SECTION 1

7 AOPIXTA OAOKAHPQMATA

Mia cuvaptnon f(x) &gl adpioto oloxAnpauo (| TOPAYOLGA 1] AVTITOPAY®OYO)

F(x) =J'f(x)dx

610 d1dotnpa (a, b) av Kot Lovo av VIapyEL Lic Guvapnon F(x) Tétolo doTe va vdpyet
N Topdymyog F'(x) xon va givar F'(x) = f(x). Av 1 F(x) givor a0pioto oAoKA PO
™G f(x), TOtE Ko Kabe cuvaptnon g Lopeng F(x) + ¢, 6Tov ¢ avbaipetn otabepn,
elvar adproto oAokAnpopa g f(x). H f(x) kaAeitoan oloxdnpwtéa ovviptnon xoi
X uerofinty oloxAnpwarng.

E@ocov F'(x) = f(x), uTopovuE VO YPOWOVILE KoL TNV TAVTOTIK OXECGT

F(x):IF’(x)dx=Icé—§dx :J’dF

7.2 T'evikoi Kavoveg

If "(x)dx = f(x)
Iaf (x)dx=al f(x)dx
I(u *0)dx =Iudx ij'vdx

Iudv =uv —Ivd“ OloxApwon

If "(0)g(x)dx = f(x)g(x) —If (x)g'(x)dx Katd

TOPAYOVTES

R R e o

1 I
u'v—uv u
dx==
1]




2 SECTION

If(aJC)dx = %J’f(u)du OOV U = ax

J’ g{f(x)kdx = J’ g(u)%du = J’ j;’((‘;)) du  6mov u=f(x)

7.3 M£0ooor Yroroyiopov Adprotmv OLoKANPpOUAT®OV

Yty mpd&n pmopel éva ohokAnpopa va avaybel oe GAlo amlodotepo pe pio
oAdayn g LETAPANTAG OAOKANP®ONG 1 TNG OAOKANPOTENG GUVAPTNONG, ONANOT| LLE
£VOl LETACYNULOTICLO TOV OAOKAPALATOC.

Av 1 petafAnt olokAnpwong epeavifetol pe pio cUYKEKPIUEVT TAPACTOOT| U
oV 0AOKANp®TEN GUVAPTNOT, TOTE SoKIUALOVE MG VEX LETAPANTH OAOKANp®GNG
v u. 'Etol égovpe Tic akdAovbeg oyéoels:

If(ax +b)dx :%J’f(u)du peu=ax+b
If(Vax +b)dx = %qu(u)du ue u=ax +b

J.f(\/n ax+b)dx=§J'u”'lf(u)du ue u =vax +b

J’f@/g:s de = n(ad —bc)‘rf(u)ﬁdu ue u =f/(‘/f;“:§

Av 1 ohoxAnpotéa cuvdptnon egaptdtor pdvo amd pio TapAcTooTt TG LOPPNS
(@* £ xH)'"2, 161e dokpaLovpE KATOWL TPIYMVOUETPIKY GUVAPTNGT TOV X.

J’f(x/a2 - x? )dx =a( f(acosu)cosudu LEX = asinu

If(\/xz*‘az)dx:a f( a ) 1 du UE x = atanu

cosu/ cos’u

Av 1 ohoxdnpwtéa cuvaptnon egaptdtarl dvo amd pio TapdoTooT TG LOPPNS
(2 £ a»)"?, 161e doxipdlovpe Kimota VIEPBOMKY GLVAPTNOT TOV X.

‘[f(\/x2 -a’ )dx =a( f(asinhu)sinhu du ue x = acoshu

If(Vx2 +a2)dx=a f(acoshu)coshudu e x = asinhu
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Av 1 olokAnpwtéo cvvaptnon mepEyet poévo e® N Inx N sinx, xT.
YPNOULOTOIOVUE TNV TOPAGTACT] AVT ®C ViR HeTafAnT] odokAnpwonc. ‘Etot

J’f(eaX) X = %J’%du peu = e™
If(ln X)dx =Jf(u)e”du pe u = Inx
If(sin"l %) dx :If(U)COSMdM ue u = sin'lg

(6pota yio. GALEG AVTIGTPOPES TPLYOVOUETPIKEG GUVOPTHGELS)

Av 1 oAoKANp®TEN GUVAPTNOT TTEPLEXEL LOVO SINX KO COSX, YPNCULOTOLOVLUE (G
véa petafAnt] odokAnpwong v tan(x/2).

ne u =tan>
2

If(sinx,cosx)dxzzj'f 2u 1—u2) du

T+u?’ 1+u? ] 1+u?

Opotla, ov 1 oloKANpwTén ovvdpton mepiéyel uovo sinhx kot coshyx,
YPNOLOTOIOVUE ¢ VEQ HeTAPANTA oAoKApwong TNV tanh(x/2).

. _ 2u  1+u? ) du x
hx, coshx)dx =2 , = b2
If(sm x, cosh x) dx J-f(l—uz e re ue u talnh2
Av 1 f(x) eivon pnti cuvaptnon tov x (dNAadn Adyog dVo ToAV@VOL®V), uTopEt
va, avaAvdet 6e 40pois Lo TOAVMVOLLOV TOL X Kol 0PV TNG LOPPNS

c cx+d
(x-a)*’ (x* +ax +b)"

KOl VO VTOAOYIOTEL TO 0OPIGTO OAOKANPOULO ®G TO AOPOIGHE TV OAOKApOUATOV
QVTOV TOV OP®V.

Av n f(x) mepi€yel 10 x og o Tapdotacn g Lopeng x™(ax” + by doxpalovpe
T1g €&N¢ avtikataotdoels: Av (m + 1)/n = aképarog, Oétovpe u = x" kot cvveyilovue
UE TOPAYOVTIKT] OAOKApon | Bétovpe au + b = w. Av (m + 1)/n + p = aképarog,
0étovpe u = x7" ko cvveyilovpe e TapayovTIKn ook pwon 1 Bétovpe a + bu = w.
Av p = 0KEPOLOG, AVOTTUGGOVLLE TN SVVOUT).

Av 1 f(x) mepiéyerl v mapdotaon (ax® + bx + ¢)'? Soxpalovpe ™y aviika-
téotoon u = (2ax + b)/|4ac — b*|">.
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7.4 Xroverwon Olokinpopnata

Iadx =ax

Dxn+1

o> n#-l
Ix”dx = +1

an, n=-1

J'sin xdx =—cosx
Icos xdx =sinx
Itan xdx =—Incosx
J'cot xdx =1Insin x

x_sin2x _1, _ .
> 1 2(x sin xcos x)

J'sinz xdx =

J'cosz xdx = % + SHsz =%(x +sin xcos x)

Itan2 xdx=tanx —x
J'cot2 xdx=-cotx —x
Iexdx =e*
g a’
Ia dx=—, a>0, a#l
Ina
Isinh xdx =coshx

Icosh xdx =sinh x

J'tanh xdx =Incoshx
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Icoth xdx =Insinh x

I sinh? xdx = smﬂ 2x ‘% :%(sinhxcoshx -x)
Icosh2 xdx = sz 2x +§ =%(sinhxcoshx +X)

Itanh2 xdx =x —tanh x

J’coth2 xdx =x—cothx

x*—a 2a \x+a a a
1 + 1 _
J' dx ——ln(a x):—tanhlﬁ X <a?
a*—x 2a \a-x| a a

dx _ . 4 Xx
I——51n =
Va* - x? a

=In (x+\/x +a® )=sinh"1£

a

I\/a +x

Im In (x+\/x2 —az)

dx _ nDa+\/x2+a25
IxVx2+a2 a 0 X C
1, a+va?-x*U

InF——r

X
—_ = n
IxVaz—xz a X C
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7.5 Avagopa Orokinpoporta
Meax+b

EKax + b)n+1

Ta@en T

I(ax +b)' dx =
ol In(ax +b) n=-1
Ea

xdx _x b
=X D jnax +b
Iax+b a a’ (ax +b)

x? dx _(ax+b)’ _2b(ax+b) +£
ax+b 2a° a’ a’

In(ax +b)

J- x3dx _(ax+b)’ _3b(ax+b)’ N 3b*(ax+b) _b*

1 +b
ax+b 3a* 2a* a* a* n(ax +b)

dx =lln( X )
Ix(ax+b) b \ax+b
dx 1 , a ax+b
- = - 4 — PR—
Ixz(ax+b) bx b2 ln( x )
dc _2ax-b a* ( X )
= +_1n -
I *(ax+b) 2b°x*> b \ax+b

ac _ -1
I(ax+b)2 " a(ax +b)

xdx b 1
= +—1 +bh
I(ax+b)2 aZ(ax+b) ) n(ax +b)
2 2
I * dx2 :“x;’b— . b —2—13)1n(ax+b)
(ax +b) a a’(ax+b) a
3 2 3 :
J. X dx2 :(ax+4b) _3b(a)z+b)+ - b +%ln(ax+b)
(ax+b)  2a a a'(ax+b) a
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dx _ 1 1 ( X )
= F o[ —X
,[x(ax +b)> blax+b) b* \ax+b

C(ax+b)? b (ax+b) bx b

I dx a 1 +2aln(ax+b)

x
dx _ (ax+b)*  3a(ax+Db) a’x 3a® (ax+b)
=- + - - ——In
Ix3 (ax +b)* 2b%x? b*x b*(ax+b) b* x

dx  _ _ 1
I(ax +b)>  2(ax+b)?

xdx 1 + b
I(ax +b)*  a’(ax+b) 2a’(ax+b)?

2 2
J. xtdx 20 b i +iln(ax+b)
(ax+b)  d*(ax+b) 2a’(ax+b)* a’
3 2 3
xde _x _ 3b + b —&ln(ax+b)
(ax+b) & a*(ax+b) 2a*(ax+b)* a*
de  _  a*x? 2ax 1 1 (ax+b)
= - -—In
Ix(ax +b)* 2b%(ax+b)* b(ax+b) b? x
dx _ a 2a 1 | 3a ( ax+b )
=- - - L oay, (et
Ixz (ax+b)>  2b*(ax+b)* Db’(ax+b) bx b* X
dx _atx? (ax +b)>  6a4° (ax+b)
= - -———In
I X*(ax+b)> 2b°(ax+b) 2b°x* b’ X

n+2 n+l
Ix(ax+b)"dx=(ax+b) G ) S
(n+2)a*>  (n+Da?

n n n-1 2.,.n-2 n-1 -1"b"
I X =X bx 4 bx _...+(_1)n-1b_x+( )b In(ax + b)
ax+b na (n-a*> (n-2)a’ 1L&" a™

2 (ax + by dy = @D _2b(ax+b)™  Brax by Ly
I (n+3)a’ (n+2)a’ (n+1a’ 7
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L™ (ax +b)"  nb
m+n+1 m+n
_Hx"(ax+b)™

b
"(ax +b)' dx = - "ax+b)"d
Ix (ax +b)" dx E(m+n+1)a (m+n+1)aj-x (ax+ 8y de

Ux"* (ax +b)"™" Lmtn +2
(n+1b (n+1b

m n—1
+1J'x (ax+b)"'dx

x" (ax +b)"™'dx

Mg pileg

J’\/ax+bdx =%\/(€DCT)3

IxVax+bdx :ZG%?Z’)W
a

2.2 _ 2
| G = e N
a

3.3 _ 27,2 2y —16b3
J'x3\/mdx =2B%ax 30a3blx5 -:24ab x ~16b )\/(ax+b)3
a

J’ ax-l-bdx=2\/ax +b +bI

|

dx
xvax+b

Vax+b , _ _Nax+b ac dr
x? X 2J-x\/ax+b
Jax+b _(ax+2b)Nax+b g* dx

= Zdx= o
I e 4bx? 8b) xJax+b
dx 2
=Z~ax+b
Nax+b a

xdx __ 2(ax=2b) =
= b
I\/ax +b 3a? “

x*dx _ 2(3a’x* —4abx +8b*) ——
= ax+b
IVax +b 154°
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X3 2(5a°x —6a’bx* +8ab*x —16b*)
dx = Vax+b
J.\/ax +b * 35a* “

01, QWax+b-vb DO
D_ O7——F70 b>0
dx D\/Z Nax+b +/b [
——==0
Ixx/ax+b 0 » b
Bftan \/ , b<0
X __Naxtb a
IxZVax+b bx 2bjx~/ax+b
dx —3ax-2b b+ 3a dx
Ix3 Jax+b  4b*x* xvax+b
[t = s ey - (222”3) [ arvban

= 2 qu(u2_b)ndu, u= /ax +b
a

n+l

\/ax+bdx_ Vax+b
= TETERATrET) PNy

_(ax+b)’ (2n=5)a e~Nax+b e
(n—-Dbx"" (2n=-2)b) x"!

di = 2x"Nax+b _ 2nb
.[\/ax+b (2n+1a (2”+1)a.J’\/ax+b

2 I(uz -b)'du, u=ax+b

- an+l

X __ Naxtb _(2n=3)a dx
Ix”x/ax+b (n=Dbx"" 2n=2)bJ x»'Jax+b

dx

2(ax +b)mH12

Jlaxrby=de===200
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_2(ax+b)"2 2b(ax +b)""
a’*(n+4) a*(n+2)

Ix(ax +b)""? dx

_ 2(ax+b)(n+6)/2 B 4b(ax+b)(n+2)/2 N 2b2(ax+b)(n+2)/2

2 nl/2
Ix (ax +b)"'< dx P (n+6) a’ (nt+4) a’ (n+2)

n/2 n/2 (n=2)/2
J-(ax+b) dy = 2(ax+b) +bj-(ax+b) d
X n X

(ax+b)n/2 __(ax+b)(n+2)/2 +ﬂ (ax+b)n/2
I x? = bx 2b X d

dx _ 2 +1 dx
,[x(ax +b)"?  (n=2)b(ax +b)" "2 b,[x(ax +p)n=2/2

dx — -1 _na dx
,rxz (ax+b)"?  bx(ax+b)" 22 2b ) x(ax+b)"?

Joax+b _ax , bc—ad

dx=—+

cx+d c c? In(ex+d)

dx __ 1 n(cx+d)
I(ax+b)(cx +d) bc—ad \ax+b

xdx _ 1 [b d
[ orasd ~ pe—adla M@0 e va)

dx _ 1 f 1 +_ € n(cx+d}
I(ax+b)2(cx+d) bc—ad\ax+b bc—ad \ax+b

xdx _ 1 ! d 1n(ax+b)_ b 1
I(ax+b)2(cx+d)_bc—adlbc—ad ex+d] a(ax+b)
J. x?dx _ b? N 1 Id—zln(cx+d)
(ax +b)(cx+d) (bc—ad)a’(ax +b) (bc—ad)*| ¢

+ b(bc —22ad ) In(ax
a

+ b)}
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dx _ 1 N 1
(ax+b)"(cx +d)" (n=1)(bc —ad) E(ax +b)"(ex +d)"!
_ dx O
ralmen =) [ vy
o -l D(ax +b)™! (ax+by" . [
Un —1)(bc —ad) E(cx+d)" rtnmm=2)a .I.(x"'d)n T

U
(ax +b)" dx = el (ax +b)" +m(bc - ad)I(ax o dxH

(cx+dy " Sn=m=De Hex+d)™ (@ +dy f
0
0O -1 Q(ax+b)” (ax+b)"" [
- d
Bn-DeHervdy™ ") (eray™ “H
Mg pileg
cx+d dy = 2(acx + 3a2d —-2bc) Joth
Jax+b 3a
I(cx +d)Nax+bdx = 2(3acx -:SSaZd ~2be) vax+b
a
E 1 Dc\/(ax+b) Je(be - ad)% c(be—ad) >0
- me(be - ad) Dc\/(ax +b) ++Je(be —ad) O
_— = D
J’(cx+d)\/ax +b %#tan‘l c(ax+b) olbo—ad) <0
D/c(ad = be) ad —bc’

DZ\/ax+b+\/c(bc—ad) Cey/(ax +b) —Jc(be - ad)%

O nej c(bc—ad)>0
Nax+b , H ° c? Fe(ax +b) +Jc(be - ad) O
ICHd _DJ +b  2Jc(ad —b +b
Eb' axth _2yelad =be) -1 A *h) c(be —ad) <0
c c ad —bc

DLln(\/ac(ax+b) +avex +d), ac>0

H\/ac
=0

J'\/(ax +b)(cx +d) 0O 2 —c(ax +b) <0
H/=a alex+d)’ ac
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xdx _ J(ax+b)(cx+d) bc+ad dx

.[ J(ax +b)(cx +d) ac 2ac I J(ax +b)(cex +d)
[N+ bex + dyd :W‘/W Th)(ex +d)
(bc aal)2 dx
I J(ax +b)(cx +d)

\/cx+d \/(ax+b)(cx+d)+ad—bc dx
Iax+b a 2a J’J(ax+b)(cx+d)

dx 2Nax+b
.[ (ex +d)\J(ax +b)(cx +d) (ad —be)Wex +d

_2(ex+d)y™'ax +b  bc-ad (cx+d)”
+d)"\ax +
I(cx dyNaxthd (2n+3)c (2” +3)c \/ax—+

dx Vax+b
I(cx +d)'Nax +b (” 1)(ad =bc)(ex +d)"™!
(2n-3)a dx

2(n—1)(ad _bc).r(cx +d)"'Nax +b

(ex+d)" g = 2Acx+d)'Nax+b  2n(ad —be) ¢(cx+d)"” Velx
Vax+b (2n+1)a (2n+1)a Jax +b

Vax+b = — Vax+b + dx
,[(cx+d)” (n—De(ex +d)'™" 2(n-— 1)CI(cx+d)" ax +b
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13

dx __ 11 | 0O x2 0O
Ix3(x2+a2) 2a°x*  2a* sz+a2

[erae+a) e +d2)§ln("“d>-—ln(x +a?) +4

d X + L 1 .
I 242 2 D) tan —
(x +a%) 2(1 (x +a”) 24a° a

_ 1
.r(xz +a®)? 22X +d?)

xtdx  _ x 1 x
- —tan —
2 +a’)? 2 +a2) 2a P
3 2
2x de 2 . 5 ln(x +a?)
(2 +a*)?  2Ax*+d?) "2
dx = 1 1 0 x* 0O
= + n
dx __ 1 ¥ 3 x
22+ a2 — 5 - tan —
Ixz(xz +a?)Y | a'x 2d°(P+dd) 24 P

dx __ 1 1 —LlnD 2 0
Ix3(x2 +a’)?  2a*x* 2a*(x*+a?) d° 532 + a2 H

_1£|:|
al
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dx  _ X + 3x +3 tapt X
I(x2 +a*)  4a*(x*+a*)* 8a*(x*+a*) 8a’ a
xdx  _ -1
I(x2 +a2)3 4(x2 +a2)2
xtdx  _ -X X 1 X
2 2N3 2 e e 2+—3tan1—
(x*+a’)y 4(x"+ta”)” 8a*(x*+ta”) 8a a
3d 2
x’ax - -1 + a
(x*+a*) 2(x*+a?) 4(x*+a?)?
dx — 1 + 1 1 x?
J’x(x2 +a’)  da’(x*+a*)* 2a*(x*+a?) 2a° x*+ad’
—dx = __1 — X — 7x —I_Stan_l E
Ixz(xz +a?)*  a®x da*(x*+a*)? 8a®(x* +a*) 8d’ a

-1 1 1 3 x?

dx
= - - S
Ix3(x2 +a’)  2a°x* a®(xX*+a*) 4da*(x*+a*)? 2a°  x*+ad?

dx _ X + 2n-3 dx
I(xz +a*)" 2(m—-Da*(x* +a®>)"" (2n —2)612_[()62 +a?)"!

xdx 1
,[ (P +a?) -1 +a?)

dx _ 1 +L dx
Ix(xz +a2)n 2(71 _1)02()‘_2 +(12)n_] a2 IX(XZ +a2)n—1

x"dx x"2dx e X" dx

- a
(xz +a2)n (.X2 +a2)n—l (x2 +(12)n

dx _ 1 dx _ 1 dx
Ixm(xz +a2)n a2 Ixm(x2 +a2)n—1 az J-xm—Z(xZ +a2)n
Mg pileg

J’—'ix;lf- = = ln(x +\/m)=sinh’1 g
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xdx  _ S 3
Jm=0 e

2 2 2 2
J. x“dx _xNx'+a —a—ln(x+ [ +a2 +a2)
Va2 +a? 2 2

x3dx _()C2 +Cl2)3/2 o, >
| erorhi SR
dx 11nDa+\/x2+a2 E
—=—In}————
Ix\/x2+a2 a g X C
dx :_\/x2+a2
IxZVx2+a2 a’x

dx _ Nxt+a? 1 L +vx? +4% U
I - t—IhG——0O

o+ 224 0 X C

2

/.2 2 2
J’\/x2 +a? dx =u+%ln(x ++/x? +a2)

2

24 232
IxVx2+a2dx=—(x +3a)

2+ 2)\3/2 2 2+ 2 4
J.x2 /7x2+a2dx=x(x a’)’’” a’xNx’+a —%ln(x+ (2 +q? +a2)

4 8

J‘x3mdx _ (xz +a2)5/2 B az(xz +a2)3/2
5 3

2 2 2 2
[P = e —anp
U

X C

/-2 2 [+-2 2
I al -2I-a dx=- xx+a +ln(x+\/x2 +a2)
x
Vx? +a? dx = vxt+at 1 lnDa+\/x2+a25
= -
3 O

I X 2)62 2a [l X C
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dx _ X
2 2\3/2
,[(x +a’) a*Nx*+a?

xdx _ 1
I(XZ +a2)3/2 x2+a2

2
x“dx X
5 T +ln(x +/x? +a2)
(x*+a) Nx? +a?
2

3 —
I( 2)j_d)2€)3/2 =Vx +a? e
x“+a

2+ a2
dx _ 1 1 1nDa+\/x2+aZE
= —_—— 57
Ix(xz +a’y? g v+ @ x C
dx =_\/x2 +a’ X
IXZ(XZ +a2)3/2 a4x a4 xz +a2
dx 1 3 3 tha+\/x2 +a? EI

- - + 2 Inf———
J’X3(xz+f12)3/2 202N +a? 20X +a? 280 [ X C

2 2)\3/2 2./ +2 2
.[(x2+a2)3/2dx=x(x Ta) e ra +§a4ln(X+x/x2 +az)

4 8

.[x(xz +a?)?dx =& -'-5612)5/2

x(2+a?)"?  ax(x* +ad?)?  a'x [2 + a2
6 24 16

6

NN TS

J’x2(x2 +a2)3/2dx -

X2 +a2)" ~ a2 (32 +a?)"?
7 5

Ix3(x2 +a2)3/2dx :(

[T SRR e N e S Tl
X 3 X
O C
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17

x? X

2 2\3/2 2 2)\3/2 /12 2
J’(x ta’l)’” dx:—(x ta)yT | 3y x2+a +%a21n(x+\/x2 +a2)
2 2\3/2 2 2)\3/2 2 2 D
J'(x R N _%am%ﬁ_ Va'ta® o

x3 2x? 0 X C

xdx _ -1
I(xz + %)@/ - 2n-1)(x2 +a?)> 2

x> dx _ -1 + a’
(x2 + a2)(2n+1)/2 (27’1 _3)(X2 +a2)(2n—3)/2 (21’1 _1)(X2 +a2)(2n—1)/2

(x2 + a2)(2n+3)/2

2 4 2\@nH)/2 g —
Ix(x a’) dx 2 +3

%2 +a2)(2n+5)/2 B az(xz +a2)(2n+3)/2

Ix3 (xz + a2)(2n+1)/2 dx = (

2n+5 2n+3
dc _ 1 xX—a
J’ﬁ——ln
X" —a 2a |x+ta
_ 1 -1 X 2 2
=——coth™ = X >a
a a
__1 1 X 2 2
=——tanh™ = x° <a
a a

x*—a?

2

x*dx _ a,|x-a
- =x+—=In
xX“—a 2 |x+a
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dx 1 1 x—a
=i 1y,
,[xz(xz -a*) a’x 2d° |x+a
dx 1 1 | x|
,[ 3(x*—a?) T24°% 2a xz—a2|
- x _ 1 u‘
I(x2 -a*)* 2d*(x*-a*) 4a’ |x+ta
_ -1
I(XZ _a2)2 2(x2 _aZ)
x?dx -X 1 xX—a
+—1In
,[(x 2-a?)?  2(x*-d?) 4a |x+a
Xdv ____-a’ ln|x —a |
,[(x 2222 227 —az) 2
— 2
I dx — 1 + 1 In X |
x(x2=a*)?  2a*(x*-a?) 24*  |x*-ad?|
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cosh ax cosh ax sinh ax
I— dx=- + aJ' dx
X X

I dx :gtan"le‘”‘
coshax a

x n—1]Jsinh"?ax

T
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4a 8a? 4

dx  _ tanhax
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a a
n-1 . _
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