNG Aegng y. TOTE £XOULE TO TTPOTUTIO
G(pa)\uonog € =X +Yy. Apa 1oxUel Kal X = € + Yy KAl OUVETTWG (IdidTnTa
6) o1 A£&eig € (TTPOTUTTO OQAALIATOG) KAl Y (An@Otgica A&gn)
TEPIEXOVTAI OTNV i010 ouvoudda Tou C!

[la TNV €1TIAOY TOU KATAAANAOU € DeDOUEVOU OTI ATTO Y EVTOTTIOONKE

N KAataAANAn cuvopdada, Aappaverar uttown Ot TTPOTUTIA CPAAUATOC

LIKpOU Bapoucg Aappavouv Xwpa Pe TN HeyaAutepn TOavoTnTa -

ATTOKWOIKOTTOINON MEYIOTNG TTIBavoTnTag (AMIT).

AAyopi6uoc amrokwoikommoinonc UE tn Bonbsia rwv Zuvouadwyv

ANWN TNS AéENC Y Kal UTTOAOYIOUOC TNG ouvopadag C +y.

EmiAoyr) TNG AECNG €, EAAXIOTOU BAPOUG, TTOU TTEPIEXETAI OTN

ouvouada C +y.

= AV UTTAPXOUV TTEPIOOOTEPEG AECEIG TNG CUVOUADAG C + Y, e EAAXIOTO
Bapog, 161€ oTNV (MAMIT) TTEQITITWON ATTOKWAIKOTTOINONG HEYIOTNG

mOavoTNTAC ETMAEYETAI AQUBQIPETA Hia €€ AQUTWYV, EVW OTNV TTEPITITWON TNG
(AAMIT) atrokwdikoTtroinong ¢nteital errava)\r]tpr] NG HETAdOONG.

YTTOAOYIOUOC TNG KWOIKAC AECNG X TTOU LETAOOONKE TTPOCOETOVTAC TN
AnN@Beioa AEEn y UE TO TTPOTUTTO OPAAUATOG EAAXIOTOU BAPOUC €,
OnAadn, X =y + E&.
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ATO®WOWOTONGY] e 2VUVOUAOEG

2xnuariopo¢ Tumikng Aiaraéng AmrokwaoikoTroinong

o [a emmiteugn TG ATTOKWAIKOTTIOINONG UE OUVOUADEG €ival avayKaio va UTTAPXEI
HEBOBIKOC TPOTTOC OXNMUATIOUOU OAWV TWV CUVOUAdWY Tou C KAAOUUEVOG KAl WG
Tummikn Aiaraén Ammokwdikomoinon¢ (Standard Decoding Array)

AAvopiBuoc Aounonc Tummiknc Aiaraénc Ammokwadikorroinonc (TAA)

‘EoTw c1,c2,...,cM ol KwdIKEG Aégelg Tou C (n k,d) W‘IKOU§ n, M=2Kkai cl1=
HNOEVIKN )\eﬁn H diatagn O autn eivar 2Nk x ok HE TIG 2™ ypapuES va
ATTOTEAOUV TIC OUVOUAdEG Tou C. Ta Bripara yia Tov oXnNUaTiopo TG givai:

O1 2K kwdikég Aé€eic Tou C ToTToBEeTOUVTAI GTNV 1N ypauur'] LE TO TTPWTO
OTOIXEIO TNG YPOAUMNG (aTTO aploTePA) va ATTOTEAEI N cl

Q¢ TTPpWTO OTOIXEIO TNG 2NG YPAUUNG ETTIAEYETAI TO 1TpOTU1TO OQAAPOTOG €2 HE
TO €AAXIOTO BAPOG Kal TO OTT0i0 deV UTTAPXEI NON WG AEGN OTIG TTOONYOUUEVEC
yoaupég Tng diatagng (oTn 1n ypappn oTnv CUYKEKPIUEVN TTEPITITWON) KA
TOTTORETEITAI AKPIBWGS KATW aTT6 TNV 1. H UTroA0ITIN 2N YPOUUN OXNUATICETAl
TTPOOBETOVTAG TO €2 0€ KABE Eva ATTO T AVTIOTOIXA OTOIXEIA TNG
TTPONYOUHEVNG YPOHUUNG (OTIG KWOIKEG AEEEIG TNG 1NG YPAUUAG).

To BApa 2 emavahapfaveral Pe Tov i0I0 TPOTTO £wWG OTOU €6aVTANBOUV OAEG Ol
6|acpopsT|Kag AEEEIG UNKOUG N, KATI TTOU TTPAKTIKA OUMBaivel 0Tav oxXnNUATIoOE

Kal N 2K ypappn T SIGTAENS
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ATO®WOWOTONGY] e 2UVOUAOEG

c,=0 C, C, C
82”"‘ C2 + 82”"‘ C2 + 82”"‘ £ CM + 82”"‘

2TNV TTapatravw dIATagn KABe ypapun atroteAei kar ouvopada Tou C.
I'I'o grp()bTo oToIXEio KABe ypapung ovoualetar Odnyog Zuvopadag (coset
eader

MNapddeiyua: Na Tov kKwdika C = {0000, 1010, 1101, 0111} pe n=4, k=2
(nTouvTal ol diIdpopec 2"k=2 = 4 ouvouddec Tou. H Tummik AidTagn
ATTOKWOIKOTTOINONG €XEl WC £ENG:

o ¢1=0000 1010 1101 0111

o €2=0001 €2+1010=1011 €2+1101=1100 €2+0111=0110

o €3=0010 €3+1010=1000 €3+1101=1111 €3+0111=0101

o €4=0100 €4+1010=1110 €4+1101=1001 €4+0111=0011

4
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ATO®WOWOTONGY] e 2VUVOUAOEG

Mapadsiyvua (CUVEXEIQ)

ATTO TNV TTapatravw Tutrikn Alatagn ATToKwOIKOTTOINONG TTPOKUTTTE
OTI Ol TEOOEPIC ouvopadeg Tou C= {0000, 1010, 1101, 0111}, {0001,

1011, 1100, 0110}, {0010, 1000, 1111, 0101} ka1 {0100, 1110, 1001,
0011}.

Edv Twpa 0 0ekTNG AdBel Tig Aggelg 1110 kar 1111, ol oTroieg O¢ev gival
KWOIKEG AECEIC TOTE OUMPWVA UE TIG TTAMIT kal AAMIT EXOUE:

Av AneBei n Aegn 1110, 161€ APOU EVTOTTIOTEI N CUVOUAdA OTNV
OTTOIO TTEPIEXETAI, 6r])\0(6r] N TETAPTN, ETTIAEYETAI TO TIPOTUTTO BAPOUG
LLE TO IKPOTEPO Bapog, dnAadn 1o 0100. ETTopEvwg, GULPWVA HE TIG
[MAMIT kot AAMIT ouptrepaiveral 0TI peTadobnke n Aégn 1110 + 0100
= 1010 € C.

21NV Tepimtwon ANyng Tng Aégng 1111, agou diammoTwoei oTi

TTEPIEXETAI TNV 3N CUVOUAOA, TTAPATNPEITAI OTI € AUTH UTTAPXOUV

OUO TTPOTUTTA OPAAUATOC LE TO eAAXIOTO Bapoc, Ta 0010 kai 1000.

o Av gxoupe epappoyn ng AAMIT, ¢nteital eTavaperadoon Tou
UNVUUATOC.

0 Av e@appodetal ouwg n MAMTIT, o dékTng eTmIAgyel auBaipeTa Eva aTmo Ta

TTPOTUTTIO CQPAAUATOG LE TO £)\GXIOTO Bapocg, €oTtw 10 1000 KO
OUUTTEPAIVEI ETTOUEVWG OTI HETAOOBNKE N AéEn 1111 + 1000 = 0111.
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Oplouoc 2uvépopo, s, piag Aegngy opidetal nAegns=y - H, s
e Kn=k, (€xer dnA. ufikog n-k 600 o0 ap1Bog Twv Tr)\aovaCOVva
Lpr]cplwv) OT1Tou H gival o TTivakag EAEYXOU ICOTIUIAG EVOG KWOAIKA
C unkoucg n kai didoTtaong k kai 'y = n Angocioa AEEn.

1510TnTEC 2UVOPOLIOU
Av X, y Kal € € K", IoxUOUV

1. Avkalpovoav x € C, 1ote x - H =0.
ATodeilnN: vxe C=x H=(Uu" G) - H=u (G H)=u- 0=0
2. Av KOl HOVO av X Kal 'y € oTnV idla guvopdada, Tote X - H=y - H.
‘Exouv dnAadn ro idio ocuvopoo!
Amodeién: Epooov X, y € otnv idla ouvopada £€0tTw otTnv €1 +C = x =€l
+cl, y=el+c2,06moucl,c2e C=xH=¢l - H+cl ‘H, yH=¢l - H+
c2 ‘H. Amo 1d16tntal = cl -H=c2 H=0Apax H=y-H=¢l - H
3. Av € gival TO TIPOTUTTO GQAAUOTOG Hiag AngBeicag AEgn y, TOTE
€ - H=pe 10 GOpoicua Twv Vpapuwv TOU Trivaka H TTou
AVTIOTOIXOUV OTIG BE0EIG OTIG OTTOIEG TTPOKARONKAV CPAALaTA
KOTA TN LETADOON.
Arroch/En Edav h=1 ypapun TOU H TOTS loyuel € - H=[g},€,,....€,] -
[hy,hy,.. 0T =€, ~hy+ g, -h,+. (1) AapBavovtag U'ITOL|JI‘] OTI Ol
€ UE &= 1 KGGOplCouv Tr]v eaon TOU ocpaxuonog 0TO € TOTE A10 TNV (1)

eval cpavspo OTI 01 B€0€IC OPAALATOG OTO € KABOPICOUV Kal TIG AVTIOTOIXES
YPAUUEG TOU € TTOU EUTTAEKOVTAI OTO ABpoioua TnG (1)
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AtToKWOIKOoTTOINON LIE TV BonRBsia ZuvOopouwv

a

a

O aAyopiBuog pe ekteTapévn Tutmkn AlIGTagn ouvopadwy €xel U0 DUOKOAIE,
TNV avagntnon TG OUVOUAdAg OTNV OTToia TTEPIEXETAI N ANPBeioa A£gn Kal
g]v avalntnon OTn CUVEXEIQ TOU TTPOTUTTOU OQPAAUATOC HE TO EAAXIOTO

apog.
Avaykn yia atTAOUCTEPO TPOTTO ATTOKWOIKOTIOINONG UE HIKPOTEPN AvAyKN yia
ATTOBNKEUTIKO XWPO

H 1816TnTa 1 Zuvdpouwyv UTTopEi va XpnoipoTroindsi yia avixveuon
OPOAALATWYV:

a

Av dgv uTTEICEABOUV O@AAUATA KATA TN HETADOON, N AnpBcioa AéEn y Ba
avikel otov KwIka C kal T01e s=y-H = 0 eidaAw¢ s=y-H =¢-H

Ao 1016TnTA 2 ZUVOPOLLWY

(N

ETeidn 0Aeg o1 Aégelg piag ouvouddag £xouv To idlo oUVOPOUO, TO GUVOPOUO
QUTO PTTOPET VO XPNOIUOTIOINGET avTi TNG OUVOUADAG YIa TOV TTPOGBIOPIoHG
TNG. 'ETO1, apkei va €xoupe atrd kdBe cuvoudda pévo 1o aUvopoud TNG Kal TN
AECN UE TO EAAXIOTO Bapog (0dnyo6 TNG ouvouadac) yia ATTOKWOAIKOTTOINON
Hiag AneBeicac Aégnc Apa:

H extetapévn Tutmkni Ailaragn ATTokwdIkoTtToinong (Ue OUVOUAdECQ) UTTOPEi va
aTTAOTTOINOEI O€ TTiVOKA TTOU TTEPIEXEI LOVOV TA CUVOPOUA KOl TOUG 00nyoug
OAWV TWV CUVOUAdWV).
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AAyopi6uoc Arrokwoikomoinonc e tnv fonbsia 2uvopouwyv
ANYn NG AéENG Y Kal UTTOAOYIOUOC TOU ouvOpPOUoU S=Yy - H.
EUpeon atrd tnv TpotrotroinuEvn Tutrik AlIatagn
ATTOKWOIKOTTOINONG- (dNA. ToV lMivaka 2uvdpopwyv kal Odnywv
2.UVOLAdwV) Tou odnyou € TTOU AVTIOTOIXEI 0T OUVOUAdA e
ouUvOpouo s=y-H. Av dgv UTTAPXEI AVTIOTOIXOC 00ONYOC TNG
guvopadag, Tote {nTeital avapeTadoon.

0 Av [ia ouvopdda £xel TTEPIoOOTEPEG OTTO Hia AEGEIG EAAXIOTOU
Bapoug, TOTE €iTe £MALYETAI Hia ATTO AUTEG AUBAIpETA KOl
TOTTOBETEITAI WG AVTIOTOIXOG 00NYOG CUVOUAdAG OTOV TTivaKa av
epappoletal NAMIT, €ite 0ev TTIAEyETAI KAUIA av eQapuoleTal

AAMI1 kal peEvn str'] n avrioTtoixn 6éon oTov llivaka 2uvopopwv
Kal Odnywv Zuvopadwy

YTTOAOYIOUOG OTTO TO OEKTN TNG KWAIKNG AEENG X TTOU
LETAdOONKE, TTPOOBETOVTAC TN ANYOeioca AECn Y He Tov 0dNyO TNG
OUVOMAdAC (TO TIPOTUTTIO OPAAMATOC) €, ONAAON X =Y + €.
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MNoapadseiyua

[1a ToV YPAUUIKO Kwdika C Tou trponyoupevou lNapadeiyuarog
ue TiIc 4 ouvouadec Tou {0000, 1010, 1101, 0111}, {0001, 1011,
1100, 0110}, {0010, 1000, 1111, 0101} ka1 {0011, 1001, 1110,
0100} {nTouvTal ol TpotroTroinuéveg TAA (Tlivakeg Zuvépopwv
Kal Odnywv ZuvouddwyV) OTIC TTEPITITWOEIC EQAPLIOYNAS TWV
[TAMI1 kair AAMIT.

Atravrnon: 'a Tov uttoAoyIoUO TOU OUVOPOUOU HIOG
OUVOHAOAG, OPKEI va ETTIAEYE] IO OTTOIOONTIOTE AEEN TNG, Y Kal VO
UTTOAOYIOTEI TO YIVOHEVO Y-H. 2uveTTwg, agou uttoAoyioTei o H
OTTWG OIOETAI TTAPAKATW KAl ETTIAEYEI 0 00NYOG KGBe ouvouadag,
uttoAoyideTal To GUVOPOUO KABE oUVOUAdAG, UTTOPOUV VO
oxnuatigBouv ol avtioToiXol lNivakeg 2uvopopwy kai Odnywv
2.UVOUAOWYV YIa TIC TTEPITITWOEIC ePaploynS Twv NMAMIT kai

AAMI1, oTTwG @aiveTal oTnVv €TTOUEVN OEAiIda
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1 XNUaTiCoOuue TIG
00 0] 100 ? o1 [0 000 atmrAotroinpeveg TAA
1 0 (TTOU TTEPIEXOUV OVOV
_ | ouvdpopa Kal odnyoug
{ M |1 1 OUVOUAdWV) yia TIC
, H =| = TepImTwoelc NAMIT ka
| T 10 AAMM
[0 1
TAA yox TEAMI TAA yroa AAMIT
OEyog ZOovapouo Oémnyog Eiwvdpouo
TUVO LSS UV O LG CLg, SO LGOS VO LA
0000 v-H = 00 0000 00
0001 (000 1)-H = 01 0001 01
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0100 (0100)-H = 11 0100 11

——Dpog Aevalne



ATO®WOWOTONGY] (e 2OVOQO UL

Mapdadsiyua (ouveXeEla)

Me dedopuéEvoucg Toug Iivakeg 2uvopopwy kal Odnywyv Zuvouadwy
Tou C £av An@Bouv atrd tov 0KTN o1 Aé€eic y= 0110 kar 1111, n
atmrokwdIKkoTToinon Toug kata NMAMIT kar AAMIT €xer wg €¢NG..

YT1roAoyiovTal Ta oUvOPOUa TwV AECEWV TTOU EANPONnoav Kal
eAEyXovTal LUE BAON TOUC AVTIOTOIXOUC 0ONYOUC TwWV CUVOUAdWY TwV
[Mivakwv.

2 UYKEKPIMEVA, TO OUVOPOUA TWV AECewV TTOU €AN@Bnoav cival 0110-H
=01 ka1 1111-H = 10.

21NV Trepitmrwon 1S NAMIT, evrotriovTal aTrd TOV AVTIOTOIXO TTivaKa
o1 odnyoi cuvopadwy 0001 (yia s=01) kai 0010 (s=10) ka1 apa ol
LeTadoBeioeg KWIKEC Aé€elc eival 0110 + 0001 = 0111kon 1111 +
0010 = 1101, avrioToIXA.

2NV repitrtwon t1ng AAMIT, n AneBeioa Aégn 0110 (s=01) opoiwg pe
TTapaTTavw odnyei otnv KwoIkA Aégn 0111, evw atrd Tn AneBeioa AEEn
1111 dev odnyoupeBa o€ KATTOIO CUUTTEPACHA, EQPOCOV OEV UTTAPXEI
QVTIOTOIXOG 0dNYOC Kail ¢nTeital avapeTtadoon.
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* AideTal 0 cUOTNHATIKOCG YpAauHIKOS KwdIkag C = {000000, 001111,
010011, 011100, 100110, 101001, 110101, 111010}.

1. Znreital va Bpebei o MNevvATopacg Mivakag G Tou Kwdika.

« Amavrnon: Apkei va Bpebei hia Bdon Tou KWOIKa C, KATI TTOU ETTITUYXAVETAI
gQv peTagEpoupe o€ Hop@n KA (KAIMOKWTAC AlaTagng INpappwy) i MNKAL
(Mepropiopevng KADM) Tov TTivakd TToU aXNUATICETal ATTO OAEC TIC AECEIC TOU
C 1 KATTOIOU UTTOOUVOAOU TOU S IO TO OTTOI0 IOXUEl OTI TO YPOMMIKO
AVATITUYHG TOU(ONA. TO GUVOAO OAWV TWV YPAHHIKWY CUVOUACTHWYV TwV
AECewv Tou) Oidel Tov C (C = <5>). O apIBPOC Twv JIAVUTUATWY TTOU
atapTi(ouv TnVv Bdon amoTeAoUv Kal TNV O100TACN K TOU KWIKA

— 'Evag mivakag BpiokeTal ot popen KA av 6Asg ol UndevikES YPAUMHES gival OTO
KATW HEPOC KAl TO TTPWTO WN@io «1» («odnyodc») MIagC YRAMHMAS ival ot oThAN
Mo OeCIA o€ OXEON ME TO TTPWTO «1» TWV TTRONYOUNEVWY Ypauwy. Mia oThAN
TTOU TTEPIEXEI Evav «0odnyd» 1 KAAgiTal OTAAN «0dnyog»

— ‘Evac mivakag BpiokeTal ot popen MNKAI edv sival oe popery KAl kai eTTiTtAéov
IoXUEI OTI 0€ KABe aThAN 0dnyd Tou TTivaka dev TTEPIEXOVTAI AAAD WNPIa «1»
aAAG pévo wneida «O»

— 'Evacg Trivakag TiBeTal o popoen KA i MKA pe Tov pet/oud Tou ot d1adoyIKoug
I000UVANOUC TTIVOKEC HECW avTaAAaync OUOo ypauwY /KAl avTIKATAoTAoN
Miag ypapung atTd To dBpoIcua TOU EQUTOU TNG HE KATTOIa AAAN

« Me Baon ta avwTtépw o 'evvATopac Mivakac G Tou Kwoika C Ba £xel w¢
£gNG:

., —-00¢ Aevalng
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H Bdon Tou Kwoika C £xel W¢ £Cc-0TTwe O¢ @aivetal n didotacn k Tou C
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2. ZnTteital o mivakag 1ooTipiag H tou C Baoif{épevol otnv yvworn tou G.

L

Atravtnon: N'a tTnv eUpeon Tou H (lIcoduvapa piag faong Tou duikou
KwOIKa Tou C) apkei va oxnuaTtioBei o mivakag M, o o1Toio¢ atToTeAEiTal
HOVOV ATTO €KEIVEC TIC OTAHAEC TOU TTivaKa G TToU dev TTEPIEXOUV 00NYoUC
«1». (M = kx(n-k), k=01daTaon C kal N=HNKOC KWOIKWV AECEWV)
O oxnHaTiopog Tou Trivaka , H=[M I]7 (nx(n = K) ), emTUyXAveTal ATTO TOV
ivaka M(kx(n — K)) kai Tov mrivaka Tautotntac | ((n — K)x(n = Kk)). o
OUYKEKpPIPEVA, o TTivakag H (nx(n — K)) ox wc¢ eCNC:
— 2TIC TTPWTEC K YPAMUEC TOU H TOoTTOBETOUVTAI [E TN OEIPd O1 YPAUMES
Tou M.
— 2TIC UTTOAOITTEC (N— K) YPAMMEC TOU H TOoTTOBETOUVTAI Ol YPAMMES TOU
TTivaka TautotnTac | didoTtaoncg (n — K)x(n —k).
2Nueiwan: Mia don Tou OUTKoU KwOIKA Tou C aTTOTEAEITAI ATTO TIC OTHAEC
TOoU TTivaka H (1 TIC YPAMMEC TOU avdoTpogou TTivaka HT).

Me Bdon Ta AvWTEPW 0 OXNHATICUOC TOU TTiVAKAC ITOTIHIOC ToU C £XEl WG
€gNG:
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1 1 0
_ _ 0 1 1
I 1T 0O
{M } 1 1 1
M={0 1 p— = =
I 1 0 0O
I 1T 1
- - 0 1 0
0 0 1

3. ZnTEiTal N EVUPECT) TNC ATTOOTAONCG TOU Kwdika C pe xpnon Tou H
KaBwc¢ Kal 0 apiBpoc Twv o@aApdaTwy t TTou PTTOoPE 0 KWOIKAC va
dlopBwocr:

» ATmavrnon: XpnOILJOoTToIoUUE TO Oewpnua TToU ava@Epel OTI N ATTO0TAON
d evOg ypPAPMIKOU KWOIKA = JE TOV EAAXIOTO apIBud ypaupwy Tou livaka
looTigiag H Twv otToiwv 1o d6poicpa icoutal pe 0 (i 1Ic0duvapa o
eAAXIOTOC APIBUOC YPAUHPWY TTOU gival YPAHMIKA ECAPTNMEVEG).

» EIOIKOTEPA TTOPATNPOUNE OTI DeV UTTAPXEI CUVOUACTHOC avd 2 Twv
YPOHHWY Tou H Twv ommoiwv 1o dBpoicpa =0. AvTiBeTa TTaparnpeital ot
UTTAPXEI TOUAQXIOTOV £VAC OUVOUAOHOC 3 YPANUWY TOU TTivaka H Twv
oTToiWV 1O dBpoioua =0 dnA : (011) +(111) + (100)= (100) + (100) = (000)
Apda oUHeWvVA PE TO @ewpnua d=3 kal t= (d-1)/2 =1 kal dpa 0 Kwdikag C
UTTOPEI va OlopBwaEl TO TTOAU Eva OQAAUQ
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4. ZnTeiTal N EUPECT) TOU CUVOAOU TWV cuvouadwy Tou Kwdika C.

« Amavrnon: ZUPewva JE Tov opIoHO Hia cuvoudda Tou C TTpoodiopIoHEVN
aTro TN AEGN X MAKOUC N, (N=HRKOC KWOIKAC AEENG), cUHPBoAICeTal we C + X
Kl OPICETAI WC TO GUVOAO OAWYV TWV AECEWV TNEC HOPPRC C + X, 0TTou ¢ = C
(TO X €ival oTaBePO KAl TO C KUMAiveTdl o€ A0 TO eUpocC Tou C

ZxnHaTiopog Tumkig Alata¢ng Zuvopadwyv

» [1paKTIKG UTTApXEl HEBODIKOC TPOTTOC OXNHUATIOHUOU OAWY TWV CUVOHAOWY
Tou C = Tumkn Aldtagn zuvopddwy (Standard Decoding Array)

« AAyopiBpoc Aounong Tummikng Aiatagng Zuvouadwy ¢ (TAA)

» ‘Eotw c,,C,,...,Cy, 01 KWBIKEG AEEEIC TOU C (N K. d) pAKoug n, M=2% kal c,=
(0...0). H didtagn &e autn gival 2n% x 2k pe TIC 2"% ypaUHEC va ATTOTEAOUV TIC
ouvouadec Tou C. Ta BApATa yia TOV oXNMATIOUO TNC Eival:

1. O1 2kkWwdIKéC AéCelc Tou C TotToBETOUVTAI OTNV 1N YPAUUA HE TO TTPWTO
Umlxaio ¢ ypappng (atoé c:pmepc’x) VO ATTOTEAEI N C;4.

2. ()¢ TTPWTO GTOIXEIO TG 2NG YPAUMNG ETTIAEYETAI N AEEN €, (TO TTPOTUTTO
O@AApaATOC) HE TO EAAYXIOTO BAPOG Kal TO OTT0I0 OEV UTTAPXEI NON WG AEGN OTIG
TTPONYOUNEVESG YPAUUEG TNG DIATAGNG (OTN 1N YPAUMA OTNV GUYKEKPIHEVT
TIEPITITWAOTN) KAI TOTTOBETEITAI AKPIPBWS KATW ATTO TNV C,. H UTTOAOITTN 2N
YPAHHN oxXnHATi(eTal TIPOCBETOVTAC TO €, O€ KABE Eva ATTO TA AVTIOTOIXA
OTOIXEIA TNC TTPONYOUHEVNG YPAMMAS (OTIC KWAIKEG AECEIC TNG TNC YPAUMAG).

3. To BApa 2 eTTavaAapBdveTal Je Tov idlo TPOTTO EWC OTOU £CAVTANBOUV OAEC Ol
OIAQPOPETIKEG AECEIC UAKOUC N, KATI TTOU TTPOKTIKA GUHPBaivel oTav

oXNMATIOBED Kal N 2" ypauun TS dIATagNC

©2006, Xnbpog Aeviing



Acmncm [Noappuinwy Kodinwy

Ve Baon Tnv TTponyoupevn peBodoAoyia ol duvareg guvopadeg Tou C eival
2n+= 26-3=23=8 kal n TummKkr AIGTagn TToU TIC TTERPIEXEI EXEI WC AKOAOUBWC:

. EIOIKOTEPQ N TTPWTN CUVOUADA TAUTICETAI WE TIC KWOIKEC AECEIC ToU C.
1. C={000000=c,, 001111=c,, 010011 = c,, 011100 = c,, 100110 = c;,
101001 = ¢, 110101 = ¢,, 111010 = CB}

. [a TNV 2n quopuﬁu ETTIAEYOUE WG TTPWTO OTOIXEIO TNE (00NYO) €, Hid aTTo
TIG AECEIG PE TNV EAAXIOTN BapuTnTa, OnA. He BApOg 1, E0TW TNV 060001 =
TA UTTOAOITTA OTOIXEID TG TTPOKUTITOUV WG €.+ C,i=2 .

2. {000001=¢,, 001110=¢,+ c,, 010011 = ¢,+ c,, 0111{]1 =¢g,+ ¢4, 100111 =
€.+ c;, 101000 = ¢,+ c;, 110100 = g,+ c,, 111011 = &,+ Cg},

OMoiwe epyalOueVOl Kal YIA TIC UTTOAOITTEC CUVOUADEC TTAIPVOLE:

3 {000010, 001101, 010001, 011100, 100100, 101011, 110111, 111000},

4 {000100, 001011, 010111, 011000, 100010, 101101, 110001, 111110},

5. {001000, 000111, 011011, 010100, 101110, 100001, 111101, 110010}.

6. {010000, 011111, 000011, 001100, 110110, 111001, 100101, 101010,},

7 {100000, 101111, 110011, 111100, 000110, 001001, 010101, 011010},

8 {000101, 001010, 010110, 011001, 100011, 101100, 110000, 111111},

. OTTwg aiveral aTmé Ta TAPATIAVW CNHAVTIKOTATO OTOIXEIO Yia TOV
OXNMATIOHO TWV CUVOUAdWYV QTToTEAEI N ETTIAOYH TWV «0dNYWV» TOUG.
EI0IKOTEPA YIA TIC CUVOHADEG 2-7 ETTIAEYOVTAl WG 00NYOi OAEG O BUVATEG
AeGeI¢ BapuTnTag 1, evw yia TNV 8n cuvouada eTIAEYETal Hia A AUECWS
HEYaAUTEPNC Bc:pummg ONA. BApoug 2, TTOU va PNV TTEPIEXETAI OF AAAEC
ouvouadeg, n 000101 otnv O’UVKEKQIUEUH TTEPITITWAN
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5. Znteital pe Tnv BonBsia g Tutmmikic Aidtaéncg Tou C (dnA. Tou

OUVOAOU TWV CUVOHAdWYV), N ATTOKWOIKOTTOINCT TwV An@BévTwy
Aécewv 111011 ka1 111111, otn Baon Twv MAMI (MARpouc
ATTOKWOIKOTTOINONG Mawamg MBavoTnTag) kai AteAoug AMIN.

Atravrnon: ‘EOTW OTI £XOME HETADOON TNC KWOIKIG AEENC X. TTOU 00NyEi
OTN AQWN TNS AEENC Y = TOTE EXOME Y= X + €. = IOXUEI KAl X = € + Y KAl
CUVETTWC (ATTO 1010TNTA CUVOHUADWY TTOU avaPEPE! OTI EQOCOV TO ABPOITUA
2 NECEWV=KWOIKI AECN, OI AECEIC AUTEC TTEPIEXOVTAI OTNV iDIA ouvouada)=0l
AECEIC € (TTPOTUTTO OQAALQTOC) Kal Yy TTEPIEXOVTAI aTNV idla cuvoudda Tou C
[10 TNV €TTIAQYK TOU KATAAANAOU € AauBdveTal UTTOWN OTI TTPOTUTTA
OQAAMATOC MIKPOU Bdpouc AQUBAvVOUV Xwpad HE TN HEYaAUTEPN TTIBAVOTNTA
-ATTOKWOIKOTTOINGN HEYIOTNC MBavoTnTac (AMIT). 2ZUVETTWCE, YId TNV
ATTOKWOIKOTTOINON MIAC AEZNC APKED VA EQAPHOCOET 0 KATWOI aAyopIBuoC

AAyopiBuoc¢ atrokwdikotroinong ge tn fonbeia Twv Zuvouddwy

a. AQWN TNC AECNC Y KAl UTTOAOYIOHOC TNG CUVONAdag C + y OTTOU TTEPIEXETAL.
B. ETIAoYRA TS AETNC €, EAAXIOTOU BApPOUC, TTOU TTEPIEXETAI TN CUVOHAda C +

y. Av e TTepIOOOTEPEC AECEIC TG ouvouddag C + vy, e eAdXIOTo BApag, TOTE
otnV (MAMIT) atToKwAIKOTTOINCN ETTIAEYETAI QUBAIPETA Wid £ AUTWYV, EVW
otnv AAMTI1 ammokwdikoTroinan {nTeital emavdAnwn TG JeTadoonc.

Y. YTTOAOYIOUOC TNC KWOIKAC AETNG X TTOU PETAOOBNKE WC X =Y + €.
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Aounon INoappinewy Kedinwy

Me Baon Ta TTponyoupeva, epapuolovTag Tov ahyopiBuo atToKwdIKOTToiNONG
yia TI A&Ceic 111011 kar 111111 €xope:

Ma v 111011 epappdlope 1o BAKA A KAl BPioKOUE OTI AQUTH TTEPIEXETAI OTN
21 CUVOHAda, oTnv oTToid n AECn HE TO PIKPOTEPO Bdpoc eival n 000001.
ETTopEVWC, OUMPWVA HE TOV dAYOPIBUO ATTOKWOIKOTTOINCONC KAl YId ThV
MTAMIT kai yia Tnv AAMIT TTepitTTTwaon, CUPTTEPAivouE OTI HETADOBNKE N
KwaIKr) Aé€n 111011 + 000001 = 111010.

2TNV TTePITTWaon AQWNE NG Aégng 111111, TapatnPoUpE OTI AUTH TTEPIEXETA
oTnv 8n cuvopada Tou C, OTTOU OIATTIOTWVEI OTI UTTAPXOUV TPEIC AECEIC ()
TPia TTPOTUTTA CQAAMATOC) HE TO eAdxIoTo Bdapog, ol 000101, 001010 kal
110000. H emAoyn Hag eCapTdTal Ao 10 av Baoilopacte otnv NMAMI i TV
AAMIT. Av €xoupe epappoyn TS AAMIT, 161 {NTAPE AvadeETAdOON TOU
HNVUOpaToc. Av egapuodletal n MNAMIT, emAgyoue auBadipeTa £va aTro 1A
TTPOTUTTA TQAAUATOC JE TO EAAXIOTO BApog, £0Tw 10 000101 Kal
oupTTEPaivouE OTI HETadOBNKE N KWAIKA Aeégn 111111 + 000101 = 111010.
Av gixape emAECel To TPOTUTTO O@AApaTog 110000, Ba eixape cupTtrepdvel Tn
HETAO0ON TS KWOIKAC Ae¢n¢ 001111 Kal av gixape eTIAECEI TO TTPOTUTTO
o@dAparoc 001010, Ba eixape odnynBei oTnv KWAIKA Aggn 110101.
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Aoynon Fooppiney Kwodixwy

6. ZnreiTal Tmpu n ammokwdikotroinon Twv Aéfswv 011111 kau 101111, yia
Ti¢ repimrTwoel MAMIM kar Tng AAMIT pe TV XpRon cuvdpOopwY ToUG

* Amavrnon: 2UP@uwva PE TIQ IB0TNTEG TWV GUVOPOHWV av Oev UTTAPEoUV
O@dApara aTtn peradoan, n AngBeica Aegn y Ba avikel aTov Kwdika C Kal
TOTE TO OUVOPOUO TG s=y -H = 0 eIidaAwW¢ s=y-H =g H

« ATO IDIOTNTA ZUVOPOUWY =ETTEIDN OAEC 01 AECEIC HIAC TUVOUADAC £XOUV TO
i010 oUVOPOO, TO GUVOPOHO AUTO PTTOPE VA XPNOINOTTOINGET avTi TNG
guvopdAdag yia Tov TTPOGOIoPIoHO TNG. ETOI, APKED va £XOUHE ATTO KABE
OUVOHAOQ HOVo TO CUVDOPOMO TNG KAl TN hsf,n ME TO eAdXI0TO BAPOC (00NYO
¢ quupaﬁug) Y1 QTTOKWOIKOTTOINGN HIAc AngOgioac AE¢NC

« Apdn ekTeTapevn TUuttiK AldTagn ATTOKwOIKOTTOINONG (ME OAEC DNA. TIC
OUVOMAO0EC) UtTopEi va atTAoTToINBEl o€ TTIVAKA TTOU TTEPIEXEI MOVOV TA
oUvOpola Kal TOUC 00nyou¢ KaBe cuvopadac.

Me Bdon Ta TTPOAEXEEVTA TTPOKUTITEI O KATWO!1 AAYOPIOBUO ATTOKWOIKOTTOINONC

AAyop10poc AtTTokwdikoTToinong HE TNV Bondsia Zuvdpopuwy

d. AQWN NS A£ENC Y Kal utToAoyIONOC TOU ouvOpOpoU s=y-H.

B. EUpegon Ao TNV TpoTToTroINMEVN TUTTIKR AldTagn ATToKwOIKoTToinong- (dnA.
ToV [Mivaka Zuvopopwy Kal Odnywv 2uvouddwy) Tou odnyou &€ TTou
QVTIOTOIXEI OTN cuvouada pe ocuvdpopo s=y-H. Av dev UTTApPXE
avTioToIXo¢ 00nNyoc¢ TNE ouvouadac, ToTe CnTEiTAl AVANETADOON,.

— Av Mo guvoudda Exel TrTeplocoTepeG atTd 1 Aé€eic eAdxioTou Bdpouc, otnv MNMAMIT
ETTIAEYETAI Mid ATTé AUTEG auBdipeTa wW¢ 0dnyog cuvouddag aTov TTiVaKd, VW
oTnv AAMIT dev emmIAEyeTal Kaia Kal MEVN KEvR N avTioToixn B£on otov MNivaka.

Y. YTTOAOYIOHOC TNC KWOIKAC AEENC X TTOU HETADOBNKE, WC X =Y + €.
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‘ Aounon INoappinewy Kedinwy

ZUHpwva JE Ta TTponyouueva uttoAoyilope KaTtd TTpwrtov Tov) MNivaka Odnywy

2UVOMAdWYV Kal Zuvdpduwy yia NMAMIT kol AAMI pe kaBe ypdupr Tou lMivaka va
TTEPIEXEI OVOV ToV 00NyO cuvopddag Kai To oUvdpoud TnG. EidikdTepa yia tnv AAMIT
a@rvoue Kevrh Tnv Béon Tou odnyou TnE 6n¢ (oTov lNMivaka) cuvoudadac KaBuwg OTTwC
gaivetal até TNV TUuTTIKh AIdTagn cuvopddwy TTEPIEXE! TTAVW dATTO 1 AEEEIC EAAXIOTNC
BapuTtnTac (Tic Pdpouc 2, 000101, 001010, 110000 oTNV CUYKEKPIKMEVN TTEPITTITWGON)

TAA yua HAMI TAA e AAMII
Oényog Livdpouo Oémyoc Livdpopo
cUVOpaDOg UV OO0 CUVOHaSNG cuvopadag
DO0O00 y.H = 000 000000 o0
000001 (0000015 = 001 000001 001
000100 (000100).H = 100 000100 100
000010 (000010).H = 010 000010 010
01 0000 (010000).H = 011 010000 011
000101 (000101).H = 101 —_— 101
100000 (100000)H = 110 1 00000 110
001000 (001000)H = 111 001000 111
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I'PAMMIKOI KQAIKEY.
(KQAIKEY HAMMING)
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Noappinol Kwoweg (Kwoweg Hamming)

Opi0116g: ‘Evag KwOIKAg UAKoUg N = 2" — 1 (r22) Kal TTivaka EAEyXou
IooTIpiag H, Tou otroiou (H) ol ypappeg atrapTiCovTal aTro OAEG TIG
OUVATEG N unéavmeg AECeIC unKoug 1, ovopadletal kwdikag¢ Hamming
UKoug 2" —

o H 6|0(0Tuon k TOU KWOIKA = n-r = 2" — 1 —r Kal utropei va deixOei 011 d=3. Apa

Krré)pouv va diopBwoouy t=| (d-1)/2]= 1 AdBog kai va avixvedoouv d-1= 2
aon

0 = apIBuog (TTAeovalovTwv) blts IOOTILIAG KAl ApIOUOG KWwOIKWYV AECewv (Kal
UNVUPETWV) |Cl= 2= 2 2'-T-

o O pubudc nAnpocpoplag £vOG duadikou Kwolka C HAKOUG N gival ioog e
(1/n)log,|C]| = [log, (2 2'=r-1y)/(2r = 1)= (2" = r — 1 )/(2" — 1) EUkoAa @aiveTal
atrd TN oxEon Ot 0 pubuSS TTANpo@opiacg TTANCIAlel 0TO 1 yia UWNAEC TIMEC
TOU I

m.X. O1 Tapakatw Kwdikes (n,k,r) givalr kwdike¢ Hamming

(7,4,3), (15,11,4), (31,26,5) ...

2UUTTEPOOUATIKA Ol KWwOIKEG Hamming gival KWOIKEG Pe UYNAoOUg

PUBLIOUG TTANPOPOPIAG KAl OXETIKA HIKP aTTéoTaon d. ETITTACOV OTTWG

Oa OeixBei TTANpoUV Ta KPITAPIA TWV TEAEIWV KWOIKWVY EVW TOOO O

oxnNUaTiopog NG TAA 600 Kal n d1adikaaia aTToKwOIKOTToiNONG UTTOPEI

va atTAOTTOINBEI KATA TTOAU
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Noappinol Kwoweg (Kwoweg Hamming)

Napadeiyua: Kwdikac Hamming (7,4,3)
2UHQWVa UE TOV OPICHUO, £VAC TTIVAKAG EAEYXOU I00TIHIAG EVOG KWOIKA
Hamming urikoug 7 (r = 3) Ba UITopouce va £XEl 0AV YPOLUES OAEC TIC
N UNOEVIKEC AECEIC UKOUG =3, OnA:

0 0 1
ATTo Tov Nivaka H ptropei eUkoAa va de1xBei o011 d=3 pia Kal autog gival

0 EAAXIOTOC APIOUOC YPOUUWY TOU H TO ABpoiopa Twv OTToiwv IcoUTal

HE HNOEV.

o—TX-In+2n-+3n- ypapph={101]+[011]+[111] =[111]+[111]=[000]

EmimrA€ov 1oxUel k= n-r=4 ka1 |C|= 2% = 16
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Noappinol Kwoweg (Kwoweg Hamming)

Mapadsiyua (ocuvéxela): Ao Tov Trivaka H UTTtopoupe, akoAouBwvTag Ue
avTioTpon ocipd Ta Pripara TS diadikaoiag axnUaTiopou Tou H atrd 1o
vevvnropa trivaka G o€ popon MNKAIN va oxnuartiooupe tov G Tou KwOIKA.
[TapakATw, EKTOC ATTO TOV YEVVATOPA TTiVAKA TOU KWOIKA aTtTeikovidovTal
ETTIONG KAl Ol KWOIKEG AECEIG TTOU TTPOKUTITOUV ATTO ToV G UETA TOV TTOA/ OO
TOU HE KABe éva atrd 1a 24 =16 unvouata (AEEIC UNKOUG 4 bits)

oo 0 o 0 0 |1
R T ) T T
ir =
o o [ o1 1 1
'_|} o o 1 |1 1 o
S 1 S { S T S T

0000 0000000 0100 0100110 1000 1000101 1100 1100011
0001 0001011 0101 0101101 1001 1001110 1101 1101000
0010 0010111 0110 0110001 1010 1010010 1110 1110100

0011 0011100 0111 0111010 1011 1011001 1111 1111111
Q2006 > Zhaae e viinG




Noappinol Kwoweg (Kwoweg Hamming)

Ammokwadikorroinon Hamming KwoiKwv

O oxnuatopog Tou NMivaka 2uvopduwv kal Odnywv Zuvopuddwv
EVOC KwAIKa Hamming €ival TToAU €UKOAOG. A@QOoU 0 KWAIKAG
dlopBwvel KABe atrAG o@AAUa, OAa Ta duvaTA TTPOTUTTA OPAALATOG
Bapouc 1 Ba TrepIEXOVTAl WC 0ONYO0I TWV CUVOUAdWY .

Emiong (ammo Tnv 1016TNTA 3 TWV GUVOPOHWY, €.H) TTPOKUTITEl OTI TO
avTioTOIX0 GUVOPOO gival n ypapun Tou h, tou H= [hy, h,,...h....h T
TTou Tro)\)\an)\amaCeTal ua TO HOVadIKO «1» TOU odnyou r] 'ITpOTU'ITOU
o@aAparog) £=[0,0,. .,0]

Odnyo¢ Zuvouadag 2Uvopolo (A&én unkougr)

00.... 0 00...0
00.... 1 h,
00...10 h,,
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Noappinol Kwoweg (Kwoweg Hamming)

Ammokwodikorroinon Hamming KwoiKwy (CuvExEIa)

EtravadiatutrwyvovTtag TnV 1I01aITEPOTNTA TOU CUVOPOUOU EVOG
Hamming KwOIKA TTOU TTEPIYPAPNKE TTPONYOUUEVWG EXOUE: TO
oUVOpOUO Hiag AneBeicag Aegng y TauTieTal pe pia ypappun hy tou Hn
0£on Tn¢ otroiacg TauTileTal e TRV BE0N OTO €, APA KAl OTO Y 6TTOU
UTTAPEE OPAAUQ

Me Baon Tnv avwTépw dlatrioTwon KaBioTaral pavepo OTl yIa
atrokwdlkoTroinon Hamming Kwdikwyv dev Xpeialetal TTAéov o livakag
2UVOPOUWYV Kal Odnywv cuvouadwy Kai n 6An diadikaaoia
QTTAOTTOIEITAI OTOV TTAPAKATW AAYOPIBLIO

AAyOpI0uoc ATTokwoiIkotToinonc Hamming Kwoikwv

Edv x=peTadoBeioa Aegn, y=An@Beioa Aegn, (AUPOTEPEG UNKOUG N) KAl
H=Trivakag 100TIliag evo¢ Hamming KwAIKa TOTE yIa UTTOAOYIOUO TNG X
EXOUE:

YTroAoyiouo¢ Tou ouvdpopou s=y- H

Edav s=0 = n y tauTtileTtal pe TNV peTadoBeioa AEEN X

Edv s#0 10T€ TO S TAUTICETAI [LE pia LOVADIKN YPOUMN TOU H, €0Tw TNV

h,. Tote amAwg TpooTiBetal €va 1 (mod2) otnv i GUVTsTayuavn TOU Y
KQI TO atToTéEAeoHa pag divel TNV HeTadoBeioa AEEN X
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Noappinol Kwoweg (Kwoweg Hamming)

Napadseiyua: Eappoyrn ATTokwdIKoTToinong otov Hamming kwoika (7,4,3)

Eav €xel An@Oei n AéEn y=0000001 16T€ yIa TNV €UPECN TNG KWAIKAGS (KaTA

Hamming (7,4,3)) Aé¢NG X TTOU €0TAAN EXOLE:

o To oUvOpPOMO S TTOU avTIoTOIXEI OTNV Aé¢n Y = s= (0000001) H = (001) . OT1twg
@aivetal atmrd Tov lNivaka H (aAAG kal a1rd TOV TTAPAKATW TTiVAKA CUVOPOUWV-
odnNywv cuvouddwyv) To s TauTileTal Pe TNV 7n ypauu Tou H. Apa apkei va
aAAG&oupe 1o 70 bit Tngy amd 0 o€ 1 (looduvapa va TTpooBéooue 1 = 0+1=1)
Kal ouveTtwg x=0000000

Odnyo6¢g Zuvouadag 20vOpolo (AEEN LAKOUG 3)
0000000 000

0000001 (001)= h,

0000010 (010)= hg

0000100 (100)= hg

0001000 (110)=h,

0010000 (111)= h,

0100000 (011)=h,

1000000 (101)=h,

10
0 1
1
|1
| 0
0 1
0 0
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KYKAIKOI KQAIKEX
(Cyclic Codes)
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Koot Kwowrec

Eicaywyn:

[la va €xoupe atrodoon KovTa oT1o Opio Shannon odnyouuaoTE
QAVATTOQEUKTA OTN XPNON YPOUMIKWY KWOIKWV HEYAAWY dIA0TACEWV
(k>>20)

o TETo101 KWOIKEG €ival TTOAU OUOKOAO va uAoTtToinBouv o€ UAIKO

['1a TTPAKTIKOUG AOITTOV AOYOUG KAVOULE OoXEOOV ATTOKAEIOTIKI XpPNon
EVOC UIKPOU UTTOOUVOAOU TWV YPAUMUIKWY KWOIKWV, TV KaAQ
OOUNUEVWY KUKAIKWY KWOIKWV

0 EUkoAoG kal KOUWOS aAYERPIKOC XEIPIOUOS KUKAIKWY KWOIKWYV HECTW
TTPACEWV TTOAUWVUHWY

0 ZXETIKA EUKOAN UAOTTOiNON HECW AMECNS AVTIOTOIXIONS TTOAUWVUUIKWVY
TTPACEWV PE DOUEC KATaXWPNTWY OAICONoNG yia
KWOIKOTTOINON/ATTOKWOAIKOTTOINON

YTTAPXOUV HEV APKETOI KUKAIKOI KWOIKEC AAAG OUYKPIVOUEVOI IE TOUG

YPOUMIKOUG €ival TTPpAyHATIKA EAAXIOTOI

o [o mapddelypa av kai utrdpyouv mepitrou 11 811 ypappikoi (7,3) duadikoi
KWOIKEC UOVOV dUO aTTO AUTOUG €ival KUKAIKOI
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Koot Kwowrec

‘Eotw ¢ pia kwdikn Aégn evog ypappikou kwodika C étrou ¢=(Cy,Cy,-..,Ch.1)

o Apiorepn KukAikny Merarommion (Left Cyclic Shift) puag KwdIikAG AEENG ¢ gival autn
KATA TNV OTToia KABE wn@io TNG KWOIKAG AEENG LETATIBETAI TTPOG TA APIOTEPA

[.x peTakivnon tng ¢ kata pia 6€on, Kk (c)=c'=(c,,C,,...,Cyq, Cp)

o Aegéid KukAikn Meraromon (Right Cyclic Shift) puag kwdikig AéENg ¢ gival auTh

KaT& TNV o1Toia KABe Wnoio TNG KWOIKNAGS AéENG METATIOETAN TTPOC Ta DECIA
M.x perakivnon tng ¢’ katd 4 Béoeig Kg*(C)= ¢ "=(C,, 5,C,19:C1,.1:Cps Cqse-+» -++sCr5s Crra)

Opiouoég: ‘Evac (n,k) ypauuikég kwdikag C KaAeital KUKAIKOG av n KUKAIKNA

LETATOTTION KABE KWOIKNG AECNC €ival Kal auTr] KWOIKN AECn.

lNaparnpnoeic

o [poooxn!! AuTo TToU Agel 0 OPICUOG Eival OTI N KUKAIKA HETATOTTION TTOPAYEl AEgN
n otroia kal autry € C. AEN A€gl 611 6AOG 0 KWAIKAC UTTOPEi va TTapaxBei atrd
KUKAIKEG METATOTTIOEIS IAG KWOIKNG AECNG.

M1.X. To unNdeVIKO OTOIXEIO EVOC KWOIKA OEV Eival ATTOTEAEOA KUKAIKAG LETATOTTIONG

o O ouvduaopog TNG YPOUMIKOTATAC KAl TNG KUKAIKOTNTAG UTTOPEI va TTapAcel OAo
TOV KWOIKQ.

o Ava@opika HE TN ouvapTnon KUKAIKNG KETATOTTIONG K(.), 1I0XUElI K(X + ) = K(X) +
K(y) kal k(ax) = ak(x), 01Tou X, y Aéceig kal ae K ={0,1}. Emopévwg yia va
oci¢oupe 011 Evag KWOIKAC gival KUKAIKOC apkei va ogiéoupe o011 K(X) eC, VX € Baon
Tou C
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Koot Kwowrec

Mapadeiyuara

MepIKOI TETPIMMEVOI KUKAIKOI KWOIKEG TULPWVA UE TOV WS Avw

OPICUO €ival:

o O (n,1) Kwdikag eTavaAnyng He KwOIKEC AECeIC TNG Hopen ¢ (a,q,..., a),
ae {0,1}

a O (n, n-1) KWAIKAG aTTANG I00TIHIAG , dnA. > ¢;=0, ¥V X= (Cy,Cy,..-,Cpr.1)s X €
C

Na ecetaoBei eav o C = {000, 110, 101, 011} cival KUKAIKOG KWIKAG

0 Npwrta gAéyxeTal av gival ypappIKOg KWAIKag, OnA. av 1o dBpoiopa
OTTOIOVONTTOTE BUO I TIEPICOOTEPWY KWIIKWYV AEGEWV €ival ETTIONG KWOIKN
AEEN Tou C, TTOU OTNV TTEPITITWON HOC IOXUE

0o Karomv egetddovral 01 KUKAIKEG METATOTTIOEIG OAWY TWV KWOIKWV AECEWV
Arol: K(000) = 000, k(110) = 011, k(101) =110, k(011) = 101. Epooov
OAEC KATOAYOUV 0€ KWOIKEC AECEIC, O KWOIKAG gival KUKAIKOG.

Na e¢eTaoBei eav 0 YPAUUIKOS KWOIKAG (5,2) pe C = {c,=00000,
c,=01101, c,=10111,c,=11010} eival KUKAIKOG

a K (c)=K(01101)=11010=c4
o K (c3)= K. (11010)=10101¢C
0—ApPa-0-YPOLUIKOG KWOIKAG-OEV-EIVOILKUKAIKOG
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Koot Kwowrec

Mapadeivuara (CuveEXEia)

Kartaokeun ypaupikou kwdika Hamming (7,4) atrd Tnv KWOIKA AEEN
0001011

1. Mndevikd oToIxEio 0000000

2. Kwoikn Aégn 0001011

3. 1" ApIOTEPN METATOTTION 0010110+

2. 2" ApioTEPN HETATOTTION 0101100

5. 3" APIOTEPI METATOTTION 1011000

6. 4" APIOTEPN METATOTTION 0110001

7. 5" ApIOTEPN HETATOTTION 1100010 o
g. 6" ApIOTEPN UETATOTTION 1000101 «— a
o. ABpoiopa KwdIKWwV Aécewv 0001011+0010110 (BAua 2,3) 0011101 T
10. 1" ApioTepr HETATOTTION KWOIKNAGS AéENc 0011101 (Briua 9) 0111010

1. 2" ApIOTEPI METATOTTION 1110100

12. 3" APICTEPI LETATOTTION 1101001

13. 4" APIOTEPN METATOTTION 1010011

14. 5" ApIOTEPN METATOTTION 0100111«

15 6" APIOTEPI METATOTTION 1001110

16. ABpolopa KwdIKwV Aé¢ewv 0001011+0010110 (Brua 2,11) 1111111
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Koot Kwoweg - Mabnpotino
YrnoBabpo

['1a KATAAANAO QAYEBPIKO XEIPIOUO KUKAIKWY KWOIKWVY (A.X. TV

KUKAIKWYV UETATOTTIOEWY) UIOBETEITAI N TTOAUWVUUIKT HOP@n TWV
KWOIKWYV AECEWV:

EidIkOTEPQ, Hia AEEN @ PnKoug n, atroTeAoupevn aTrd Ta bits a, ;... a;,.
1, TTAPIOTAVETAI WG EVA ﬂoAuwvuuo Baeuou (n—1) pe GUVTa)\aoTag
oto ouvoho K ={0, 1} a, + a;x + a, x> +... + a,, X"1. To ouvoAo 6Awv
TWV TTOAUWVUPWYV PE ouvTeEAEOTEC O0TO K ouuBoNCaTm ue K[x].

O1 mpdgelg Tou moAdammrAagiaguou Kai NG mpooPeong HETAGU
TTOAUWVUHWY Tou K[x] ouvTeAoUvTal OTTWG KAl HE CUVTEAEDTEG OTO
OUVOAO TWV AKEPAiIWV I TTPAYUATIKWY apPIOUWY,

o Hdiagopd Eykeiral a1o 0TI TO ABPOICHA DUO CUVTEAECTWY iIOWV HE 1 Divel
0, donAadn 1 + 1 =0 kal EMOMEVWS X"+ X"= (1 +1) x"=0

['la TNV d1gipgean TTOAUWVUU WY I0XUEIL:

o Av(x), g(x) € K[x], pe g(x) #0, 161€ UTTAPXOUV TO HOVODIKA TTOAUWVUHA
q(x), r(x) € K[x], TeTola waTe f(x) = g(x) - g(x) + r(x), 6tTou r(x) €ivai 10
UTTOAOITTO Kal €iTE r(X)=0 €iTe 0 BaBUOG TOU €ival HIKPOTEPOG TOU Babuou
Tou g(X) (deg r(x)< deg g(x)) kai g(x) ivair To TTNAiIKO TNG dIAipEONC.

o H daipeon moAuwvipwy oto K[X] yiveTal wg ouvnBwg, EKTOG atro Tnv
AVWTEPW Olapopd oTNV TTPOCOECN TWV CUVTEAECTWV.
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‘ Korxdrot Kwoweg - Mabnpotino

YrnoBabpo

MNapadeiyua: H mapdotraon tou kwodika C = {000000, 100100,
010010, 001001, 110110, 101101, 011011, 111111}. pe
TTOAUWVUQ, TTEPIEXETAI OTOV AKOAOUBO TTivaka:

Kook AESh [ToAvavono
000000 0

100100 [ +2°

010010 x +x*

001001 X+

110110 | +x+x° +x*

101101 | +x° +x +x°
011011 x+x24+x2+x

111111 l+x+x22+x +x+x°
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Koot Kwoweg - Mabnpotino
YrnoBabpo

MNapadsiypa diaipeonc TOAUWVULLWYV
H diadikagia d1aipeang TwV TTOAUWVUHWY (1 + X + X% + x2)/(1 + X?) £xel
WG EGNG:

x3 + x + 1 (=1TnAiko)

X3 + X

> UVETTWG TO TTOAUWVURO 1 + X2 diaipei akpIBWS To TTOAUWVUHO 1 + X +
X? + x° (OnA. uttéAoITTo=0) Kal To atmoTéAeapa (TTNAiko) givar 1 + x + x3.
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Koot Kwoweg - Mabnpotino
YrnoBabpo

Modulo apibunrtikn ora moAuwvuua

Av f(X) , g(x) = TToAuwvupua, T10TE TO f(X) Mod g(X)= Ye TO UTTOAOITTO TNG
6|a|paor]g Tou f(x) pe To g(X), OnA gav f(x) = q(x) -g(x) + r(x), T0TE f(X)
mod g(x) = r(x) N f(x) = r(x) (mod g(x)), dnAadr To TToAuwvupo f(x) eivai
1I00TIMO (1 Ic0dUVaLO) pe TO r(X) (mod g(x)).

loodUvapa To f(x) mod g(x) IooUTal JE TO HOVADIKO TTOAUWVUHO r(X)
T€T010 WOTE TO f(X) - r(X) (f(X)+ r(x) oTNV TEPITITWON HAG WIA KAl Ol
OUVTEAEOTEG TWV TTOAUWVUUWV=0 1} 1) va diaipeital atro 10 g(X) kai deg
r(x)< deg g(x)

AUO0 TToAUWvVupa f(x), h(x), Ta otroia diaipoupeva e TO idIO TTOAUWVUUO
g(x) €xouv T0 id10 UTTOAOITTO r(X), XapakTnpiovTal Icoduvapa mod g(Xx)
Kal n oxéon 1o0TIHiag r} icoduvapiag oupoAiletar pe f(x)= h(x) (mod
9(x)).

MNapadeiyuara:

x" mod (x” +1) =1 di16T x’ = 1(x’ +1) +1,

x3mod x2 =00316TI x3 =X - x2 +0,

x2mod x3 =x2 0101 Xx2 =0 - x3 + %2
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Koot Kwoweg - Mabnpotino
YrnoBabpo

1516TnTEC TOU MOdulo TeAgoTn

Eav deg P(x)<deg M(x), 1ot P(X) mod M(x)= P(X)

o TLX. X2mod x3 = x?

Eav 1o M(x) diaipei To P(x), 101€ P(X) mod M(x)=0

o TX.x2modx? =0

(P(x) + Q(x)) mod M(x) = P(x) mod M(x) + Q(x) mod M(x)

o Y. (X7 +1) mod x” =x’mod x’ + 1modx’ =0+1=1

(P(x) - Q(x)) mod M(x) = (P(x) - (Q(x) mod M(x)) ) mod M(x)

o X (X8 +x) mod (x? +1) = gx(x2 +1)) mod (x? +1)=(x- ((x? +1) mod (x? +1)))
mod (x2 +1) =(x -0) mod (x? +1) = 0 mod (x? +1) =0

EAC%V)TO M(X) diaipei To N(x), To1e (P(X) mod N(x)) mod M(x) = P(x) mod
X

o .Y (X% +x+1) mod x? ) mod x = (x? +x+1) mod x =1

H oxéon (modulo) 10oTIiag HeETagu dUO TTOAUWVUHWY dlaTtnpEiTal Kal

LETa TNV TTPO00EON 1 TOV TTOAAATTAQCIOOUO HE £VA TPITO TTIOAUWVULO,

onAadn av f(x)= h(x) (mod g(x)) 16T1€ f(X) + p(X)= h(x) + p(x) (mod g(x))

Ka f(X) “P(X)= h(x) -p(x) (mod g(x)).
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Kourdnot Kwodweg (I610tnteg nundnng

LETATOTILONC)

Oswpnua: ‘Eav c= (¢, ,Cq, ... , C,1) EiVaAI Hia KWOAIKN AEEN EVOG KUKAIKOU
KWOIKa C e TTOAUWVUWIKA ouvapTnan c(X)=Cy + CX + C, X +... + ¢, ; X!
TOTE N KUKAIKN petatotmion (TTpog 1a OeCIA) Tou C, K%C), QvaTTapIoTATAl ATTO TO
TToAuwVvUpo cR(x) TTou dideTal atrd Tnv ouvdpTtnaon: cR(x) = x c(x) mod (x"+1)
Amodeién: EQOcov c(X) =Co+ C X +... + €, X" = X-c(X)= CoX + C X% +... +
Cro X1 + ¢ XM evw CR(X) =, + CoX +... + ¢, X1

ToTe x-¢(x) + cR(x) = ¢, (X" +1). Epbdoov deg cR(x) < deg (x" +1) ka1 X c(x) +

cR(x) = moAAatTAdaio Tou (X" +1) 161 cR(X) = X ¢(X) mod (x" +1) atmd Tov

OopIoUO Tou modulo

ATIO TO WG Avw Bewpnua pTTopEi va dIaTuTTwOEl To £¢NG: 'Evag KUKAIKOG

KWOIKAG €ival EVOC YPAUMIKOS KWOIKAG TETOIOC WOTE €AV C(X) €ival KwOIKNA

AEEN, TOTE Kal N X-c(X) mod(X" +1) €ival eTiong KwAIKA AEEN.

o Eg@appolovtag eravoAapBavopeva KUKAIKEG HETATOTTIOEIG CR(X) OTTwG opilel TO
Bewpnua, eUKoAa ptTopei va deixBei Ot X' ¢(x) mod (X" +1) gival €TTiong KWOIKN AEEN
yia 0Aa T1a i20 (yia i=n = cR(xX) = c(x))

o 2710 €€ng n P(x) mod (x" +1) 6a oupPoAifeTal kai wg [P(X)],

Mapadsiyua: Qcwpoupe TNV KwOIKA Aégn ¢ = 1101000 ukoug n = 7. ToTe
ch) =1+ x + x3kal X ¢c(x) = X + x% + x* avammapiotd TN Aégn 0110100 =k(c),

X% - c(X) = x? + x3 + x> avammapiotd TN AéEn 0011010=k(0110100), x3 -c(x) = x°
+ x4 + x® avatrapiotd T Aé€n 0001101=k(0011010), KoK
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Koot Kwoweg (IToAvwvopo I'evwntopag)

Oswpnua: Av C cival €vag KUKAIKOG KwIKag Kal ueC, TOTE yia KABE TTOAUWVULIO
a(x), n A&¢n € TTou avTIOTOIXEI OTO TTOAUWVUHO ¢(X) = a(X)u(x) mod(1 + X") avAKel
oTov Kwodlka C.

ATroiSal&n Av a(x) = (a0 + alx +a, X2 +... + a,; X", 161€ c(X) = a(x) u(x) mod(1

+X") = (g, + alx +a, X, + - 1)u(x) mod1(1 + X") = (8, u(x) + a;xu(x) + a,
X% u(x) + . x"-1 u(x)) mocr(l + X"). A6 1816TNTa 3 Tou Modulo = ¢(X)= a,
[u)],, + a [xu&%]n c+a, X" ux)], - E@ooov 10 ¢(X) gival yPappIKOG

ouvéuacuog TOU U(X) KQl TWV (N — 1) KUKAIKWV PETATOTTIOEWY TOU TTOU OAEG TOUG
eC, 101E n avTtioToIxn AéEN ¢ TTePIEXETAI OTOV KWOIKa C.

MoAuwvupo-I'evvATopag: 2 £va KUKAIKO KWOIKa C UTTAPXE! Hia LovadIKr) AEgn
g, TNG OTTOIAG TO AVTIOTOIXO TTOAUWVULO g(X) €XEI TO IKPOTEPO BaBUO o€
OUYKPION HE TA AVTIOTOIXO TTOAUWVULO OAWY TWV GAAWV LN UNOEVIKWY AEGEWV.
To moAuwvupo gAayioTou BablioU Tou avrioTolXei o€ auTn Tn povadikn, un
unodevikrn), Aé§n Tou C KaAeital moAuwvupo — yevviropag. OvopdadeTal
YEVVATOPQG yiaTi yia KaBe TToAuwvupo (A£gn) c(x) € C, uTTAPXElI TTOAUWVULO a(X),
TETOIO WOTE C(X) = a(x)g(x) mod (1 + x"). To ﬂoAuwvupo YEVVATOPOC dlaIpEi OAEC
TIC KWOIKES AECEIC C(X) €

MNapadeiypa: MNa tov KUK)\ kwdika C = {000, 110, 101, 011} n Aé&¢n # O TTOU
QVTIOTOIXEI OTOV HIKPOTEPO TTOAUWVULIKO BaBuod gival n 110 Ue avamapacTaon
1+x = 0 yevvnTOpag TTOAUWVUHO g(X). Npayparti, OAEG 01 KWOIKEG AEEEIG UTTOPOUV
Va TTPOKUWOUV WG TTOAN/O1a TOU ggx) KaBwg: (000) = 0g(x), 101—1+ x? =
(1+X)(1+x)=g(x)(1+x), 011—x+ x* = X (x+1)=xg(X)
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Kourdnot Kwoweg (ITToAvwvupo I'evwnropag)

MNapadeiyua

Kartaokeun ypaupikou kwdika Hamming (7,4) atrd Tnv KWOIKA AEEN
0001011

1. Mndevikd oToIxEio 0000000
2. Kwoikn Aégn 0001011
3. 1" ApIOTEPN METATOTTION 0010110
2. 2" ApioTEPN HETATOTTION 0101100
5. 30 ApioTepn petarémon | MoAuwvupo yevvitopag | < 1011000
6. 4" ApIOTEPN UETATOTTION 1+x2+x3 0110001
7. 5" ApIOTEPN HETATOTTION 1100010
s. 6" ApIOTEPI METATOTTION 1000101
o. ABpoiopa KwdIKWwV Aécewv 0001011+0010110 (BAua 2,3) 0011101
10. 1" ApioTepr HETATOTTION KWOIKNAGS AéENc 0011101 (Briua 9) 0111010
1. 2" ApIOTEPI METATOTTION 1110100
12. 3" APICTEPI LETATOTTION 1101001
13. 4" APIOTEPN METATOTTION 1010011
14. 5" ApIOTEPN METATOTTION 0100111
15 6" APIOTEPI METATOTTION 1001110
16. ABpolopa KwdIKwV Aé¢ewv 0001011+0010110 (Brua 2,11) 1111111
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Kool Kwoweg (IToAvwvopo-1"evwnropag)

I1010TnTec NMNoAuwvupuou svvnropa

Av C gival Evag KUKAIKOG KwOIKAG HAKOUG N, g(X) = TTOAUWVULIO —

YEVVNTOPOC Kal N — K 0 BaBuocg Tou, TOTE I0XUOUV Ta akOAouba:

O kwdikag C gival diaoTaong kK,

o Hamddeign gival rpo@avic, KaBwe dedoUEVOU OTI TO UNKOG KWOIKAG
AEENG = n kai deg g(x)= n-k =Aiaotaon C= n-(n-k)=k

Eav P(X) €ival Eva TTOAUWVULIO TETOIO WATE TO [P(X)],, va ATTOTEAEI

KWOIKA AEEN TOTE TO TTOAUWVUHIO-YEvVATOPAC g(X) diaipei To P(X)

o AvTioTpo@a, Hia Aégn ¢ avikel atov C, av KAl HOVOV av TO QVTIOTOIXO
TTOAUWVUPO c(X) dlaipgital aTtro 10 g(x) (cival TToOAaTTAGOI0 TOU YEVVATOPA
9(x) )

o Amodeign: ‘Eotw [P(X)], € C . Tote ioxuer: P(x) = Q(X)g(x) +R(x) OTToU
degR<deg g. E@appdlovrac mod (X" +1) kai AapBavovTac utr’ oyn Ot
degR<deg g=n-1 = {R(x) mod (x" +1) } = [P(X)]n [QM)9(¥)], =
R(x) = [P(X)],, - [Q(X)a(X)], (1).

o Agdopevou ot [P(x)], € C kal [Q(X)g(X)],, € C (6Trwg uTTOOEIKVUEI TO
TTponyoupuevo Bewpnua) = R(x) € C smong Apa dedopEvou OTI
degR<deg g Kal g €€’ opIoUOU U KNOEVIKN KWOIKM AEEN UE TOV EAAXIOTO
BaBuod (deg) 101 R=n pundeviki Aé¢n Tou C Kal ouvettwg atod (1) = P(x)
= Q(X)g(x) = 10 g(x) draipei To0 P(x)
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Kool Kwoweg (IToAvwvopo-1"evwnropag)

I1010TnTeC NMoAuwvupuou svvnropa (CuvExeEia)

To TTOAUWVUO g(X) €ival TO TTOAUWVUHO — YEVVATOPAG VOGS KUKAIKOU
KwoIka C Unkoug n, av Kal povov av diaipei To HETPO I00TIHIag (X" + 1),
onAaodn av (x"+ 1) =h(x)g(x)

o Amédeign: Epapudlovrag Tnv 1d16TNTA 2 pe P(X)= X" +1, €xoue
[P(X)], =0, 61rou BERaia O=kwdIkA Aégn = aTrd 1d16TNTA 2 6T TO g(X) €ival
OlaIPETNG TOU X"+ 1

ATIO Ta TTpoNyoUpEvVa ouvayeTal OTi: EQv KATToI0 TTOAUWVUHO g(X) €ival
OlaIPETNG TOU X™+ 1 TOTE UTTAPXEI €vag (N,K) KUKAIKOG KWOIKAG TTOU £XEl
TO g(X) WG TTOAUWVUHO-YevvATOPA E didoTaon k=n-deg g(x) Kal pE
KWOIKEG AEGEIG TO OUVOAO OAWV TwV dIAVUCUATWV-AECEWY TWV OTTOIWV N
TTOAUWVUUIKNA avaTtrapdoTtaon €ival diaipeTr) atro 10 g(X)

o Me Bdaon Tnv Tapatravw TPoTacn Kal £XoVTeG oTnV BIABE0N Hag Toug
TTAPAYOVTEG TOU X™+ 1 yIa DIAQPOPEG TILEG TOU N, UTTOPET KAVEIG HE
KATAAANAN €GETOON QUTWYV (TWV TTAPAYOVTWYV) VA ETTIAEEEI EKEIVO TO g(X)
TTOU Ba IKAVOTTOIET TIC EKAOTOTE TTPOJIAYPAPEC OTTWC APIOUOC UNVUUATWV
(2X), n, d KA.

O1 Aé€eic TTou avTioToixoUv oTa TToAuwvupa g(x), xg(x), x2g(x),...,x<1g(x)
atroTeAoUV pia Baon Tou C
1. AnAadr) OAEC Ol KUKAIKEG UETATOTTIOEIG
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Korxdnol Kwoweg (IToAvwvopo I'evwnropag)

MNapdadsiyua (1616TnTA 5)

Kartaokeun ypaupikou kwdika Hamming (7,4) atrd Tnv KWOIKA AEEN
0001011

1.

2
3
4
5.
6
7
8
9

10.
11.
12.
13.
14.
15.
16.

MndevIKO OTOIXEIO
KwdIkA AéEN

1" ApioTEpn HETATOTTION
2" ApIOTEPN LETATOTTION

A

3" ApioTtepn petatomion | MoAuwvupo yevviTopag
A" ApIOTEPN LETATOTTION 1+x2+x3

517 ApioTEP LETATOTTION
6" ApIoTEPN LETATOTTION
ABpoiopa KwdIkwv Aécewv 0001011+0010110 (Brua 2,3)
1" ApioTepn HETATOTTION KWOIKAG Aégnc 0011101 (BAua 9)
2" ApIOTEPN LETATOTTION

3" ApIoTEPN UETATOTTION

AN ApIOTEPI METATOTTION

51 ApIioTEPN UETATOTTION

6" ApIOTEPN LETATOTTION

ABpoioua KwdIKwv Aégewv 0001011+0010110 (BApa 2,11)

1011000 |*

0000000

0001011 «
0010110 «
0101100 «

bopg Lyyy

0110001

1100010
1000101
0011101
0111010
1110100
1101001
1010011
0100111
1001110
1111111
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Kool Kwoweg (IToAvwvopo-1"evwnropag)

Napddeiyua: To TOAUWVULO X/ + 1 TTapayovToTIoIEiTal WG EAC: X7 + 1 =
(x+1) (x° + x+1) (x° + x? +1) . KaBe évac atrd Toug TTapdyovTeS auToUc i
KOl OUVOUOOLIOG TOUG UTTOPEI €V OUVALIEI VO ATTOTEAECEI KAI TO
TTOAUWVULO-YEVVATOPA VIO £VAV AVTIOTOIXO KUKAIKO KWOIKA LAKOUG N=7
(600 dnA. kal 0 BaBudc Tou X/ + 1) EvOelkTIKA:

To g(x)= (x® + x+1) opicel £évav KUKAIKO kwdika pe n=7, k=n-deg g(x)= 7-3=4,
Kal apIBuo parity bits =deg g(x)=3, TrpokeiTail d¢ yia Tov Hamming (7,4,3)
KUKAIKO KWOIKO

To g(X)=(x +1) opicel ToV parity-check (7,6,1) KwdIKa

To g(x)=(x3 + x+1)(x® + x2 +1) opiCel Tov eTTavaAnTITIKO (7,1,6) KWAIKA

To g(x)=(x+1)(x3 + x +1)=x*+ x3 + x? +1 opiCel é&vav maximum-length-
sequence (7,3,4) KwdIKa O OTT0I0G €ival OUIKOC TOU KWOIKA TTOU OpIfeTal ATTO
g(x)= (x3+x%+1). O1 23 = 8 dIaPopPETIKEC AEEEIC TOU KWOIKA AuToU UTTOPOUV
Aueoa va TTapaxbouv apeca atro 1o g(X) we £¢AG:

1 C, =0 — (0000000)

C,=1 g(x)=x*+x3 +x?>+1 — (1011100)

C,=x g(xX)=x>+x* +x3+x — (0101110)

C;=x%x2 g(X) =x5+x> +x4%+x?— (0010111)

C,=(1+x) - g(x) = (1+x) - (x*+x3® +x2+1)=x>+x?+1 +x — (1110010)
Ce=(1+x%) - g(x) = (1+x?) - (x*+x3 +x2+1) = xb+ x>+x3+1— (1001011)
Cs=(X+x2) - g(x) =x6+x3+x2+x—(0111001)

C,=(1+x+ x?) - g(X)=x6+x*+x + 1 — (1100101)

000 o000
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Kool Kwoweg (Iivaxeg I'evwntopeg not
lootipiag)

E¢ iocou onuavTiko PE TO TTOAUWVUUO YEVVATOPA Kal OTEVA OXETICOUEVO UE AUTO
QTTOTEAEI KAl TO TTOAUWVUO — EAEYXOU - I00TIHIOC, h(X) TTou opileTal WG:

0 x"+1
h(x) =
R TCI

loxuel kail edw TTapopola ot eav ceC = [c(X) -h(x)], =O0.

o MNpaypat [c(x) -h(X)], = (c(X) - h(x)) mod (x"+1) = (c(x) - h(x)) mod (g(x) h(x)) = O yiaTi T
g(x) wg TToAUWVUHO YevvATOopag diaipei To ¢ € C. AuTOG gival Kal 0 AGyog TTou To h(X)
ETTEAEYN WG AVW

Mivakeg MevviTopeg & EAéyxou looTipiag- Mn Zuornuariky KwdikoTroinon

l'lporaan 1: Eav C = (n,k) KUKAIKOG KWOIKAG € TTOAUWVULIO YEVVATOPA g(X) = gy
+ g, X" (M€ r=n-k) KaI TTOAUWVUO EAEYXOU I0OTIIOG
h(xi—h +h1x+ +h, xk 161€ 01 avTioToixol G , H TTivakég TOUuG £XOUV WG €ENG:

O 0 a1rAOg YevvNTOPAG TTHVAKAG G, €ival EKEIVOG TTOU EXEI WG YPAUMEG TIG
AEGEIG TTOU AVTIOTOIXOUV OTO TTOAUWVULO - YEVVIATOPA TOU KWOIKA Kal TIG TIPWTEG
K — 1 KUKAIKEC LETATOTTIOEIC TOU, ONA:

g9(x) (9, 9, .. .. g 0 .. .. 0
xg(x) O g ¢ .. .. g 0 .. O

| X _g(X)_ _O v 0 9 9 o o O ©2006, Xnbpog Aeviing



Kool Kwoweg (Iivaxeg I'evwntopeg not
lootipiag)

lporaon 1 (ocuvéysia)

MNapdpola pe Tov yevvTopa Tivaka o TTIo aTTAGG TTiVaKag EAEyXou Io0TIlIag Hy
gival EKEIVOG TTOU 0 AVAOTPOPOG TOU £XEl WG YPALHUES Tlg AEEEIC TTOU avnmmxouv
OTO QVTIOTPOPO TTOAUWVUO gAEyXoU I00TIHIaC h(x) Tou h(X)

o (6mou h(x) = h +h, x+...+hxk = Kkai oTig TTPWTEG r — 1 KUKAIKEG HETATOTTIOEIG TOU, DNA:

h(x) h, h., hy, O 0

xh(x) 0 h  h, hy O 0
HI =| _

Xr_lh(X) i 0 0 hk hk_1 ho_

Emn)\eov EUKO)\G pTtTopei va deixOei 011 N kwdikoTtroinon C=Il-G; &vog ur]vuumog
I= (I0 i PP ) gival |ooéuvaun LE c(x) =1(x) g(x), OmmoU Cc(X) = Cy + C;X +... +
Ch-1 Xp1 Kau | (J)—l X g X
o Edw mrpétrel va onpueiwBei 611 N we dvw KwoIKoTToinon &&v €ival cucTNUATIKA,
KaBwg, OTTWG UTTOPEI va @avei Kal atrd 10 OXETIKO TTAPAdEIYUA, 0Tn KwOIKN AéEn C(X)
TTOU TTPOKUTITEI KAT'AUTOV TOV TPOTTO OEV TTEPIEXOVTAI AVOAOIWTA Ta bits Tou pnvuparTog

1(x)
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Korxdnot Kwoweg (Iivaxeg I'evwntopeg
vot loottpiog)

Armrodeiésic:

Aedopévou 61 N i ypapun Tou G, €xel €5'0pICOU TTOAUWVULIKI avaTTapaoTaon
x' g(x), i=0,1...,k-1 kGB¢ pia aTro QUTEC ATTOTEAET Kal Hia KwoIKA AéEn Tou C agou
gival TTONOI0 Tou g(x). EmimrAéov Aoyw TnG €101IKAG dOWNRG Tou G, Kal atrd 10
YeYyovog 6T KGBe ypapun ival SIaQOPETIKNG TAENG = €UKOAQ OTTODEIKVUETAI OTI
gival KAl YPAUUIKA aveCApTNTEG Kal EQoaov n didoTtaon tou C gival k =
atroteAouv Bdon Tou C

[Na va ammodeixOei 011 0 H; €ival Trivakag eA€yxou 1ooTiiag Tou C apkei va
ONUEIWOEi 611 TO aowTeleo YIVOUEVO TNG | YPAUMNAG Tou G, Kal TNG | OTAANG TOU
H,; (j ypoupng Tou H,T) €ival o guvTeAEOTNG TOU X, ;,; OTO ylvopsvo g(x)h(x). ANAG
TO g(x)h(x)= x" -1 kal Epooov o OeikTNG K-I+] KupalvaTal ato 1 (6tav i=k-1 kai j=0)
€wg n-1 (6Tav i=0 kal j=r-1) = KABe Eva Ao Ta ECWTEPIKA YIVOUEVA =0 =
G-H=0. Epdoov emimmAcov n diagtaon Tou C- gival r Kal ol r OTAAEG TOU gival
YPOU. avecapTnTES (EUKOAD UTTOPET QUTO va OeIXOel KaBwg Exouv Trapopom( Ooun
HE YPAUMEG TOU G;) = atroTeAOUV Wia Baon Tou Ct kal apa Oviwg o H,

TTiVAKAG I00TIUIAG

To 6|avuoua nX1 TTou TTPOKUTITEI OTTO TN oxscr] Kw6|K01T0|r]or]g C=I- Glr OTTOU
1= (losly-- ), Ba €xel we €8AG: [l , 1y, .. Wl gl [9(X).xg(X), ..., X<t g(x)] T = |
g()+ [, X g3)+ Ja(x)

g(X+ A+ L XK g(x) = 1(x)9(x)
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Kool Kwoweg (Iivaxeg I'evwntopeg not
lootipiag)

Mapddeiyua:
‘EoTw o kwdikag C = {0000, 1010, 0101, 1111}. Znteital 0 YEVVATOPAS TTIVAKAG
G, 10U C .

KGTG TTPWTOV TTPOCDIOPIGETAl TO TTOAUWVULO YEVVATOPAG =TO TTOAUWVULO

eNaxioTou BaBuou TTou avTioToIxEi o€ N UNdevikn Aégn Tou C = 10 g(X) = 1 + X2
— (1010). Apou k = n—deg(g(x)) =4-2=2

O yevvnTopag trivakag G; Tou C £xel WG YPAUUEG TIG AECEIG TTOU AVTIOTOIXOUV

oTa TTOAUWVUPA g(X) Kal X g(x), dnAadn

o _[900]_ 1+x> | [1010
Y xg(x) __x+x3__ 0101

[Na TV KwdIkoTToinon Twv Yneiwv mAnpogopiag 01 kal 10 epappoCoe TNV
avtiagToixn oxéon c(x) =I(x) g(x). OI TTOAUWVUHIKEG aVATTAPACTACEIG TWV YNPiwv
mTAnpogopiac 01 kai 10 GVTIGTOI)(OUV OTa TTOAUWVUPA 1 KAl X KAl TO YIVOUEVO
TOUC HUE TO TTOAUWVUHO — yevvATOopa g(X) = 1 + x2 =1 + x°>— 1010 kaI X + X3 —
0101.

EmmrAéov h(x)= (1 + x*)/(1 + x?)=1 + x2 . To avTioTpo®o TToOAUWVUHO Tou h(X)
TauTieTal pe 1o h(x) Kal gival ioo pe 1 + x? = g(X)=¢ival TTpo@aveS OTI KAl O
Tivokag looTiiag-HrauTifeTal e Tov-G,
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Kourdnot Kwoweg (ITToAvwvupo I'evwnropag)

MNapadeiyua (KataoKeun YEVVATOPAO TTiVOKA, TTiVOKA ICOTIUIOG,

KWwOIKoT1Toinon)

Kartaokeun ypaupikou kwdika Hamming (7,4) atrd Tnv KWOIKA AEEN
0001011

1.

2
3
4
5.
6
7
8
9

10.
11.
12.
13.
14.
15.
16.

MnOevIKO OTOIXEIO
Kwdikn AéEN

1" ApioTepn HETATOTTION
2" ApIOTEPN LETATOTTION
3" ApIoTEPN UETATOTTION
AN ApICTEPI METATOTTION
51 ApioTEPN LETATOTTION
6" ApIoTEPN LETATOTTION

ABpoiopa KwdIKwv Aécewv 0001011+0010110 (Briua 2,3)
1" ApioTepn HETATOTTION KWOIKAG Aégnc 0011101 (BAua 9)

2" ApIOTEPN HETATOTTION
3" ApIoTEPN UETATOTTION
AN ApIOTEPI METATOTTION
51 ApIioTEPN UETATOTTION
6" ApIOTEPN LETATOTTION

ABpoiopa KwdIKwy Aégewyv 0001011+0010110 (BAua 2,11)

: 0001011 +
: 0010110 ¥
: 0101100 +

NMoAuwvupo yevviATOpag
1+x2+x3

«——+ 1011000 [*
* 0110001

0000000

bopg Lyyy

1100010
1000101
0011101
0111010
1110100
1101001
1010011
0100111
1001110
1111111
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Korxdnol Kwoweg (IToAvwvopo I'evwnropag)

Mapadseiyua (KataoKeun YEVVATOPA TTiVOKA, TTiVOKA ICOTIULIOG,
KwOoIKoTToinon)

To TToAUWVUPIo YevVATOPAC g(X) = 1+x2+x3 — (1011000) TToU avTIOTOIXEl O€
un pndevikn Aégn Tou C € k =n—-deg(g(x)) =7-3=4

Apa o G, divetal aTrd TOV TTAPAKATW YEVVATOPA TTIVAKO

Cg(x) | | 1+x2+x® | [1011000]

x-g(x) x+x°+x* | |0101100
Gl = 5 = ) 4 5 =
x2-g(x)| | x2+x*+x 0010110

x*-g(x)] [ x*+x°+x®| | 0001011

EmimrAéov h(x)= (1 + X7)/(1+x%+x3)=1 + x* + x3 + x* 2>10111. To avTioTPOYO
TTOAUWVUPO Tou h(x) eival ioo pe x* + x2 + X + 1 =¢ival TTpo@avég OTI Kal 0
TTivakag IooTIdiag H, eivail

T R(x) | [ 1+x+ex2+x* | [11102007
H'=| x-h(x) | =| x+x?+x*>+x® | =|0111010
x? -h(x) X2 + %%+ x* 4+ x° 0011101
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Korxdnol Kwoweg (IToAvwvopo I'evwnropag)

Mapadsiyua (KataoKeunn YEVVATOPO TTiVOKO, TTiVOKO ICOTILLIOG,
KwoIKoTroinon)

[la TNV KwdIKoTToinon Twv Yyneiwv tmAnpogopiac 0011 kair 1101
epapuolope Tnv avrioTtoixn oxeon c(x) =1(x) g(x).

O! TTOAUWVUUIKEC avaTTapaoTACEIC TWV Lgr](piwv Tr)\rgpocpopiag 0011 kai
1101 avTioToIXOUV OTA TTOAUWVUHA X2+X3 Kal 1+X+X

To yIVOUEVO TOUG pE TO TTOAUWVUO — yevviTopa g(X) = 1 + x? + x3 gival
o (0011)- g(x) = x2+ x3+ x*+ x® — 0011101

o (1101): g(x) = 1+x+x2x3*x*+x>+x6 — 1111111.

[MaparnpeioTe 0TI v UTTOPOUUE va BPOUE EUKOAQ Ta bits Tou pnvUUATOG
(1101) atrd Tnv KwdIkA Aégn 1111111.

o AuTo oupaiverl yiaTi 0 YEVVATOPAG TTIVOKAG LE TOV OTTOI0 KWOIKOTTOIOUE
ONUIOUPYEI PN-CUCTNUATIKO KWOIKA
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Kool Kwoweg (Iivaxeg I'evwntopeg not

lootipiag)
Tivakec 'evvropec & EAEyyou looTiuiac- 2uoTnuarikn
Kwoikorroinon

[lporaon 2: 'EoTtw o1 C €vag (n,k) KUK)\IKOQ KWOIKAG e g(X) =
TTOAUWVUHO yevvATOopa. TOTE £av G, ;= TO OIGVUCUA PNKOUG N
HE G, i(x) = x™ + x"™ mod g(x) , (r= o k) TOTE £VOG YEVVNTOPAG
TTivakag G, Tou C 5r]|.lIOUpV8IT(1I atrd ToV KXn TTivaka e
YPOUUES Gy, i=0,1,.
Napopoiwg eav H, ;= 6|avuoua HAKOUG 1 pe: H, ; (X)= x! mod
g(x) = Tivakag IO'OTI|J.IG§ H, dnpioupyeital omo 1oV Nxr TrivoKa
HE vpauuec H,;,1=0,1 n’1

G, X"+ x" mod g(x) [1mod g(X)
X"+ x"™ mod g(x) x mod g(X)

Y R H2=[H2T,o Hy, .. H;,n_l]T:

k-1 k-1 -
G X x ™  mod g (x) X" mod g(x2
i k-1 | - ©2006, Xnvpog Asvalng




Kool Kwoweg (Iivaxeg I'evwntopeg not
lootipiag)

lNivakec 'svvnropec & EAgyyou looTiuiac- 2uornuarikn
Kwadikorroinon

[lporaon 2 (ouvéyxeia): ETITTAEOV eUKOAQ pTTOpEl va deIXBei OTI N
Kwdlkotroinon C=I-G, &vog pnvupartog 1= (Iy .14, -.. , 1)
QVTIOTOIXEI OTNV TTAPAKATW TTOAUWVUMIKA avaTttapaoTtaon Tou C :

o C(X)=x"1(x)+[x"1(x) mod g(x)]

o Ao TNV oxEon autn ival TTpo@aveS 0Tl 0 KwdIkag C TTou
TTPOKUTTITEI €ival CUCTNMATIKOG KOBWCS 0 TTapAywv X' 1(X)
atreikovilel avaAloiwTa Ta k bits TTAnpogopiag oTic K TTAéov
uwnAoSBabueg BEoeig Tou C(X) pe TIG uTTOAOITTEC N-K va
KataAappavovTal atro 1a bits I00TIHIAS TTOU TTPOKUTITOUV ATTO TOV
[X" 1(X) mod g(x)] TTapayovTta
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Konirot Kwoweg (Tivaneg I'evwntopeg nat lootipiog)
ATrodeigelg:

KdaBe ypappn i Tou G, gival TToAMa10 Tou g(X) Kal ETTOHEVWG KWOIKH AEGn Tou

C,01011 : [X""' + x™" mod g(x)] modg(x)= x"" mod g(x) + X" mod g(x) =0 (61Tou

EYIVE Xpnon Twv 10otATWyY 3 Kal 5 Tou modulo TeAeoTr). EUKOAQ €1Tiong pTTOPEI

va aTTodEIXOEi OTI Eival YPAUUIKG avegapTnTeS. Apa epooov 10 G, £xel k

YPAUMIKG avecApTNTEC YPAUMEG, (TTPETTEI £dW VO ONUEIWOET OTI o1 TEAEUTaIEC K

OoTNAEG Tou G, oxnuatiouv Evav kxk Trivaka TautoTNTaG) 0C0EG KAl N d1a0TaCoN

Tou C Kai gival eTTTAEOV KWOIKEG AEGEIG = ovTwG G, = evvnTopag lNMivakag Tou
C

[a va arrodeixBei 011 0 H, gival TTivakag eAeyyou 1goTipiag Tou C (TrpéTtrel £dw va
ONMEIWOEI OTI OI TIPWTEG I YPAUUEG TOU H, aoxnuaTifouv évav rxr Tivaka
TAUTOTNTAG) apKei va delxBei o1l eav ReC = R-H=0. Eotw R= (R(,R; ... \R 1)
167 TO R-H ¢ival éva 1xr diavuapa (Yypapung) kai igoutal e [Ry,R; ... , R, 1]+ [1
mod g(x) , x mod g(X) , ..., xX"tmod g(x) ] ' = R, mod g(x) + R; x mod g(x) +...+
R, x"Imod g(x) = (R, + Ry x +...+ R,_; X"1) mod g(x)= R(x) mod g(x) =0 epdoov
Exel uttoTeBei 0TI ReC kal eTTopévwg R(X)=110N/010 TOU g(X)

To diavuapa nx1 Tou TTPOKUTITEI ATTO TN OXean Kwdlikotroinang C=I-G,, otrou I=
(Igly -ov W le)s Ba €xel wg €8AG: [lg, 1 ... Wl g ] [X"+ X" mod g(x), X" + x™*1 mod
g(x),..., xHtexretmod gx)] T =1, (X X" mod g(x))+ I (X + x*tmod

g(xX)+...+ | (xk* 1+ xr+k+I mod g(x))= X" 1(x)+ [x" 1(x)] modg(x)
©2006, Xndpog Aevalng



Kourxhrot Kwoweg (Iivaneg 'evwnropeg ot loottpiag)

Mapadsivua (ZuotTnuatikn KwdikoTtroinon)

Kartaokeun ypaupikou kwdika Hamming (7,4) atrd Tnv KWOIKA AEEN
0001011

1.

2
3
4
5.
6
7
8
9

10.
11.
12.
13.
14.
15.
16.

MndevIKO OTOIXEIO
KwdIkA AéEN

1" ApioTEpn HETATOTTION
2" ApIOTEPN LETATOTTION
3" ApIoTEPN UETATOTTION

0000000
0001011
0010110
0101100

A

4n Apiotepn] petatomon | MoAuwvupio yevvitopag
5" ApIoTEPN HETATOTTION 1+X2+x%3

6" ApIoTEPN LETATOTTION

ABpoiopa KwdIkwv Aécewv 0001011+0010110 (Brua 2,3)
1" ApioTepn HeTATOTTION KWOIKAG AéEng 0011101 (Bripa 9)
2" ApIOTEPN LETATOTTION

3" ApIoTEPN UETATOTTION

AN ApIOTEPI METATOTTION

51 ApIioTEPN UETATOTTION

6" ApIOTEPN LETATOTTION

ABpoioua KwdIKwv Aégewv 0001011+0010110 (BApa 2,11)

0110001 |'

1100010 «
1000101
0011101

bopg Lyyy

0111010
1110100
1101001
1010011
0100111
1001110
1111111
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Kourxhrot Kwoweg (Iivaneg 'evwnropeg ot loottpiag)

Mapadsivua (ZuotTnuatikn KwdikoTtroinon)

To TToAuwvupo yevviTopag g(X) = 1+x2+x3 — (1011000) TTou AvTIOTOIXEI O€

un undevikA Aégn Tou C = k= n-deg(g(x)) =7-3=4
Apa o G, diveTtal aTTd TOV TTAPAKATW YEVVATOPO TTIVAKO

100Q |

G, =

| x*+x*mod g(x)
x* +x* mod g(x)
x° + x> mod g(x)

| x®+x®mod g(x) |

Kai o mivakag 1ooTipiag H, eival
H, =L x x*, x*modg(x) x*modg(x) x*modg(x) x®modg(x)| =

:[1, X, X%, 14+x% 1+x+x% 1+X, x+x2]T

o — O
, O O

=

N

o R

= O
Il

1+ x%+ %3
1+ X+ x%+x*

X+ X% + x°

1+ X+ X°

O R |k O o R

L == = )

R Ok B |k O O

(101

111
110
011

0100
001G

10001

©2006, Xnbpog Aeviing



Kourxhrot Kwoweg (Iivaneg 'evwnropeg ot loottpiag)

Napadeiypa (KataoKEUN YEVVATOPO TTIVOKA, TTIVAKO ICOTIUIAG,
KwOoIKOTToinon)

['a TNV KwolkoTroinon Twv yneiwv mAnpogopiag 0011 kai 1101
epapuolope TNV avriotoixn oxéon c(x) =x1(x) + [x1(x)] mod g(x).
O1 TTOAUWVUMIKES avaTTapacTAoEIS TWV Wneiwv TTAnpogopiag 0011
Kal 1101 avTioToiXoUv oTa TTOAUWVUHA X2+Xx3 Kal 1+Xx+x3

To yIvopevo Toug e To X' I(X) €ival

0 0011 > (X%+x3)- x3 = x>+ xb

0 1101 2 (1+x+x3)- x3 = x3+x4+x5,

Evw 10 [X1(X)] mod g(Xx) €ivai

o0 0011 » (x*+x¥)mod (1 + x?+ x3) =1

0 1101 - (E+x4+x8) mod (1 + x2+ x3) = x?

Apa Exoule

o C(0011) =1 + x>+ x5=1000011

o C(1101) = x2+ x3+ x*+ x6=0011101
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Konirot Kwoweg (Tivareg I'evwntopeg nat lootipiog)
Mapadeiypa: 'Eotw o (7,3,4) KUKAIKOC KWAIKAC HE g(X)= x*+x3+x2+1. To
h(x)= (X"+1)/(x*+x3+x2+1)=x3+x2+1. OI (Un CUCTNUATIKOI) TTIVOKEG
YEVVITOPEG GlKGI IO'OTIIJIGQ H, cup(pwva LE TNV TTPOTACN 1 £XOUV WG

€gNG: [
Gl

H,

g(x) X'+ x°+x2+1 1 0
xg(x) [=[xX>+x*+x°+x [=|0 1
xAg() | [ xXP+x+xt+x®] |00
hx) | [x*+x+1 ] 71 1 0 1
xh(X) X"+ X° + X 0110
x2h(X) x| |00 11
Ch(x) | [ x*+x+x®] (000 01

1 110 O]
01110
1 0111

_ O = O
o O O
b O O O

o1TOU OTOV H, TO avTioTpo@o (reciprocal) TTOAUWVUPO Tou h(X) = x3+x+1.
Zuucpwva TI’]V TPOTOCN 2 O ouomuaTle Tmivakeg G, kal H, exouv wg

£¢NG:
GZ

X" +x° modg(x)
x>+ x> mod g (x)

x° + x° mod g(X)

X+ X%+ X3+ x°

1+x +x3+ x4

 TBVTIEV RISV

1 011100

—1-1-0-0-1-20
0111001
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Kourdrot Kwoweg (Tivareg I'evwntopeg nat loottpiog)

Mapaderypa (Zuvéxela):O (ouaTnUATIKOG) TTiVOKOAG I0OTIHIOG H, £XEI WG EENG:

HI =[l x % % x‘modg, x*mody, X*modg|=

1000110

0100011
0010111
0001101

Ooov agopd TNV KWAIKOTTOINON KHNVUMATWY, £0TW OTI ETTIBUOULE va
KWOIKOTTOIOOUUE TO pAvuua I=[101] - 1+x2. TOTE:

Q

Q

a

XpNOIYLOTIOIWVTAG TOV YevvTopa Trivaka G, Kal BACEl TNG axXEong c(X)
=1(x) g(x) TTaipvope c(x)= (1+x?) (1+x%2+x3+x4)= 1+x3+x°>+x5- [1001011].
XpnoipgotroiwvTag O€ Tov yevvnTopa Trivaka G, kal BAcel TG oxEang
c(x)= x"I(x)+ [x"1(x)] mod g(x) kai yia r=4 Traipvope: c(x)= x* (1+x?) + [x*
(1+x2)] mod (1+x%+x3+x4) = x* + x® + (x4 + x%) mod (1+x2+ x3+x4) = x4 + x°
+X +1- [1100101].

OT1rw¢ TTaparnpeital N KwdikA Aecn [1100101] TTou TTPOKUTITEI ATTO TOV
G, TTEPIEXEI TO APXIKO prvupa [101] avaAdoiwTo ata 3 TeAeuTaia yneia
TNG KAl GUVETTWG €XOMUE OVTWGS GUOTNUATIKI KWOIKOTTOINON g€ avTiBean

ME TNV TTPONYOUUEVN TTEPITTTWAT OTTOU KATI TETOIO OEV IOXUEI
©2006, Xndpog Aevalng



Konirot Kwoweg (TTivaxeg I'evwntopeg nat lootipiog)

EVOAAOKTIKOG TPOTTOG ZuoTnUATIKAG KwdIKoTroinong e XpRon Tou h(x)
TpO1T0C (CUCTNUATIKAG KWAIKOTTOINONG) UTTOPEI va TTPOKUWEI KAl E XPHoNn TNG
oxXéong Trou JIETTEl TO TTOAUWVUHO yevvhTopa h(X) Tou C pE TIGC KWOIKEG TOU AECEIS
OnA.ceC=[c(x)-h(x)],=0 ([P(x)],=P(x) mod(x" +1))
Oswpnua: Ekkivwvtag amod Tnv mapatravw oxeon c(x)-h(x) mod(x" +1) =0 pe c(x)
=Cyt+CX+... +C,; X"t e C, h(X)=hy+h,x+...+h XX KaI avaAUOVTAG TNV OTOUG
TTAPAYOVTEG TNG, UTTOPET va aTTodeIXOei OTI Ba TTPETTEl va 10X UEI HETAGU TWV C.’S Kal

h.'s n TapakdTw oxéon: X _
Z hjC(l—J)mOdn — O, I — O,l,...ﬂ _1
j=0
o Eav pahiota ioxuel hy=1 10T€ N TTAPATTAVW GXECN ATTAOTTOIEITAI OTNV:
k
C| — _Z hJC(l_J) y I — k, k +1,..., n _1
j=1

o H oxéon auti ouciaoTIKG onpaivel 0TI €av Ta TTPWTA K bits piag KwdIKAG AEENg C,
, Cq,...,C4 Eival yVwoTd 10TE TO UTTOAOITTA N-K bits ¢, , ¢,,4,...,C,.; MTTOPOUV va
UTTOAOYIOTOUV WG YPAU. OUVOUAOHOC TwV K TTpwTwyv bits. XpnoipotrolwvTtag wg
Ta TTPWTA K bits auTd Tou ApXIKOU HNVUUATOG €ival gavepo OTI n LEBODOC auTn
odnyei o€ oUCTNMATIKA KWOIKOTTOINON

Mapadsiypa: ‘Eotw o maximum-length-sequence (7,3,4) kwdikag pe g(x)=(x+1)(x3

+X+1)=-h(x) =(x"+1)/g(x) =1 + X+ x> Apa-ammo TNV TPONYOUHEVR OXEon =€, = C,.

,+C5 ,1=3,...,6
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Korxdnol Kwoweg (20vopopa)

2UvOpoLL0 KUKAIKWY Kwoikwy - 1010TNTEC

O1rwg €d¢gixBn katd TNV amodeign TG TPoTaong 2 £av C(n,k) KUKAIKOG
KWOIKAG Kal R 01GVUOUO-AEGN PNKOUG N TOTE 10XUEl R-H, = R(x) mod
g(x). ZUVAYETAI CUVETTWG OTI TO 2UVOPOHO S Hiag OTToIa00NTIOTE
An@bBeioag Aegng R (Ukoug n) gival éva dIAVUOA UAKOUG 1Xr, N
TTOAUWVUIKI QvOTTapACTaC TOU OTToiou dideTal atro TNV oXEonN:

S(x)= R(x) mod g(x) , deg S(x)< deg g(x) = n-k
[la kKGBe KwdIKN Aégn Tou C 1oxuel S(X) = R(x) mod g(x)=0 (epdoov
R(x)eC = R(x)=tmroA/o10 Tou g(x))
To ouvopopo piag AneBeicag Aegng R eapTaTal ATTOKAEIOTIKA OTTO TO
TUXOV OQAAUa GTNV HETAOOON. EIOIKOTEPT £V E=TTPOTUTIO GPAAUATOG,
c(X)eC kal R=c + € 101€ yIa TO OUVOPONO TOU R 10)UE!:
S(x) = €(x) mod g(x)

o [Mpaypatt S(x) = R(x) mod g(x) = (c(x) + €(x)) mod g(x) = c(x) mod g(x)

+g(X) mod g(x) = 0 + £(x) mod g(x) = €(x) mod g(x)
Me faon Ta Trapatravw eva TTOAU ONUOVTIKO GUUTTEPACHA TTOU
TTPOKUTITEI ATTO TNV oXEon S(X) = £(X) mod g(x) €ival TTwg €av
o deg &(x) <deg g(x) = S(x)=¢g(x)
0 E(?(v deg £(x) <deg g(x) = OTI TO TTABOG TWV TPAAUATWY = HIKPOTEPO TOU

n_
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Korirot Kwodweg (Aronwdwonolnon)

Ammokwodikorroinon KukAikwv Kwoikwv

2upBarikog Tpomog: Xpnaon Tou Trivaka eAEyxou IooTipiag H (gite Hy,
eite H,) kai onuioupyia Tng TAA. ‘ET01, N ammokwdikotroinon =
UTTOAOYIOHOG TOU GUVOPOLOU TNG )\r](peeloag AEENC, eUpeon Tou
QVTIOTOIXOU TTPOTUTTIOU OQ@AAMATOC aTTo TNV TAA Kal UTTOAOYIOUOG TNG
KWOIKNC AEENC TTOU pETadOONKE (ABpoiopa TNS AnpOcicac AE¢ne e TO
TTPOTUTTO OPAAUATOG).

ATTAoTTOinON TNG 0ANG d1AdIKACIAG XPNOILOTIOIWVTAG TIG IDIOTNTEG TWV
KUKAIKWV KWOIKWYV, KAl EIDIKOTEPA AUTEC TWV CUVOPOLWY VIO TNV
d16pOwaon ouveXouevwy AaBwyv (error bursts)

Armrokwdikomoinon 2uveyousvwy Aabwyv (Burst-error correction)
Opi1odg: ‘Eotw ceC, C= KUKAIKOC (Nn,K) KwdIKAG €= TTPOTUTTO
o@AaApatocg kal R= c+e . Tote 10 dilavuopa o@AaApaToc € Ba opileTal OTI
QVTITTIPOOWTTEUEI Zuvexoeva AABn (error bursts) pApkoug b €av 1a un
HNOevika oToixeia (bits) Tou € (dNA. TO TTPWTO — TEAEUTAIO N UNOEVIKO
OTOIXEIO TOU € ) KAAUTTTOUV b diadoxIka oToixeia Tou € (OXI atTapaitnTa
OAQ N KNOEVIKA)

o m.X. 70 €=(010000110) avTiTpoowTTeUEl OUVEXOUEVA AABN UAKOUG 7 KaBwg

TO TTPWTO -TEAEUTAIO «1» TOU € KAAUTTTEI 7 DIAOOXIKA OTOIXEIA, ONA. TA
1000011
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Korirot Kwodweg (Aronwdwonolnon)

Opiolo¢ 2uveyousvwy Aabwyv (ouvéxeia)

O mARpPNG KaBopIouog cuveXOpEVWY AaBwv URKoug b TpoodiopideTal: ATTé 10

TTPOTUTTO OPAAMATOC P 1O oT1T0i0 TaUTI(eTal E Ta b dladoxIKa aToIXEia Tou € (N

I000UVOUa e TNV TIOAUWVULIKK TOUG avaTtrapaoTaon P(x)), KaBwg kal atrd Tn

0€on iy TOU TTPOTUTTIOU TOU OCPAALOTOG OTO € N OTTOIQ TIPOCDIOPICETAI ATTO TNV

B€on OTO € TOU TTPWTOU PN UNOEVIKOU OToIXEioU aTrd Ta b Tou TTpOTUTTOU

o@AApaTOG Kal B8a oupBoAideTtal pe (P,ig)

o T.X. Eotw 10 €=(010000110) TTOU QVTITIPOOWTTEVUEI CUVEXOUEVA AGON UrKoug 7.
AuTtd TrpoodlopiovTal: ATTO To TTPOTUTIO OQAApaTog, donA 1o P=(1000011) —

I00dUVapa atro To P(X)= 1+x5+x® — ka1 Tnv B€on Tou i, OTO € TTOU €dW iy =1 (eGv iy =0
= £(x)=P(x) )

ApXNR ATTOKWOIKOTTOINONC OUVEXOLEVWV OQAAUATWYV

H apxn TNG a1ToKwOIKOTIOINONG YIa évav KUKAIKO Kwoika C pe duvarotnta
016pBwang b ouvexopevwy o@aiudTwy atnpietal oty 1816TNTA 3 TWV
ouVvOpPOUWY OTI ONA. eav deg £(x) < deg g(X) -1 = S(X)=¢(x), omToU R=c+¢, ceC,
ONA. auTO IoXUEI €V O apIBUOG Twv AdBwV gival WUKPOTEPOG Tou N-K (A < n-k-1) .
ETeidn otnv TEPITITWON Hag EXOUHE duvaToTnTa 010pBwaong b o@aANaTWY N
ouvOnkn TrpeTTel va peTaTpatrei o€ deg €(x) < b-1(s n-k-1) = deg S(x) s b-1 (1)
Tote amAwg c(X)=R(x) + S(x). H ouvBnkn (1) pwg Ioxuel povov oTav iy =
(0edopevou etriong oTI IoXUel kal S(0)#0 ouvenkn TTou TTPETTEI VA TTPOOTEDEI
otnv (1)), OnA. 6Tav 10 TTPOTUTTO b OPaAUaTWY BpiokeTal oTnv B¢on O Tou
OIAVUOHATOS € KATI TTOU OEV 1TXUEr OTNV YEVIKI] TTEPITITWON

o Tl.x TNa e=(010000110) = b=7 aA\a oTnv TrepimmTwaon é1ou S(x)=g(x) = deg S(x) =
deg(x+x8+x")=7 > b-1 = 6, dpa n (1) dev 10xUEl, Ba ioxue POVO €AV €= (18%9@}100

TUOOC Zevoc?;ng




Korirot Kwodweg (Aronwdwonolnon)

Armrokwoikorroinon 2uvexouevwyv Aabwyv (Burst-error correction)
AUON= OUVEXOUEVEG KUANDEIG TTPOG TO OEGIA HEXPIG OTOU TO WN@Io OTN
Beon iy va gival 1. ATTodeIKVUETAI OTI KUAROOULE TTPOG Ta dggia To R, |,
POPEG = Rjp=Cig + &5 , = Sjp(X)= Rjp(x) mod g(x) = € = P(X)= pe 10
wneio otn 6éon O vd givar 1
Kai dpa apkei S(x)= Ri(x) -mod g(x)=[¥ R], éw¢ deg Si(x) < = b-1
Fl(a)mo €UKOAO uno)\ovlopo Si(x) xpnon I6IOTF]TG§SJ+1(X) =[x Sj(x)] mod

X
2TNV YEVIKA TTePITITWOon (O1ToU ONA i # 0) yia €(X) pe b oeaApaTta IoxUel
oTI TO £(X) TTPOoadIopileTal atrd (P(X), |O) LE deg(P) < b-1 ka1 P(0)#0 =
£(x) = [Xip P(X)], = S(X)= [Xjo P(X)],, mod g(x)
‘EoTtw kar gav iy # 0, n AUon Ba ouvioTaTo OTO VO EPAPUOTOUUE OTO €(X)
TOV KATAAANAO apleuo KUKAIKWV HETATOTTIOEWYV |, HE O< |, <n-1 £7101 WOTE
Iyt Jo=0 (mod n) (dnA. To TTpoTUTIO OPAaApaTOg P va €ABel atnv B¢on O

TOU €) OTTOTE €(X) KUKAIKG PETATOTTIOUEVO KT J, = P(X) , Kol pmmopouv va
£QAPLOCBOUV Ta TTPONYOULEVA.

Me Baon Ta wg avw gav R;
R(x) TOTE IOXUEL Ry (X) =
= Rjp (x) mod g(x) = (cJ (x)
+P(x) mod g(x) =0+ P {)x

o Auté onuaivel 611 TO S (x) IKGVO1TOI£I TNV cuanKn (1) kai €101 |J.1TOp£I

dueod va utroTeBei OTI TO Cip (X) = Rjg (X) + ;4 (X) €ival N jo-OTA KUKAIKA
LETATOTTION TNG npayuankng uam$oeslong KWOIKAG )\£§Or|g C(x)
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o (X) = N jp-OTA KUKAIKN UETATOTTION TOU
Jro (X) + €4 (X), Cip (X) eC emiong= S, (X)
ag (X) f mod g(X) = ¢ (x) mod g(xj

J



Korirot Kwodweg (Aronwdwonolnon)

Ammokwoikorroinon 2uveyousvwy Aabwyv (Burst-error correction)

2UUTTEQACUATIKA €AV €VAC ATTOKWOIKOTIOINTNC UTTOAOYioEl d1adoXIKA T
So(X) , S1(X) ,.... Kal egeTAlEI AQUTA KABE POPA KATA TTOOOV IKAVOTTOIOUV
mnv (1) (deg S(X) < b-1) TeAIkd TO TTPOTUTTO OPAAUATOC P(X) TOU £(X)
Ba TTayideuTei oTNV eéor] 0 Tou £(X) Kal Ba ptropei va diopBwBEi.
I'IpaypaTlKa TOTE TO TTPOTUTTO b 0QaApaTWY P(X) = S (x) Kal N esor]
TOU TTPOTUTTOU o@AaApaTog, P(x), oto €(X) Ba dideTal omo TNV oxéon iyt
Jo=Omod n = j,=(-1,) mod n =n-j, mod n

Afuua rou Meggit: IN'a peyaAutepn di1eUKOAUVON OTOV UTTOAOYIOUO
va S.(X)'s utropei va AneBei uttéwn 10 Arjupa Tou Meggit dnA:

S1 (x) = [x S{(x)] mod g(x)
A1odeiin: S (x) = R, (X) mod g(x)= [xI R(X)],, = [¥ R(X)] mod g(x) Tote
[X S;(x)] mod g(x) = fx [xI R(x)] mod g(x) ] mod g(x) = [x'** R(x)] mod
g(x) = Sj+1(X)
Me Baon 6Aa autd o aAyopIBOoC atToKWAIKOTTOINONG Ba £XEl WC €ENC:
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Korirot Kwodweg (Aronwdwonolnon)

AAyop16U0C amoKwoIKOTToinoN< yia KUKAIKOUC KWOIKEC
LLE ouvarornra 010p0wonc b (ouveyoLEVvwY)
oQaALdTWV

@ewpoupe Evav KUKAIKO Kwdika C pAKoug n kal didoTaong
k' pe duvarotnta 010pBwaong b (CuveXOUEVWV) TQAAUATWY
KOl HE TTOAUWVUHO — yevvATopa Tou C, g(X), TOU OTTOIOU O
Babuog eivar n — k. Kai R(x)= )\ncpealoa Aegn. H
QATTOKWOIKOTTOINON ouvioTaTal oTa akOAouba Tpia Briuara:

YTToAoyIouo¢ Tou ouvopopou S(xX) = R(x) mod g(x).
YToAoyIgpog Tou §(X) = (X'S(X)) mod g(x), yia kabe i = 0,
HeXpP! va PBpebei eva S; Tou otToiou 0 BaBuog eival
HIKDOTEPOG N iI00G ToU b-1 Kai ETITTA(OV S{(0)# 0. ToTe 10
TTPOTUTTIO OQAAUATOG gival P(x) = S; (X) kdl n 6€on Tou
TTPOTUTTOU 0@aAuaTog, P(X) , oTo s(x) Oa dideTal aTT6 TNV
oxeon g+ Jo=0 mod n = |, —(— I, ) mod n=n- j, mod nn
EVOANQKTIKO g(X) = X"~ S(x) mod (1 + x").
YTTOAOYIOUOC TNG Kw6||<r]g AEENC TTOU LETADOBNKE
c(x) =R(x) + £(x).
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Korirot Kwodweg (Anonwowonoinon)

Moapadeiypa: @swpoupe Evav Kwdika C pAKoUS N = 7 UE TTOAUWVUUO —
vevvriTopa g(x) = 1 + x? +x3 kal duvatotnTa d16pBwaong b =1. Edv eAfpon n
AéEn 1111000, ¢nTeitan N KwOIKr AECn TTOU HETADOONKE.
Atravrnon: H AneBcioa AéEn avTioToixei 0To TTOAUWVURIO R(X) =1 + X + X2 +
X3 Kal ETTOUEVWCG:
S(x) = R(x) mod g(x) = (1 + X + x? + x®) mod (1 + x? + x3) = X, TOU OTToioU O
BaBuocg givar 1>b-1=0 kai apa dev IKAVOTTOIEi TNV ouvlOnkn (1) = TTpETTEl Va
UTTOAOYIOTOUV Ta OIAOOXIKA Si(X) Ewg OTou degS;(x)< 0(=b-1). 'ETal £xope:
S;(X)=x S(x)= x> mod (1 + x? + x3) = x?
S,(X)=x S;(X)=x3mod (1 + x*> +x3) = 1 + x?
Sa(X)=x S,(X)= x(1 + x?) mod (1 + x? + x3)=x3+x mod(1 + x? + x3)=x? + x+1
S,(X)=x S;(X)= x(x? + x+1) mod (1 + x? + x3)=x3 + x? +x mod (1 + x?+x3)=x+1
Sc(X)=x S, (X)= x(x+1) mod (1 + x? + x3)= x% +x mod (1 + X?+x3)= x? +x
Sg(X)=x Sg(X)= x(x?+x) mod (1 + x? + x3) = x3 + x2 mod (1 + x? + x3) =1
E@ooov deg S,;(x)=0 kal S4(0)=1#0 ikavoTroigital n (1) kai Gpa 1o TTPOTUTIO
o@aApaTog P(x)=1 kail ;=6 . H Béon iy Tou P(X) oT1o £(x) Ba dideTal atmrd tnv
oxéan igt jp=0 mod n = iy=n - jymod n = 7-6=1. Zuvemtwg £= (0100000)
ETTOpEVWG, EQOOOV TO TTPOTUTTO OPAAMATOC €ival € = 0100000 n KwoIKA AECN
TToU HeTadoOnke c= R + €= 1111000 + 0100000 = 1011000.
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Korirot Kwodweg (Anonwodwonoinon)
Ai16pOwon Tng Aoknong autoioAoynong 4.17 (@swpia lMAnpogopiac rou EAIN)
@ewpoupe Evav Kwdika C, pAkoug n = 7, kail duvaTtoTtnTa d1opbwong t=1

AaBwV pe g(x) = 1 + x+ x3 kal TN Aqun Twv Aé€ewv 1111000 kai 1100101.
ZntouvTal ol KWOIKES AECEIC TTOU ETAdOONKAV.

Armravrnon: Xpeidletal d10pBwaon 10 a’0KEAOG TNG AOKNONG TTOU aYopd TNV
atrokwdIkoTroinon TG Aégnc 1111000 (kabwg mapodr t=1 karaAnyer atnv di6pBwan
2 AaBwyv) dnA:.

H An@Ocica AéEn R= 1111000 avTioToIXei 0TO TTOAUWVUHO R(X) = 1 +x + X2 + X3
Kal €TTopévwe S(X) = R(X) mod g(x) =1 +x + x2 + x3mod (1 + x+ x3) = x?Tou
oTToiou 0 BaBUOC gival 2>b-1=0 kai dpa dev IKAvoTToIEi TNV ouvenkn (1) =
TTPETTEI VO UTTOAOYIOTOUV Ta Si(X) £wg 0ToU deg S;(x)< O(=b-1):

S;(X) = xS(x) mod g(x) = x(x?)mod (1 + x+x3) =x3mod (1 + x+ x3) =1 + x,
S,(X)=x S;(X)= x (1+x) mod (1 + x+ x3 )= x+x?mod (1 + x+ x3 )=x+ x?
S;(X)=xS,(X)= x (x+ x2) mod (1 + x+ x3)=x2 + x3mod (1 + x+ x3)= x? + x+1
S,(X)=xS;(X)= x (X2 + x+1) mod (1 + x+ x3 )= x3 + x?+x mod (1+x+ x3)=x?+1
Sc(X)=xS,(X)= x(x?+1 ) mod (1 + x+ x3)=x3+x mod (1 + x+ x3)=1

E@ooov degS,(x)=0 kal S;(0)=1#0 ikavoTroigital n (1) kar apa 10 TTPOTUTIO
o@aAparog P(x)=1 kai ;=5 . H B¢éon iy Tou P(x) 010 £(X) Ba dideTal Ao TNV
oxéon iy = N- jo mod n = 7-5=2. ZuveTrwg €= (0010000) kal N KWOIKA AEGN TTOU
HETadoOnke c= R + € = 1111000 + 0010000 = 1101000.
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