SECTION 1

14 KAMIIYAOI'PAMMEX
XYNTETAI'MENEX

14.1 I'evikoi Opropoi

H 0éon evdg onueiov P otov tplodidoto-
10 Evkleidelo ydpo pmopel va kabopichei pe
opboyvieg Kapteolaveg ooVTETOYUEVES (X, ¥, Z),
01 OTI01EC LETPIDVTOL KOTO UAKOC TPLOV EVOEIDV,
KGOtV avd 6vo, onAaon to Oxyz eivor éva
oel1oatpopo  opboyavio kapteclave  oOOTHUG
ovvtetayusvov. Eniong, n 0éon tov P pmopei va
KoOopIoTEL UE KAUTDAOYPOUUES CVVIETAYUEVES
(u,, uy, u3). T 500 GLGTAOTO. GUVTETAYUEVOV
ocuvdéovtol pe Tpelg (cuveymg SlPOPIGIUES)
eC10GEIS UETOTYNUOTIOUOD

x=x(u, u,, uy)
Y =)y, 1y, uy)
z=2(uy, Uy, uy)
H loxwpiavi tov uctacynuotiouod(mov glvon pa opitovoa 3 x 3)

0x/0u, O0x/Ou, Ox/O0u,
12%2-H43 az/aul az/auz 62/6u3

vrotifetar d1dpopn Tov UNdevog, MGTE Vo €ival AVTIGTPENTES Ol EEICADCELS LETA-
oynuaticpod. To cOOTNHO GUVTIETAYUEV®V U, U,, Uy TOPAUEVEL KAPTESIOVO (YEVIKA
OU®OC TAAYLOYDOVIO Kol Oyl 0pBoydVIo), av Kot Lovo av ot eEIGMGELS LLETOTYTLATL-
opov elvat YpopLpIKEC.

Av duatnpnBovv octabepég ot u, kot u, kot petoffindel povo m u,, To onueio P,
7ov opiletar amd to didvuopa r = xi + yj + zK, ypaeetl pio. KopmoAn mov kaAgitol
ovvtetoyuévn kourvln u, oand 1o P. Opoto opilovtor o1 GUVTETAYUEVEG KAUTOAEG
U, Kol Uy and 10 P Kot yevikotepa omd kébe onpeio.

Av dwotnpnBet otabepn povo n u, xar petaPfinbovv ot u, ko u,, o onueio P
YPAPEL Pl SodIoTATN EMPAVELR, T Omtolo KOAEltow ovvietayuévy empaveio u,.
Opoto opifovtor ot GUVTETAYUEVEG ETUPAVELEG U, KOL Uy.
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Ta dwavdopoata Or/ou,, Or/Ou,, Or/Ou, EQATTOVTOL GTIC GLUVTETOYUEVEG KAUTOAESG
Uy, Uy, Us. Av e, e,, e; etvar ta povadioio StvOGHTO TOV EPATTOVTOL GE QTG TIC
KOUTOAES, TOTE

or _ or _ or _
a_ul_hlel’ o " =he,, o, e,
OToV
_lor| , Zlor| , o|or
= ou, |’ b, Ou, |’ s Ou,

gtvar o1 ovvredeotés kAinaxog. Av ta e, e,, e, glvar avd 6vo kabeta (dnAadn av
e;e; = J;), T0 KAUTLAGYPULLUO GOGTNHO CUVIETOYUEV®VY Kareitaropboydvio.

& KAUTVAOYPUULLEG CUVTETOYUEVEC TO TTOLYEIWOES 0LV EIVOL

dr—ard +6rd +6r

Ju, o ou, duy = hdu,e, + hydu,e, +h,du,e,

Av ot cvvtetaypéveg glvar opboydvieg, 0nmg vrotifetal oe OAa T EMOUEVA, TO
OTOLYEIMOES UNKOG EIVOL

ds* = dr-dr = h’du? + hy’du,” + hy’du;’
To ororyeio oyxov glvan

dv =|(he,du,) X hye,du,) % (hye,dus )| = hh,h, du,du,du,

or _Or _ Or

=X =

Ou, auz Ou,

H aAloyn ovvietayuévov petacynuatiCel 1o OAOKANPOUOTO COUPOVE ILE TOV
om0

du,du,du,

o(x,y,2)
du,du,du, = ‘6(u1,u2,u3)

0(x,y,z)

—a(ul ) du,du,du,

Jll'F(x, v,z)dxdydz =J;[ G(uy,u,,uy)

o6mov R’ n mepoyn omv omoio amewkovieton n R xou G(uy, u,, u;) | TUN TG
F(x, y, z) mov mpokOMITEL OO TO PETACYNILOUTIGHLO.
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14.2 Khion, Aroxion, leprotpon)

210 mopoxdto D eivor po fabpmt cuvaptnon ko A = 4,e, + A,e, + Ase,
pe SIVOGUATIKY GLVAPTNGT TOV 0pHoYOVIOV KOUTVAGYPOUU®V GUVIETOYULEVOV
Uy, Uy, Uy.

K\ion tov @ =grad® = [

_10®

e I e o
1 1 2

+ - Y=
2 © hy Ou, &
Amdrkhon tov A =divA = A

1 0o 0 0 O
= hhA)+—(hhA)+—=—(hh A
hlhzl% @ul(z 3 1) au2(31 2) 6u3(12 3)H

Iepiotpogn tov A =curlA =k A
he,  he, e,

-1 |0 o0 0
hhyhy |Ou,  Ou,  Ou,

h’l Al h2 A2 h3 A3

thT(hA) (hA)He

1

BT(hlA) (hA )Be

1 Oa
EBT(}ZA) (hlA)Be3

+

A A, A4,
Mopdaywyog kotd kKatevbuven = (A1) D = h_llg_i + 2 2 gz hj gs:

Aomhactavy tov @ =[1*P

1 0d thfaaqsm 0 Ul 9@ O Dhlh_cb
oy B, 6u1E|+6u2 Hn 6u2E|+6u3 Hh ou

Amd v 810 oyéon mpokvmTel 0 Srappovikdg tedeotic VD = VAV D)

[
. B
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14.3 Awa@opo XvoTtinato XovTETAYUEVE@Y

X=pcosp, y=psing, z=z
pe p=0, 0<p <2z, —00<z<oo,

ho=h=1, hy=h,=p, hy=h =1

dr=dpe, +pdpe, +dze,
ds® = dp* + p*dy* + dz*
dV=pdpdpdz

Ud= 6—(pe +laq§e +a—¢e

op " podp ? 0z

_ 100
DA= @(A)+ A+a(A)a

104, _0(pd)0, D4 040 _ 10(p4,) _ aAD

X A= —
2B e BT e B t,E 6
00, 4 3b, , 0D
(AsL])g= Ala My a4

2 2 2
2gx a_¢+la_@+La_¢+a_¢
ap’ pop  p? 0y’ 07

x =rsinfcosp, y=rsinfdsing, z=rcosl
ue ¥r>20, 0<0<x, 0<¢p<2m

hy=h=1, hy=hy=r, hy=h,=rsinf

dr=dre +rdbe,+rsinfdgpe,

ds® = dr* + r’do* + r*sin’Odg*

dV = r*sinfdrdbdyp
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g 0P, L1300 . 1 30

or 00 % T rsing ap
UA= 1 (Ar s1n9)+ (A rs1n6?)+ (Ar)D
r sm@@ =
G a1 Drsing) (4D

P2sindH 00 0p r

L1 D4 _O(Arsin0)D 1 0(Ayr) 04T
rsin@ F0p or 9" rH or 06 @e

9, hov, A 0o
(A= 4 ' or " r O0p rsinf 0z

2 La( 645) 1 a( aas) 1 9@
W= r? or or | r?sinf 00 sin@ 00 ] r*sin’ 0 d¢p>

xz%(uz—vz), y=uv, z=z
hy=hy=~Nu>+v*, hy=1
Do | (02q5+62¢>)+62cb

u? +o0r\ou?  9v? 0z?

Ot TOUEC TV GUVIETAYUEVOV ETIPAVELDY UE TVYOV eMinedo z = otab. eivar 600
O1KOYEVEIEG GVVESTIOKOV TTapaformv. Ot eEI6DCELS OVTOV TMV OIKOYEVEIDV Eival
_ 12,2 2 _1s2,2 2 . , , , ,
x =5(y/v* = ) kK x = 5(y/u” — u”), amd TG omoieg maipvovpe Tig 300 OKOYEVEIES
Tov Xy, 14-4 divovtog TIéG oTa 1 Kot v.

X =uvcosp, y=uvsing, z=3iu’-10?
omov u>0, =20, 0<¢p < 27
_ _ 2 2 _
hy=h,=~Nu"+v", hy=uv

oo 1 g(a_qs)+ 1 g(a_qs)Jrla%p

u(u® +0v?) Ou " oul o(u®+0v*) 0 v ov /| u?v* d¢?
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Ot GUVTETAYUEVEG EMPAVELIEC TPOKVTTTOVY LLE TTEPIGTPOPT TV TAPABOADV TOV
Xy, 14-4 yopw and tov dEova x, mov petd ovopaletar z. Toun TV GUVTETAYUEV®VY
EMPAVEIDV ULE TUYOV EMIMESO TOL TTEPVEEL OO TOV AEOVA T®V z divel To Xy, 14-5.

x =acoshucosv, y=asinhusiny, z=z

u>0, 0<v<2m, -—-w<z<ow

h,=h,=a~sinh*u+sin*v, hy=1

D2 1 (0245 +02q5)+02cz>
a’(sinh?u +sin’v)\ 0u? 9v* | 0z°

O1 TopéC TOV CUVIETAYHEVOV EMPAVEIDV LE TPV enimedo z = otaf. eivon
oLVeSTIOKEG eEAAelyeLg Kot Topaforés. Ot eEloMOEIS VTAOV TV OIKOYEVELDV Elval
2 2 2 2
X X
—+ .yz =a’ Ku ——— __.yz =a’
cosh“u sinh”u cos“v sin“o
070 TG 0TOiEC TPOKVTTOLY Ol KAUTVAES TOV Xy. 14-6 Yo S10Q0peC TIUEC TOV U KoL
v.

x =acoshécosncosp, y=acoshécosysing, z=asinhlsing

20, —aR2<np<a2, 0L¢<2x

h,=h,=a+/sinh*¢ +sin’n , h,=acoshcosy

? I i(coshgK a—qj)
a*(sinh? & +sin? i) cosh & 0 o¢

. 1 Kl %OS’Y P @ 1 )
a®(sinh? & +sin” ) cos# 07 0n O a’cosh? Ecos? y 0p?

ADO  OKOYEVEIEG CULVTETOYUEVOV ETIPOVEIDV TPOKVITOVV LE TEPLOTPOON
tov Xy. 14-6 yOopw oamd tov déova y, mov petd ovopdletar z. H tpitn okoyéveln
GUVIETAYLEVOV ETQOVEIDV OTOTEAEITOL QO €MIMEdA, TOL TEPLEYOLY AVTOHV TOV
aova. Xe éva eminedo mov TePEYEL TO VEO AEOVA z 01 GLVTETAYUEVEG KOUTOAES (Y.
14-6) divovton and Tic éiomoelc [p = (x* + »H)'? = andotacn and tov déova z]

P’ iz =a’ Ka r_ ,Zz =a’
cosh?¢  sinh?¢& cos’y sin’y

Yo S1POoPES TIUES TV & KOt 7.
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x =asinh{singcosg, y=asinhésinysing, z=acoshlcosy

20, 0<gy<x, O0<ZL¢p<2nm
h,=h,=a+/sinh*¢ +sin’y, h,=asinh&sing

[2g= 1 i( inh "—@)
22 (sinh? & +sin? ) 0 \ "< 5z
| 0. odb | 92

+ —[diny=—
a®(sinh? & +sin? 7)sinyn 04 1 Oy O a®sinh? Esin?y d¢p?

AVO OWKOYEVEIEG GUVTETUYUEVMV EMLPAVELDV TPOKVTTOVV [E TEPIGTPOPN
tov Xy. 14-6 yOpw and tov dfova x, mov petd ovoudleral z. H tpitn owoyévela
OUVTIETOYUEVOV EMPOVELDY OTOTEAEITOL OO EMIMESQ, MOV TEPIEYOLV CVTOV TOV
GEova. Ze éva eminedo TOL TEPLEXEL TO VEO AEOVA Z O1 GUVTETOYUEVEG KAUTVUAES (Xy.

14-8) divovton and Tig elodoeig [p = (x* + %) = andotacn ond Tov GEova z]
2 2 2 2
z
~p2 + 2 =a’ kot Zz _-p—zzaz
sinh* ¢  cosh* ¢ cos“n sin“ gy

Yo S1POoPES TIUES TV & Kot 7.

asinho _ asinu _
= YV —————, Z=Z
COSD —COSU coshv —cosu
omov 0<u <2m, -wo<v<o, -w0<z<ow0
a
h=h=—— —, h=1
coshov —cosu

2 ou?>  ov? 0z2

P2 = (coshv —cosu)? (62@ N 62@) L 0%
a

Emneon

2 2
2 _ 2 -_4a _ 2 2 —
x*+(y —acotu)® =——— o (x—acothv)’ +y° =———
sin” u sinh”
Ol TOUEG TV KUAIVOPIKMV GUVTETAYUEVOV ETPOVEIDV U = oTad. Kol v = 6Tad. glvar
KOK Ol OTT®G oT0 XY, 14-9.
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8

_ asinhocosg _ asinhvsing _ asinu
coshov—cosu’ coshov—cosu’ coshov —cosu
7 — a _ asinho
Wil gy = s
coshov —cosu

coshov—cosu’

D2 — (coshv = cosu)? i( 1 acp)

a? Ou \coshov —cosu Ou

. (coshv —cosu)® i( sinho 6_(15)+ (coshv —cosu)* 9*p
a’sinho  Ov\coshv—cosu dv a’sinh’v  0p?

Ot ocvvtetayLéveg EMPAVELES TPOKDTTOVY UE TEPIGTPOPN TOL Xy. 14-9 yVpw
amo tov d&ova y, mov petd ovopdletal z. Ol CUVIETAYUEVEG EMQAVELES u = oTab.,
v = otof. ko1 ¢ = otad. divovrar avtictoyo amd Tig eficmoelg [p = (X + Y2 =
amootooT ond Tov akova z|

p*+ (z — acotu)? = a*/sin*u, p*+z°+a*=2apcothv o tang = y/x

Y10 SIGPOPEG TYUES TAOV U, D KOL (.

N N = Sl
ab’ ¥ " a a? -b? ’ b b -’

L P e PV
PTG ma)B ) BT (P —a) (b - V)
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0, _ (@ =A@ ~p)(a® -v)
N (s
Eyz _ (B2 = DB~ (b =)
D)

0

(€ =S =p)(e ~)
@ -5

%,12 - w=Ae-2)
4(a® = A)(b* =A)(c* =2)

0

S U i

0 4@ =p® (e —p)
. )

%@ Aa® =v)(b* —v)(c* ~v)

2

E,Zx—z+ V. -, —oc<) <b?

= -1 b*=
2 2
%zx—” S—=zou B <p<d
@ —u b -
u
0x Y’ =z-v a’*<v<ow
Ca®—v B2-v
0, _ (@ —2)(a® —p)(@® -v)
Exz_ b —a?
O, _ (0 =B —)(B* -v)
g a> —b?
U
H=A+u+v-a®-b
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%ﬁz - (==
G G
O

O

o (vmw(A—p)
P A - (b - )

(A=v)(u-v)

%1]2 16(a® —v)(b* —v)



