SECTION 1

8 OPIXMENA OAOKAHPOQOMATA

‘Eoto 6t n f(x) glvar opiopévn oto dwotnua a < x < b. Av 10 didotnpa avtd
xop1obel og n ioa vrodiaotipaTe pe uNkg Ax = (b — a)/n, 10 opiouévo olokAnpwua
™G f(x) amd o x = a émg 10 x = b opileTon pe T oYéon

| ' f (o) = lim{ £ (@)Ax + £ (a + Bo) A + fa +26) B +-- f(a Hn 1) DA}

Av 1 f(x) givol Tunpatikd coveyng (cLVEYNG € VITOSIOGTIILATO TOV SLOGTNLOTOG
0AOKANP®ONG), TO OPLO VILAPYEL.

Av f(x)= % g(x), tote cOuQmvo ue 10 fsuchimdes Oecdpnuo tov oloxinpwtikod

Lb f(x)dx = Lb 4

Av 10 S1dotnpa givar dmepo 1 av 1 f(x) éxel éva ovapaAo onpeio oto ot
OAOKANP®ONG, TO OPIGUEVO OAOKANPOUO AEYETOL YEVIKEDUEVO OAOKANpmUO. KOl
umopel va opioBel kotdAinia pe 6pa. ‘Etot .y, etvan

Aoyiouod givor

,=8(b) —g(a)

I: £ (x)dx = lim Lb f(x)dx

I f(x)dx= hm f (x)dx

b b—¢
I f(x)dx= lir(l)aj' f(x)dx  ov b givan éva avdpaAo onpeio

b
I f(x)dx = lim f (x)dx  av a givol éva avopaio onueio

-0+ Jg+e

H mpwrtevovoa tiun tov Cauchy (mov pmopel va LEAPYEL OKOUO Kol OTAV
TO YEVIKELUEVO OAOKMPOUO OV VTAPYEL) €VOG YEVIKELUEVOL OAOKANPDUOTOC

J'co f(x)dx opiletar g o 6p1o lim IA;] f(x)dx. Opoia, ywo éva avoparo onueio
—c0 N 50—
€ GTO E0MTEPIKO TOL SLUGTLOTOS OAOKANPpWONG 1 TpwTeLovsa T tov Cauchy
c—¢& b
. , . 0
opiletor wg to 6p1o 511}& B’a f(x)dx+ J'm f(x)dx O



2 SECTION

8.2 TI'evikoi Kavoveg ko Id10tnTeg

Ib[f(x)ig(x)ih(x)i---] dx =J'bf(x)dx * bg(x)dx * bh(x)dx .

Lbcf(x) dx=c ab f(x)dx
[ " F(x)dx =0
Lb F(x)dx=— Ib f(x)dx

[ rds= [ e[ s

Ib f(x)g'(x)dx = f(x)g(x) z —J'b f'(x)g(x)dx  [oAokApwon KaTd mapdryovTeg]

b
I f(x)dx=(bB-a)f(c), Yo KOTAAANAO ¢ petald Tov a Kot b

AVTO givol T0 Gewpnuo e uéEoNS TIUNSYIO OPIGUEVO OAOKANPOLOTO KoL IOYVEL, OV
N f(x) elvan cuveyng oto ddotnua a < x < b.

b b
J’ f(X)gx)dx=f (c)J' g(x)dx, Y10 KOTEAANAO ¢ petaléd Tov a kot b

H oyéomn avtr| amotedel yevikevon tov Bempnpotog tng LESNS TIUNG KL IGYVEL, OV Ol
f(x) ko g(x) etvan cuveyeig oto a < x < b ko g(x) = 0.

d_ " ?2() gF dy, dp,  [kavévag Tov
- F dx = Zdx+F kil By a9y
dofy o TN g A F @0 PO 0 it

[ AL = 410 - fepm

0

AvT6 gtvan to oloxdpwuo tov Frullani kot 1oy0et, av 1 f'(x) eivon cuveyng kot 1o

Lw S () 4 ovyKAiveL.

X

‘J’ab f(x)dx

SIb|f(x)|deM(b—a), v | f(x)|<Motoa<x<b



SECTION

8.3 Awdg@opa Oloxkinpopota

| Cenex o TmEDI(n+])
m — n = = > - > -
on (1 x) dx IO (1+x)m+n+2 d F(m+n+2) ’ m 1, "
I x" dx 1 _1 =DH" O
=(-1)" 2=14+=—=+... + =1,2,...

J;)l-}-x ( ) an 3 3 n E n 9 Ly

| Yd @ ~1<1 <0

o(I-x)**"  sin(A+1)z’

=7

J.V(l _X 2
I\/a -x* dx——

a™" C[(m+1)/n](p +1)
nl'[(m+1)/n+p +1]

Iaxm (a" =x")dx =
0

‘ - . na L' (m)I"(n)
+ m=1 — -1 - m+n-1 = \"TVJ)2 \"0)
I_a(a )" a—x)"dx =Q2a) T(m+n)
_dx _m
,[0 x*+a®> 2a
A
Ydv___ m , -1<2 <0
o 1+x sin(A+D)x
r(p+1)r(mT+1)

1
I x"(1=x")ydx =
0

, m>-1,n>0,p>-1
)

m+l-n

Idex =___7a O<m+1<n

o x"+a" nsin[(m+Dx/n]’
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J- . dx — 2 cot™! b , a>0,4ac-b*>0
0 ax’* +bx+c  ~Jdac -b? Jdac -b?

© x"dx _ g sinnp
J:) x?+2xcosf +1 sinnz sinf

) x™ dx _ (_1)p—1 n.am—npﬂr[(m +1)/n]
o (x"+a")” “nsin[(m+Da/n](p ~DIT[(m+1)/n—p +1]°

OMla ta ypdppata-cOpPora Bempodvral Betikd ektodg av onimBel To avribeto.

O<m+1<np

T

J' sm 2xdx = I sin xdx—4
J’ cos 2vdx=L M cos? xdx =T

0 0 4
IO sm nxdx——I sin nxdx——I sin? nxdx = _Z n=12,..
mcosz nxdy =L cos? mxdy =L 2”cosz nxdx =% n=l2
i 2, al, & 2
™ , m%n
J' sinmxsinnxdx=%0 H m,n=1,2,...

0 DT/2, m=n[]

T R m#n
J' cosmxcosmca’x=%D % m,n=1,2,...

0 /2, m=n[]

L [0, m+n=2p [
J' sin mxcosnx dx = 0 m,n, p=1,2,...
0 %Zm/(m2 -n?), m+n=2p+1[

E'm;gﬁ'(”n_l), n=2p+1, p=0,1,2...
O
LI /2 O3G5---(n-1)z
n = " =TI, =2p,p=12...

J’O sin” x dx J'O cos” x dx . I n=2p,p

Wz L((n+1)/2)

>_
62 2+ "0
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/2

T

xsin"xdx=m sin” xdx
0 0
/2 /2

J’ tan” x dx =J' cot’ xdx =—— T |p| <1
0 0

2cos(pr/2)
/2 dx :l
Io l+tan"x 4

/2
J- xdx :2(L_L + L1 +...)=2G=1.8319311884

0 sinx ? 32 52 77
12 2 dy

——=rln2
0o sin’x

/2 xdx

=z
IO tan x 2ln2

sm—F(p+1) p+1>0
J' sin” xsinmx dx = %p+m +2>0
0
FEL+1§rﬁL+1§ Ho—m+2 >0
+1>
/2 , I'(p+1) %p 1>0
J'O cos xcosmxdx—2p+1 pt+m+2>0
FﬁL+lﬁFﬁL+lﬁ Bp—m+2 >0
w/2 cos—F(P*‘l) Cp+1>0
I sin” xcos mx dx = Ep+m+2 >0
0

FEL”%FﬁL”ﬁ D= m+2 50

/2 ﬁ ﬁ +1>
J' sin” x cos? x dx = 2 — 2 ] Hp 1>0
0 Zrﬁgzqﬂﬁ y+1>0

A cos™'(b/a)
_[o atbcosx /g2 -p2
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odx  _ ¢ dx  _ 2=m
Io a+bsinx _[0 atbcosx \[g2-—p2

I 2 dx P 27[ 20 a#xb
0 a-*2abcosx+b |a -b

™ xsinxdx gn/a)ln(l+a) jal <1

Io 1-2acosx +a’ Qtln(1+1/a) la| >1
T cosmxdx  _ gg™ 2 —

I = , a* <1, m=0,1,2,...
0o 1-2acosx+a®> 1-a?

- - 27a
,[o (a +bsinx)? _Io (a+bcosx)* (a*-b*)*?

/2
J’ __dx 5 =L a>0,b>0

o (asinx+bcosx) b

/2 dx /2 dx T )

= = , l+a”sin“ x>0

,[o 1+a’sin’x Io l+a’cos’x  2J1+a?

S S dx __m(2ta’) 1+a’sin’x >0
,ro (1+a’sin®x)? Io (I1+a*cos’x)?  4(1xa?)?’ -

/2 dx _? cos? x dx R
I 2, 2.2 _I 22 2.2 ) a>0,b>0
o b*+a’tan’x Jo a’sin’x+b*cos’x 2b(a+b)

i dx _ sin’ x dx o
I 2712 12 _I 2 oin2 2.2 ’ a>0,b>0
o a’*+b’cot’x Jo a’sin*x+b’cos’x 2a(a+b)

sin”! x T
J’ ——dx ——1nx
0

tan™ 1 g = ~L L1 -6 =09159655942...
0 2 32 52 72

D /2, p>0
J- smpxd D 0. =0
0

E—n/2 p<0
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® sin pxsingx

_1, P*tq
d __ln—’ > >0
0 =g P>q

. /2, p>q>0
I SMPXCOSY = tqe/d,  p=g>0

0 X
%), q>p>0
“sinpxsings , _OP/2 - 42p>d
Io x? (g /2 pzq>0

8

sin? px , _ 7|p|
= dx = >

—

8

l—cospxdxz z|p|

—

x2 2

[ e gy 1‘, p>0.4>0

0 X p

cospx-zcosqxdx:ﬂ(q_p)’ g>p>0
0 X z
oosin2n+1 mx IBB(zn_l) T
_ T > -

IO P X 2@@(2}1) 23 m O,I’l 1, 2, 3’
« cosmx — T —ma
Io x2+a2dx_%e ’ @20 m=0

P XSINMX ;T pa > >
IO x2+a2 dx 26 ’ a_O’m 0

*  sinmx T -

dx = 1—e™), a>0,m 20

.[0 x(xz +a2) 2612( )

® sinx ® cosx T

dx: dx:\/:

Io Jx .IO Jx 2
I Sl?/j(dx: /27.[

0 X
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S s
“.
=
=
Q.
w
)

—
w
= B
N
=
I
Wy

sin x T
dx = . , 0<p<2
Io X T2 (p)sin(pr/2) p
® cosx T
dx = 0<p<l
Io v T2 (pycos(prl2)’ p
/2, m>0
I tanxmxdxz%, m=0
0
Hz/2,  m<o
0 -1 _ -1
tan™ px—tan  gx de=%1n ya
0 X 2 q

°°( 1 )dx
cosx | ==y

Io 1+x? X

©. ) 1 |z
.[0 sin(ax?)dx = J'cos(ax Ydx = 5\2g a>0
I}
I cos(ax?)dx =
0
Isin(axz)cos2bxdx— ,[ (cos——sm—) a>0
0

o0 2 2

cos(ax*)cos2bx dx = l« [ (cosb— +sinb—), a>0
0 2N 2a a a

p>1

p>1
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I e"‘”‘dx:l’ a>0
0 a
SR |
xe “dx =—, a>0
; y
[ J;e—axdx:ﬁz, >0
0 a
°°e—ax p
d :\/:’ >0
Jo 7w @
|
* Ea‘z;l’ p=1,2,3,...,a>0
I x”e"“"dx:D ‘
0 Df(p—ﬂ)’ p>-1,a>0
O a?
[F(.X') n O-DVdeT]G‘I’] 'Ydua]
© —ax _ ,=bx
J' e e =m?, 4 >0.b >0
0 X a
@ 2
Jo xdx :7[_’ >0
0o e* =1 6a’
I & :ln_2’ a>0
0 e™ +1 a
@ 2
xdx =,[_, >0
ﬁ) e +1 1242

i 1__x@= : 1 —Q =
J;)(1+x ¢ )x .IO(eX—l x)dx 4

-1)! 2n-2_ 2n
p—ld é(pap) C(p)zzna;:. Bn’ p:2n’n:1’2,‘”,a>0
oox x_
0o e*™—1 _DF
5] a(f)((p), p>0,a>0

[/ (x) n ovvaptnon ydua, {(x) n cuvaptnon {ita tov Riemann]
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[(2n = 1)! 1o _@* =Dz =2n,a>0
1-2ng(py =i g
» xPldy H a* ( ) (p) 2na*" " @np= L2,...

o e”+1l
D -2n(p) p>0,a>0
[/ (x) n cvvaptnon ydua, {(x) n cuvaptnon {ita tov Riemann]

1
dx L 1 11 212912859970627...
0 xx 11 22 33 44

00

I e “sinbxdx = ———-~, a>0
0 a+b
I e cosbxdx=%bz, a>0
0 a
I xe‘“sinbxdx=%, a>0
0 a
© 2 1.2
J' xe‘”“"cosbxdx=(az_i_—;2)2, a>0
0 a
J' ¢ sinbx ‘;inbxdx:tan'ls, a>0
0
. ,b, p>0
wx”"le"‘”‘ sinbxdx=—r(p)smpe %1 b
.[0 (a® +b*)P'%° % =sin”' —2— =cos” ——%+
/az +b2 /az +b2
- ,p>0
xp—le—ax Cosbxdx = M %l b
Io (a® +b*)P'%° % =sin”' —2— =cos" ——%+—
Na® +b? NVa® +b?
e sin(bx + ) dy = ASE *bcose a>0
0 a* +b?

e “ cos(bx +c)dx =—asm§—bzcosc, a>0
0 a - +b
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11

J' e “sinbxsincxdx = > 22ab02 > a>0
0 [a® +(b=c)*]la” +(b +c)°]
2 2 _ .2
J' e “sinbxcoscxdx = 3 bla -:b > <) o7 a>0
0 [a® +(b=c)*]la” +(b +c)°]
2 2 2
b(a® +b” +¢*) 250

J' e cosbhxcoscxdx = ,
0 [@® +(b—c)*][a® +(b +c)’]

® smpx p 1
coth -——, >p >0
Io e 2p a-p
@ s1npx _ 1 T >p >0
IO e +1 2p 2asmh(p7r/a) a-p

—ax

IO e cospxdx——lnBaiH

1 -1

I v e gin pxdx =tan™' = —tan
0

SR

b
p

J-°° e ‘”‘(1 cosx)d

=cot™ a —LIn(a® +1)
0 2

w 2
J’ —(1 cosbx)dx——lna T 450

0 a’

® o 1, a*+c?

=— >
IO 2ln EpeE a>0
_CJY >
O dx = 2\/7 a>0
o = 1 S

IO xe ™ dx= 2a a>0
J' e cosbydy =L T pb*/4a a>0

0 2Na

w1 —ax
I 1 62 dx =~ar, a>0
0 X
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® —(ax +bx +c) dx = 1
J; 2Va

2\a
I°° e—(ax2 +hx+e) gy = T e(b2—4ac)/4a
o \[ a
Iwe"("x2+b/"2)dx=11[£e"2m, a>0,b>0
0 2N a

I e_x—_edx—l [y 0 ap1Bpog Tov Euler]
0 X 2
E:IBE;H@’I 1)\/7 p=2n,n=12,..,a>0
I xPe™ ™ dx = El%, p=2n+l,n=12,..,a>0
0

Dl —(p+])/2F§L§ p > _1’ a>0

© +
xPe” (@ dx = 1 r ! a>0,p>-1,4 >0
0 ga’*! q

J’lnx dx = (3+1)—

1
J’ X _ =2
o (1+x)?

1
[ Inx ge=-OL_ 1,1 _ 1, Do G=09159655942...
0

1+ x2 B2 32 52 72 g
Inx = — 7l'ln2
I\/l x?

xInx
dx=1-1n2
I\/l x?

”e<b2-4“6>/4aerfc( b ) erfe(z) = f e dx, a>0
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13

1
I (Inx)V1-x2 dx = —%(1 +21n2)
0

71_2

1
J’ (Inx)In(1+x)dx =2 -2In2 ——
0 12

7[2

1

I (Inx)In(1-x)dx =2 ——
0 6
I

I In|lnx|dx = =y
0

! -1
xPInxdx =

P — >_
J; (p+D? p>-1

1
I (-Inx)?dx =I"(p +1), p>-1
0

1o p-l
I XTInx oo ppOeT g
o 1+x sin prx

Px"Inx Ny ae (D
XX g = (=) 4 (-1 =1,2,...
[t de= ey ey S L2
l'xnlnxdx:—n’_z+iL n =12
Io 1-x 6 k¥ >
' In(l - x)dy =—L 5 1 =0,1,2
on n(1 - x) x—mkz]%, n=0,172,..
O 1 n+1(_1)k|:|
In2+ =0,2,4,...
. +1%n ]; k H n O: s Ty
Ix”ln(1+x)dx=D
0 |:| 1 n+1(_1)k—l _
%kz:l k . n—1,3,5,...
UIn(1 £ x?) 2
- 7 =(—-1+ -
J'() . dx (1_3)24p, p>0
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!
Dﬁ, p>-1,qg=n=0,1,2,...
1
I xP(~Inx)7dx =]
0 0l (g+1
Forir P77
U xp — x4 _.. ptl _ N
IO Iy dx—lnq+1, p>-l,g>-1
T -9
on” s1n(q1nx)dxzm, p>0
Lo V4
onp cos(qlnx)dx=w, p>0

/ w/

Io ’ In(sin x) dx = J'O

/2 /2 3
. 27— 25 T 2,7
J’() [In(sin x)]~dx —J'O [In(cosx)]*dx = > (In2)” + 7

2
In(cos x) dx = —%mz

T 71.2
I xIn(sinx)dx = -—1In2
0 2

7/ w/

IO ’ (sin x)In(sin x) dx = IO

2
(cosx)In(cosx)dx =In2 -1
2 2

I In(a +bsinx)dx = I In(a +bcosx)dx =2rIn(a +va> =b? )
0 0

azb>0

. — _1.da+a*=bp* [0
J'() ln(aibcosx)dx—nanB

7 [R2rlna, a=2b>0
I In(a? + 2abcosx +b*)dx =[]
0 [Rrlnb, bza>0

/2
J’ In(1 + cos x)dx = —%mz +2G = —%mz +1.8319311884...
0
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T

/4 .
I In(1 + tan x) dx =§ln2
0

T

/2
J’ In(1 + tan x) dx :%mz +G =%1n2 +0.9159655942
0

T

/4
J’ In(1 - tan x) dx =%ln2 -G =%ln2 -0.4579827971...
0

2 In(1+bcosx) —In(l +acosx) , _ 1 RS g7
. pr— dx = 2{(cos a)” —(cos™ b) }
/4

In(sinx)dx = -Z1n2 -9 = -T2 -0.4579827971...
0 4 2 4
/4

In(cos x)dx = ~Z1n2 +9 = -Z1n2 +0.4579827971. .
0 4 27 4

aln(2sin£)dx:_(sma+Sin2a +sin3a .
IO 2 12 22 32

/2 /2
J’ In(l + psin® x)dx = I In(l + poos® x) dx =zl M TP \'21”’,
0 0

/2
J' ln(a2sin2x+b2coszx)dx=7t1na;b, a>0,b>0
0

/2 /2
I In(a* +b* tan? x) dx :I In(a® +b? cot® x)dx =rln(a +b),
0 0

00

J'() e*Inxdx=-y

00

I xe*Inxdx=1-y
0

I xle ™ Inxdx=3-2y

0

e Inx
——Zdx=—7(2In2 +
| iz

a>0,b>0
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J’oo e Inxdx = —%(y +2In2)
0

o B 71.2
[, maxe)de=(-1£3) 57

“ Inx T
=] >
J’O 21 dx 2a na, a>0

PIn(AY) TG =102 +0.9159655942...
0o 1+x2 4 4

® xP'lnx n? 2 P . 2 P
dx = — = — 0<p<l
_Io T BT o ﬁ%os 5 tsin’ 3 @ p

« h‘l(l+xp) -
d = 1 B 0< <
.IO x4t X gsin(zq/p) q<p
® xdx 2
= >
Io sinhax 4q%’ a>0
® dx T
=5 >
J:) coshax 2a’ a>0
= xdx _2G _1.8319311884...
T2 , a>0
ﬁ) coshax g2 P
© xP7'dx 27 —1
= S S
Io sinhax 2°771gP I'(p)C(p)s a>0,p>1

[/ (x) n ovuvaptnon yaua, {(x) n cvvaptnon (Rto Tov Riemann]

o p—l
[ x dx:ZF(p)(l_L+L_L+...), a>0,p>0
o coshax a® 3 50 7°

/2 2
I smhxdx:

n
0o sinx 2

* sinax T an
o wA = == >
[, smhp®=gptanhg,.  0>0
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“ cosax T ar)”
_ am >
Io coshbx dx 2b (COSh 2b) , 0
“sinhpx  _ 7 7D lp| <
.[0 sinh gx 2q 29’ n
® cosh px 3
_ <
Io cosh gx . 2qcos(np/2q)’ =
"sin prtanh grdx =T 70
.[o S PR AT = g sinh(ap 1 29) !
“sinpx . _ T >0
Io tanh gx o 2qtanh(zp/2q)’ !
* sinh ax e = U -L
Io e +1 2bsin(ar/b) 2a
“sinhax , _ 1 _ & . ar
.[o e”=1 dx = 2a 26 b



